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Abstract 

The two-dimensional steady incompressible fluid flow of MHD Williamson 

nanofluid with gyrotactic microorganisms over a moving surface is 

considered. The four nonlinear governing partial differential equations are 

reduced to ordinary differential equations, by using a similarity 

transformation. Homotopy Analysis Method (HAM) is applied to solve the 

reduced equations and the effect of importance of fluid parameters are 

explained through graphs. Numerical solution is also obtained and shown that 

HAM solution matches exactly. The radius of convergence of the solution is 

determined through Domb-Sykes plot. 

Keywords: Williamson nanofluid, Brownian motion, Gyrotactic 

Microorganisms, MHD, Domb-Sykes plot. 

 

1  INTRODUCTION 

Nanofluids are made up of nanoparticles (diameter of less than 100 nanometers) 

suspended in a base fluid such as water, oil, or ethylene glycol. Nanofluids offer a 

large surface area for heat transmission between particles and fluids. Nanofluids are 

characterized by their thermal conductivity. Nanofluids offer significant benefits in a 

variety of biomedical applications, including cancer therapy, safer surgery by cooling, 

high-powered lasers, X-ray generators, and magnetic cell separation. 

Bioconvection is an occurrence that is characterized by the movement of upward 

swimming microorganisms such as Bacillus subtilis, Chlamydomonas nivalis, Oxyatic 
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bacteria etc. The nanofluids microorganisms such as oxytactic gyrotactic 

microorganisms. Here we considered the gyrotactic microorganisms which are very 

tiny, single celled, self propelled and locally occurring. Due the small scale of 

microorganisms inertial effect can be neglected and the stability of the nanoparticle 

suspension may increase. Such type of gyrotactic microorganisms exist in fluids such 

as seas, lakes, streams and water storages.  

Nanoparticles containing microorganisms can improve the thermal efficiency of 

several systems, including bacteria-powered micro-mixers, microfluidics devices like 

micro-volumes and enzyme biosensors, microbial fuel cells and bio-microsystems like 

chip-shaped microdevices. Mobile microbes can enhance the stability of nanoparticle 

suspensions, microscale mixing, enhanced mass transfer and microvolume use of the 

suspensions [1, 2, 3, 4]. The development of patterns in layered suspensions of 

negatively geotactic microbes are discussed by Childress et al. [5]. 

Talha et al. [6] discussed the two-dimensional steady magnetohydrodynamic 

boundary layer flow of Williamson nanofluid containing gyrotactic microorganism in 

the presence of exponential internal heat generation over a stretching sheet and 

compared the results with and without exponential internal heat generation using 

Spectral Relaxation Technique (SRT) for numerical solution. Recently Alharbi et al. 

[7] investigated the two-dimensional stable electrically conducting hybrid nanofluid 

laminar mixed convection incompressible flow with viscous and gyrotactic 

microorganism near the stagnation point. A theoretical analysis of migrating 

gyrotactic microorganism swimming through an isotropically narrowing artery in a 

non-Newtonian blood base nanofluid is studied by Bhatti et al. [8]. 

Al-Khaled et al. [9] analyzed the unsteady incompressible fluid flow of tangent 

hyperbolic nanofluid over an accelerated moving surface and used HAM to find the 

analytical solution. Lv et al. [10] studied the steady flow of hybrid nanofluid over a 

spinning disk and used the Parametric Continuation Method (PCM) to solve the 

transformed equations. The two-dimensional MHD heat transfer and boundary layer 

flow of Williamson fluid on the exponentially vertical shrinking sheet with variable 

thickness and thermal conductivity are analyzed by Lund et al. [11]. Atif et al. [12] 

studied the MHD stratified micropolar bioconvective flow of micropolar nanofluid 

with gyrotactic microorganisms and converted system of PDE’s are solved by 

Shooting technique. Yusuf et al. [13] studied the bioconvective flow of Williamson 

nanofluid under the impact of heat radiation and gyrotactic microorganism in a porus 

of an aligned semi-infinite plate. 

Shahid et al. [14] investigated the effect of the magnetic field, thermal radiation and 

chemical reaction of nanofluid flow using Successive Taylor’s Series Linearization 

Method (STSLM). The flow of nanofluid over an isothermal vertical porous Wedge 

containing gyrotactic microorganisms using the Keller Box method is studied by 

Mahdy et al. [15]. Non-linear radiation and variable viscosity in two different cases 

such as oblique and free stream flow are considered by Jayachandra Babu et al. [16] 

and analyzed the bio conductive stagnation point flow of Williamson nanofluid across 

a stretching sheet. Khan et al. [17] analyzed the combined impacts of radiative heat 
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and variable viscosity on the oblique hydromagnetic flow with mass and heat transfer 

of nanofluid over a stretching boundary layer. The bioconvection of a nanofluid with 

the effects of magnetic field and convective boundary state is examined by 

Chakrabarty et al. [18]. Dual solutions for the flow of Casson fluid over a vertical 

rotating cone in a porous medium is investigated by Raju et al. [19]. 

Bees et al. [20] proposed the nonlinear structure of deep, stochastic, gyrotactic 

bioconvection. A linear analysis is reviewed and a weakly non-linear analysis is used 

to show the supercritical nature of the bifurcation. Akbar [21] proposed a peristaltic 

flow of a nanofluid in an asymmetric channel including gyrotactic microorganism and 

provided numerical results using long wavelength and low Reynold’s number 

approximation. A dilute suspension of gyrotactic and oxytactic microorganisms in 

water is proposed by Kuznetsov [22, 23]. He concluded that gyrotactic 

microorganisms always have a destabilizing effect and the Galerkin method is applied 

to get the results. Ahmed et al. [24, 25] explained the flow of nanofluids across a 

porous media and obtained numerical solution by using the Successive over 

Relaxation (SOR) parameter method. 

Ramzan et al. [26] concluded that the effect of increase in bioconvection Lewis 

number and Peclet number of microorganisms decreases the motile density. The 

effects of solar radiation on hydromagnetic bioconvection of water-based nanofluid 

flow via a permeable surface in the residence of gyrotactic microorganisms are 

examined by Acharya et al. [27]. Achala et al. [37, 38, 39, 40] applied HAM to solve 

ordinary and partial differential equations, obtained region of convergence by 

Domb-Sykes plot and applied the Pade approximation to identify the singularities. 

Sathyanarayana et al. [41, 42] applied HAM to obtain exact analytical solution to the 

two dimensional laminar compressible boundary layer flow with pressure gradient.  

In this paper we are analysing Williamson nanofluid model in boundary layer over a 

moving surface by considering presence of gyrotactic microorganisms. We are 

extending the work of Talha et al. [6] for moving surface. The distribution of the 

paper is first section contains Introduction, second section involves governing 

equations of the problem, third section is Homotopy Analysis solution of the problem, 

fourth section is result and discussion and fifth section consists of graphs and tables.   

 

2  MATHEMATICAL FORMULATION 

The two dimensional steady incompressible fluid flow of MHD Williamson nanofluid 

with gyrotactic microorganism over a moving surface [6] is considered. 𝑢 and 𝑣 are 

velocity components along 𝑥 and 𝑦 directions respectively. Uniform magnetic field 

𝐵0 is considered. The fundamental equations for this model are as follows.  

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (1) 

  

 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= 𝜈

𝜕2𝑢

𝜕𝑦2 + √2𝜈Γ
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2 −
𝜎𝐵0

2𝑢

𝜌
, (2) 
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 𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼

𝜕2𝑇

𝜕𝑦2 +
𝜌𝑝𝑐𝑝

𝜌𝑐
(𝐷𝐵

𝜕𝐶

𝜕𝑦

𝜕𝑇

𝜕𝑦
+

𝐷𝑇

𝑇∞
(

𝜕𝑇

𝜕𝑦
)

2

), (3) 

  

 𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷𝐵

𝜕2𝐶

𝜕𝑦2
+

𝐷𝑇

𝑇∞

𝜕2𝑇

𝜕𝑦2, (4) 

  

 𝑢
𝜕𝑛

𝜕𝑥
+ 𝑣

𝜕𝑛

𝜕𝑦
= 𝐷𝑛

𝜕2𝑛

𝜕𝑦2
−

𝑑𝑊𝑐

𝐶𝑤−𝐶∞

𝜕

𝜕𝑦
(𝑛

𝜕𝐶

𝜕𝑦
), (5) 

 

 where 𝑢 and 𝑣 are velocity components in 𝑥 and 𝑦 direction, 𝜈 is the kinematic 

viscosity, 𝛼 is the thermal diffusivity of nanofluid, 𝜌 is density of the fluid, 𝐵0 is 

the magnetic field, 𝜎 is the electrical conductivity, 𝜏 is heat capacity ratio, 𝑇 is the 

temperature of the fluid, 𝐶 is the concentration of the fluid, 𝐷𝑇  is thermophoresis 

coefficient, 𝐷𝐵  is Brownian diffusion coefficient, 𝑛  is the density of the motile 

microorganism, 𝐷𝑛  is diffusivity of microorganism, 𝑊𝑐  is maximum swimming 

speed, 𝜆 is power exponent parameter. The corresponding boundary conditions are 

given by  

 

𝑢 = 𝜆1𝑈, 𝑣 = 0, 𝑇 = 𝑇𝜔 = 𝑇∞ + 𝐴𝑥𝜆, 𝐶 = 𝐶𝜔 = 𝐶∞ + 𝐵𝑥𝜆, 𝑛 = 𝑛𝜔

= 𝑛∞ + 𝐸𝑥𝜆  at  𝑦 = 0; 
 

 𝑢 → 𝑈, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞, 𝑛 → 𝑛∞  as  𝑦 → ∞. (6) 

 

Introducing the following similarity transformations to reduce the governing 

equations into a system of ordinary differential equations.  

 

  Ψ = √(2𝑈𝜈𝑥)𝑓(𝜂), 𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝜔−𝑇∞
, 𝜙(𝜂) =

𝐶−𝐶∞

𝐶𝜔−𝐶∞
, 𝜉(𝜂) =

𝑛−𝑛∞

𝑛𝜔−𝑛∞
, 𝜂 = 𝑦√

𝑈

2𝜈𝑥
 .   (7) 

Where Ψ is stream function. Substituting equation (7) in (2) - (6) we get  

 

 𝑓′′′(1 + 𝛾𝑓′′) + 𝑓𝑓′′ − 𝑀𝑓′ = 0, (8) 

  

 𝜃′′ + 𝑃𝑟(𝑓 + 𝑁𝑏𝜙′)𝜃′ − 2𝑃𝑟𝜆𝑓′𝜃 + 𝑃𝑟𝑁𝑡(𝜃′)2 = 0, (9) 

  

 𝜙′′ + 𝐿𝑒𝑓𝜙′ − 2𝐿𝑒𝜆𝑓′𝜙 +
𝑁𝑡

𝑁𝑏
𝜃′′ = 0, (10) 

  

 𝜉′′ + (𝑃𝑟𝐿𝑏𝑓 − 𝑃𝑒𝜙′)𝜉′ − (2𝑃𝑟𝐿𝑏𝜆𝑓′ + 𝑃𝑒𝜙′′)𝜉 − 𝑃𝑒𝜎𝜙′′ = 0. (11) 

 

  

𝑓 = 0, 𝑓′ = 𝜆1, 𝜃 = 1, 𝜙 = 1, 𝜉 = 1  𝑎𝑡  𝜂 = 0, 
 

               𝑓′ → 1, 𝜃 → 0, 𝜙 → 0, 𝜉 → 0  𝑎𝑠  𝜂 → ∞. (12) 

Where 
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    𝑀 = (
2𝜎𝐵0

2𝑥

𝜌𝑈
); Magnetic field parameter, 

𝛾 = Γ
𝑈

3
2

√𝜈𝑥
; Non Newtonian Williamson parameter,  

𝑃𝑟 =
𝜈

𝛼
; Prandtl number,  

𝑃𝑒 = (
𝑑𝑊𝑐

𝐷𝑛
) ; Peclet number, 

𝐿𝑒 =
𝜈

𝐷𝐵
; Lewis number,  

𝑁𝑏 = (
(𝜌𝑐𝑝)𝐷𝐵(𝐶𝑤−𝐶∞)

𝜈(𝜌𝑐𝑓)
); Brownian motion parameter, 

𝑁𝑡 = (
(𝜌𝑐𝑝)𝐷𝑇(𝑇𝑤−𝑇∞)

𝜈𝑇∞(𝜌𝑐𝑓)
); Thermophoresis parameter, 

𝐿𝑏 =
𝛼

𝐷𝑛
; Bioconvection Lewis number,  

𝜎 =
𝑛∞

𝑛𝑤−𝑛∞
; Bioconvection parameter.  

 

3  HOMOTOPY ANALYSIS SOLUTION 

Shijun Liao (1992) [29, 30, 31, 32, 33, 34, 35] explained Homotopy Analysis Method 

(HAM) to solve non-linear differential equations analytically. Using this method [36] 

we solve coupled nonlinear equations of this problem. The steps of the method are,  

 

 𝑁[𝑓(𝜂)] = 𝑓′′′(1 + 𝛾𝑓′′) + 𝑓𝑓′′ − 𝑀𝑓′, (13) 

  

 𝑁[𝜃(𝜂)] = 𝜃′′ + 𝑃𝑟(𝑓 + 𝑁𝑏𝜙′)𝜃′ − 2𝑃𝑟𝜆𝑓′𝜃 + 𝑃𝑟𝑁𝑡(𝜃′)2, (14) 

  

 𝑁[𝜙(𝜂)] = 𝜙′′ + 𝐿𝑒𝑓𝜙′ − 2𝐿𝑒𝜆𝑓′𝜙 +
𝑁𝑡

𝑁𝑏
𝜃′′, (15) 

  

 𝑁[𝜉(𝜂)] = 𝜉′′ + (𝑃𝑟𝐿𝑏𝑓 − 𝑃𝑒𝜙′)𝜉′ − (2𝑃𝑟𝐿𝑏𝜆𝑓′ + 𝑃𝑒𝜙′′)𝜉 − 𝑃𝑒𝜎𝜙′′. (16) 

 

Linear operators considered are as follows,  

 

 𝐿𝑓(𝑓) =
𝜕3𝑓

𝜕𝜂3
+

𝜕2𝑓

𝜕𝜂2
, (17) 

  

 𝐿𝜃(𝜃) =
𝜕2𝜃

𝜕𝜂2 +
𝜕𝜃

𝜕𝜂
, (18) 

  

 𝐿𝜙(𝜙) =
𝜕2𝜙

𝜕𝜂2 +
𝜕𝜙

𝜕𝜂
, (19) 

  



20 Rekha K., Asha C. S. and Achala L. Nargund 

 𝐿𝜉(𝜉) =
𝜕2𝜉

𝜕𝜂2 +
𝜕𝜉

𝜕𝜂
, (20) 

which gives initial approximations as,  

 𝑓0 = (𝜆1 − 1) + 𝜂 + (1 − 𝜆1)𝑒−𝜂 , (21) 

  

 𝜃0 = 𝑒−𝜂 , (22) 

  

 𝜙0 = 𝑒−𝜂 , (23) 

  

 𝜉0 = 𝑒−𝜂 . (24) 

The nonlinear equations for approximate solutions are,  

 (1 − 𝑝)𝐿𝑓[𝑓(𝜂, 𝑝) − 𝑓0(𝜂)] = ℎ𝑝 [
𝜕3𝑓

𝜕𝜂3 (1 + 𝛾
𝜕2𝑓

𝜕𝜂2) + 𝑓
𝜕2𝑓

𝜕𝜂2 − 𝑀
𝜕𝑓

𝜕𝜂
], (25) 

  

(1 − 𝑝)𝐿𝜃[𝜃(𝜂, 𝑝) − 𝜃0(𝜂)] = ℎ𝑝 [
𝜕2𝜃

𝜕𝜂2 + 𝑃𝑟 (𝑓 + 𝑁𝑏
𝜕𝜙

𝜕𝜂
)

𝜕𝜃

𝜕𝜂
− 2𝑃𝑟𝜆

𝜕𝑓

𝜕𝜂
𝜃 +

𝑃𝑟𝑁𝑡 (
𝜕𝜃

𝜕𝜂
)

2

], (26) 

  

(1 − 𝑝)𝐿𝜙[𝜙(𝜂, 𝑝) − 𝜙0(𝜂)] = ℎ𝑝 [
𝜕2𝜙

𝜕𝜂2 + 𝐿𝑒𝑓
𝜕𝜙

𝜕𝜂
− 2𝐿𝑒𝜆

𝜕𝑓

𝜕𝜂
𝜙 +

𝑁𝑡

𝑁𝑏

𝜕2𝜃

𝜕𝜂2],    (27) 

 

(1 − 𝑝)𝐿𝜉[𝜉(𝜂, 𝑝) − 𝜉0(𝜂)] =  

                               ℎ𝑝 [
𝜕2𝜉

𝜕𝜂2 + (𝑃𝑟𝐿𝑏𝑓 − 𝑃𝑒
𝜕𝜙

𝜕𝜂
)

𝜕𝜉

𝜕𝜂
− (2𝑃𝑟𝐿𝑏𝜆

𝜕𝑓

𝜕𝜂
+ 𝑃𝑒

𝜕2𝜙

𝜕𝜂2 ) 𝜉 −

 𝑃𝑒𝜎
𝜕2𝜙

𝜕𝜂2 ],     (28) 

 

with following boundary conditions,  

 

 𝑓(0, 𝑝) = 0, 𝑓𝜂(0, 𝑝) = 𝜆1, 𝑓𝜂(∞, 𝑝) = 1, (29) 

  

 𝜃(0, 𝑝) = 1, 𝜃(∞, 𝑝) = 0, (30) 

  

 𝜙(0, 𝑝) = 1, 𝜙(∞, 𝑝) = 0, (31) 

  

 𝜉(0, 𝑝) = 1, 𝜉(∞, 𝑝) = 0. (32) 

 

 Varying the values of 𝑝 from 0 to 1 we get the solution from first approximation to 

required solution. Defining  

 𝑓0(𝜂) = 𝑓(𝜂, 0) = 𝜁0(𝜂), (33) 

  

 𝜃0(𝜂) = 𝜃(𝜂, 0) = 𝜇0(𝜂), (34) 
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 𝜙0(𝜂) = 𝜙(𝜂, 0) = 𝜓0(𝜂), (35) 

  

 𝜉0(𝜂) = 𝜉(𝜂, 0) = 𝜏0(𝜂). (36) 

 

 Using Maclaurin’s series expansion and applying Leibnitz theorem we get the series 

solution. The convergence of the series solution is derived by calculating the 

convergence parameter ℎ.  

 𝐿𝑓[𝜁𝑘 − 𝜒𝑘𝜁𝑘−1] = ℎ𝑟𝑘(𝜂), (37) 

  

 𝐿𝜃[𝜇𝑘 − 𝜒𝑘𝜇𝑘−1] = ℎ𝑠𝑘(𝜂), (38) 

  

 𝐿𝜙[𝜓𝑘 − 𝜒𝑘𝜓𝑘−1] = ℎ𝑡𝑘(𝜂), (39) 

  

 𝐿𝜉[𝜏𝑘 − 𝜒𝑘𝜏𝑘−1] = ℎ𝑤𝑘(𝜂). (40) 

  

 where    𝜒𝑘 = {
0, when  𝑘 ≤ 1
1, when  𝑘 > 1        and    

 (41) 

 

𝑟𝑘(𝜂) = 𝜁𝑘−1
′′′ (𝜂) + 𝛾 ∑𝑘−1

𝑚=0 𝜁𝑘−1−𝑚
′′ (𝜂)𝜁𝑚

′′′(𝜂) + ∑𝑘−1
𝑚=0 𝜁𝑘−1−𝑚(𝜂)𝜁𝑚

′′ (𝜂) −
𝑀𝜁𝑘−1

′ (𝜂),  (42) 

  

𝑠𝑘(𝜂) = 𝜇𝑘−1
′′ (𝜂) + 𝑃𝑟 ( ∑

𝑘−1

𝑚=0

𝜁𝑘−1−𝑚(𝜂) + 𝑁𝑏 ∑

𝑘−1

𝑚=0

𝜓𝑘−1−𝑚
′ (𝜂)) 𝜇𝑚

′ (𝜂) − 

2𝑃𝑟𝜆 ∑𝑘−1
𝑚=0 𝜁𝑘−1−𝑚

′ (𝜂)𝜇𝑚(𝜂) + 𝑃𝑟𝑁𝑡 ∑𝑘−1
𝑚=0 𝜇𝑘−1−𝑚

′ (𝜂)𝜇𝑚
′ (𝜂), (43)  

 

 𝑡𝑘(𝜂) = 𝜓𝑘−1
′′ (𝜂) + 𝐿𝑒 ∑𝑘−1

𝑚=0 𝜁𝑘−1−𝑚(𝜂)𝜓𝑚
′ (𝜂) − 

              2𝐿𝑒𝜆 ∑𝑘−1
𝑚=0 𝜁𝑘−1−𝑚

′ (𝜂)𝜓𝑚(𝜂) +  
𝑁𝑡

𝑁𝑏
𝜇𝑘−1

′′ (𝜂), (44) 

  

𝑤𝑘(𝜂) = 𝜏𝑘−1
′′ (𝜂) + (𝑃𝑟𝐿𝑏 ∑𝑘−1

𝑚=0 𝜁𝑘−1−𝑚(𝜂) − 𝑃𝑒 ∑𝑘−1
𝑚=0 𝜓𝑘−1−𝑚

′ )𝜏𝑚
′ (𝜂) −  

(2𝑃𝑟𝐿𝑏𝜆 ∑𝑘−1
𝑚=0 𝜁𝑘−1−𝑚

′ (𝜂) + 𝑃𝑒 ∑𝑘−1
𝑚=0 𝜓𝑘−1−𝑚

′′ )𝜏𝑚(𝜂) − 𝑃𝑒𝜎𝜓𝑘−1
′′ (𝜂), (45) 

with boundary conditions,  

 𝜁𝑘(0) = 0, 𝜁𝑘
′ (0) = 0, 𝜁𝑘

′ (∞) = 0, (46) 

  

 𝜇𝑘(0) = 0, 𝜇𝑘(∞) = 0, (47) 

  

 𝜓𝑘(0) = 0, 𝜓𝑘(∞) = 0, (48) 

  

 𝜏𝑘(0) = 0, 𝜏𝑘(∞) = 0. (49) 
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The required solution is  

 𝑓 = 𝜁0 + 𝜁1 + 𝜁2 + 𝜁3+. . ., (50) 

 𝜃 = 𝜇0 + 𝜇1 + 𝜇2 + 𝜇3+. . ., (51) 

  

 𝜙 = 𝜓0 + 𝜓1 + 𝜓2 + 𝜓3+. . ., (52) 

  

 𝜉 = 𝜏0 + 𝜏1 + 𝜏2 + 𝜏3+. . .. (53) 

 

Soving equtions (37)-(40) by using MATHEMATICA we get  

𝜁1 =
1

4
(−ℎ − 4ℎ𝑀 + ℎ𝛾 − 2ℎλ1 + 4ℎ𝑀λ1 − 2ℎ𝛾λ1 + 3ℎλ12 + ℎ𝛾λ12) +

1

4
𝑒−2𝜂 

(2𝑒𝜂(3ℎ − 2ℎ𝑀 − ℎ𝛾 − 6ℎλ1 + 2ℎ𝑀λ1 + 2ℎ𝛾λ1 + 3ℎλ12 − ℎ𝛾λ12) +

ℎ(−2𝑒2𝜂𝑀𝜂2 + (−1 + 𝛾)(−1 + λ1)2 − 2𝑒𝜂(−1 + λ1)(−2 + 𝜂2 + 2𝑀(2 + 𝜂) +

4λ1 + 2𝜂λ1))) , …   (54) 

 

𝜇1 =
1

2
𝑒−2𝜂 (ℎPr(−1 + Nb + Nt + 2𝜆 + λ1 − 2𝜆λ1) + 𝑒𝜂 (2ℎ + ℎPr − ℎNbPr −

ℎNtPr − 6ℎPr𝜆 − 3ℎPrλ1 + 2ℎPr𝜆λ1 + ℎ(−2 + Pr𝜂2 + 4Pr𝜆 + 2Prλ1 +

2𝜂(−1 + 2Pr𝜆 + Prλ1)))) , …   (55) 

 

𝜓1 =
1

2Nb
(2Nb𝑒−2𝜂(ℎLeNb(−1 − 2𝜆(−1 + λ1) + λ1) + 𝑒𝜂(2ℎNb + ℎLeNb

+ 2ℎNt − 

6ℎLeNb𝜆 − 3ℎLeNbλ1 + 2ℎLeNb𝜆λ1 + ℎ(−2Nt(1 + 𝜂) + Nb(−2 + Le𝜂2 +
4Le𝜆 + 2Leλ1 + 2𝜂(−1 + 2Le𝜆 + Leλ1)))))), . .. (56) 

 

𝜏1 =
1

2
𝑒−2𝜂 (ℎ(−2Pe + LbPr(−1 + 2𝜆 + λ1 − 2𝜆λ1)) + 𝑒𝜂 (−𝑒−𝜂ℎ(−2𝑒𝜂 −

2Pe − LbPr − 2𝑒𝜂𝜂 + 𝑒𝜂LbPr𝜂2 + 2LbPr𝜆 + 4𝑒𝜂LbPr𝜆 + 4𝑒𝜂LbPr𝜂𝜆 + LbPrλ1 +

2𝑒𝜂LbPrλ1 + 2𝑒𝜂LbPr𝜂λ1 − 2LbPr𝜆λ1 + 2𝑒𝜂Pe𝜎 + 2𝑒𝜂Pe𝜂𝜎) + ℎ(LbPr𝜂2 +

2(−1 + LbPr(2𝜆 + λ1) + Pe𝜎) + 2𝜂(−1 + LbPr(2𝜆 + λ1) + Pe𝜎)))) , …  

  (57) 

 

4  RESULTS AND DISCUSSION 

The equations (9) - (12) with boundary conditions (13) are solved analytically by 

employing Homotopy Analysis Method and numerically by employing Runge-Kutta 

method. The obtained convergent solution depends on auxiliary linear operator 𝐿, 

auxiliary parameter ℎ and the initial solution. For all variables ℎ-curve is plotted to 

find the value of ℎ and is used to get the convergent solution. 

The significant parameters of this problem are Williamson parameter 𝛾, Magnetic 
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field parameter 𝑀, Power exponent parameter 𝜆, Brownian motion parameter 𝑁𝑏, 

Thermophoresis parameter 𝑁𝑡, Prandtl number 𝑃𝑟, Lewis number 𝐿𝑒, Peclet number 

𝑃𝑒, Bioconvection Lewis number 𝐿𝑏 and Bioconvection parameter 𝜎. The effect of 

these parameters on different profiles are as follows. In figure 2 we observed that 

velocity profile decreases with increase in 𝛾. From figures 3 and 7 it is observed that 

increase in 𝛾 and 𝑁𝑡 increases the temperature. From figures 4, 5, 6 and 8 we have 

observed that temperature profile decreases with increase in 𝑀, 𝜆, 𝑁𝑏 and 𝑃𝑟.  

From figures 9, 10, 12 and 13 it is observed that the increase in values of 𝜆, 𝑀, 𝑁𝑏 

and 𝐿𝑒 decreases the concentration profile, where as from figure 11 we can observe 

that increase in 𝑁𝑡 increases the concentration profile. It is observed that increase in 

𝑀, 𝜆, 𝑃𝑟, 𝑃𝑒 and 𝐿𝑏 decreases the microorganism profile seen from figures 14, 15, 

16, 17 and 18, where as increase in 𝜎 increases the microorganism profile shown in 

figure 19. Applied magnetic field will reduce temperature, concentration and 

gyrotactic microorganism in Williamson fluid. 

We have obtained radius of convergence for velocity 𝑅 = 5.1342, temperature 𝑅 =
7.0816 , concentration 𝑅 = 7.6923  and gyrotactic microorganism 𝑅 = 7.6511  by 

drawing Domb-Sykes plot in figures 20, 21, 22 and 23.  

Comparison of numerical solutions and HAM solutions for velocity, temperature, 

concentration and gyrotactic microorganism profiles are shown from figures 24, 25, 

26, 27 and in table 1 and observed good agreement. We compare our HAM solution 

with existing numerical solution of Haile [28] by the method Runge-Kutta integration 

technique. We have also solved numerically by R K Method and observe a very good 

matching in every case. We conclude that HAM gives almost exact solution.  

 

5  Graphs and tables 

 
 

Figure 1: Combine plot for h-curves 
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Figure 2: Effect of Williamson                     Figure 3: Effect of Williamson 

parameter 𝜸 on velocity profile                   parameter 𝜸 on temperature profile 

 

    
Figure 4: Effect of Magnetic field               Figure 5: Effect of power exponent 

parameter 𝑴 on temperature profile              parameter 𝝀 on temperature profile 

 

 

       
Figure 6: Effect of Brownian motion               Figure 7: Effect of thermophoresis 

parameter 𝑵𝒃 on temperature profile              parameter 𝑵𝒕 on temperature profile 
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Figure 8: Effect of Prandtl number                  Figure 9: Effect of power exponent 

Pr on temperature profile                      parameter 𝝀 on concentration profile 

 

    
Figure 10: Effect of Magnetic field                  Figure 11: Effect of thermophoresis 

parameter M on concentration profile                parameter 𝑵𝒕 on concentration profile 

 

    
Figure 12: Effect of Brownian motion                  Figure 13: Effect of Lewis number 

parameter Nb on concentration profile                    Le on concentration profile 
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Figure 14: Effect of Magnetic field parameter     Figure 15: Effect of power exponent parameter 

M on gyrotactic microorganism profile               𝝀 on gyrotactic microorganism profile 

 

   
Figure 16: Effect of Prandtl number Pr            Figure 17: Effect of Peclet number Pe                                           

on gyrotactic microorganism profile              on gyrotactic microorganism profile 

 

 

   
Figure 18: Effect of bioconvection                  Figure 19: Effect of bioconvection 

Lewis number Lb on gyrotactic                  parameter 𝝈 on gyrotactic microorganism                       

microorganism profile                                        profile 
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Figure 20: Domb-Sykes Velocity             Figure 21: Domb-Sykes Temperature 

Plot with R=5.1342                                Plot with R=7.0816 

 

 

    
Figure 22: Domb-Sykes Concentration           Figure 23: Domb-Sykes gyrotactic 

Plot with R=7.6923                        microorganism Plot with R=7.0816 

 

 

    
Figure 24: Comparision of HAM solution           Figure 25: Comparision of HAM solution 

and numerical  solution for Williamson              and numerical solution for Magnetic 

parameter 𝜸 = 𝟏 on velocity profile              parameter 𝑴 = 𝟎 on temperature profile 
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Figure 26: Comparision of HAM solution          Figure 27: Comparision of HAM solution 

and numerical solution for Lewis number         and numerical solution for Magnetic parameter 

Le = 7 on concentration profile                 𝑴 = 𝟎 on gyrotactic microorganism profile 

 

Table  1: Comparision of 𝒇′′(𝟎) when 𝜸 = 𝑴 = 𝟎 and 𝒉 = 𝟎. 𝟐𝟔𝟏𝟓𝟔 

Parameter 𝑓′′(0) 

𝜆1 Haile (R K integration 

technique) [28] 

Present work 

(HAM) 

Present work (R K Method) 

0.1 0.46251 0.462509 0.462533 

1 0.00000 0.0000 0.000000 

 

REFERENCES 

[1]  Pedley, T. J., Hill, N. A., and Kessler, J. O., The growth of bioconvection 

patterns in a uniform suspension of gyrotactic micro-organisms, Journal of 
Fluid Mechanics, vol.195, 1988, 223–237.  

[2]  Pedley, T. J., Kessler, J. O., (1990). A new continuum model for suspensions of 

gyrotactic micro-organisms, Journal of Fluid Mechanics, vol.212, 1990, 

155-182.  

[3] Pedley, T J, Kessler, J. O., Hydrodynamic Phenomena in Suspensions of 

Swimming Microorganisms,  Annual Review of Fluid Mechanics, vol.24, 1992, 

313-358.  

[4] Pedley, T. J., Instability of uniform micro-organism suspensions revisited, Journal 

of Fluid Mechanics, vol.647, 2010, 335–359.  

 [5] Childress, S., Levandowsky, M. and Spiegel, E. A., Pattern formation in a 

suspension of swimming microorganisms, equations and stability theory. 

Journal of Fluid Mechanics, vol. 69(3), 1975, 591-613. 

[6] Talha, M. A., Osman Gani, M. and Ferdows, M., Numerical Solution of Steady 

Magnetohydrodynamic Boundary Layer Flow of Gyrotactic Microorganism for 

Williamson Nanofluid over Stretched Surface in the Presence of Exponential 



Magnetohydrodynamic Boundary Layer Flow of Williamson Nanofluid ... 29 

Internal Heat Generation, International Journal of Mathematical and 

Computational Sciences, vol.12, 2018, 39-47.  

[7]  Alharbi, F. M., Naeem, M., Zubair, M., Jawad, M., Jan, W. U. and Jan, R.,  

Bioconvection Due to Gyrotactic Microorganisms in Couple Stress Hybrid 

Nanofluid Laminar Mixed Convection Incompressible Flow with Magnetic 

Nanoparticles and Chemical Reaction as Carrier for Targeted Drug Delivery 

through Porous Stretching Sheet,Molecules, vol.26(13), 2021, 3954.  

[8]  Bhatti, Muhammad M., Marin, Marin, Zeeshan, Ahmed, Ellahi, R. and 

Abdelsalam, Sara I., Swimming of Motile Gyrotactic Microorganisms and 

Nanoparticles in Blood Flow Through Anisotropically Tapered Arteries, 

Frontiers in Physics, vol.8, 2020, 1-9.  

[9]  Lv, Y.-P., Algehyne, E. A., Alshehri, M. G., Alzahrani, E., Bilal, M., Khan, M. 

A., and Shuaib, M., Numerical approach towards gyrotactic microorganisms 

hybrid nanoliquid flow with the hall current and magnetic field over a spinning 

disk, Scientific Reports, vol.11(1), 2021. 

[10]  Al-Khaled, Kamel., Khan, Sami Ullah., and Khan, Ilyas., Chemically reactive 

bioconvection flow of tangent hyperbolic nanoliquid with gyrotactic 

microorganisms and nonlinear thermal radiation, Heliyon, vol.6(1), 2020, 1-7.  

[11]  Lund, Liaquat Ali., Omar, Zurni. and Khan, Ilyas., Analysis of dual solution for 

MHD flow of Williamson fluid with slippage, Heliyon, vol.5(3), 2019, 1-20.  

[12]  Atif, S. M., Hussain, S., and Sagheer, M., Magnetohydrodynamic stratified 

bioconvective flow of micropolar nanofluid due to gyrotactic microorganisms, 

AIP Advances, vol.9(2), 2019, 025208.  

[13]  Yusuf, T. A., Mabood, F., Prasannakumara, B. C. and Sarris, I. E., 

Magneto-Bioconvection Flow of Williamson Nanofluid over an Inclined Plate 

with Gyrotactic Microorganisms and Entropy Generation, Fluids, vol.6(3), 2021, 

109.  

[14]  Shahid, A., Zhou, Z., Bhatti, M. M., and Tripathi, D., Magnetohydrodynamics 

Nanofluid Flow Containing Gyrotactic Microorganisms Propagating Over a 

Stretching Surface by Successive Taylor Series Linearization Method, 

Microgravity Science and Technology, 2018.  

[15]  Mahdy, A., Gyrotactic Microorganisms Mixed Convection Nanofluid Flow 

along an Isothermal Vertical Wedge in Porous Media, International Journal of 

Aerospace and Mechanical Engineering, vol.11, 2017. 

[16]  Jayachandra Babu, M. and Sandeep, N., Effect of nonlinear thermal radiation 

on non-aligned bio-convective stagnation point flow of a magnetic-nanofluid 

over a stretching sheet,  Alexandria Engineering Journal, vol. 55(3), 2016, 

1931–1939 

[17]  Khan, W.A., Makinde, O.D., Khan, Z.H., Non-aligned MHD stagnation point 

flow of variable viscosity nanofluids past a stretching sheet with radiative heat, 



30 Rekha K., Asha C. S. and Achala L. Nargund 

International Journal of Heat and Mass Transfer, 2016, 525–534.  

[18]  Chakraborty, Tanmoy., Das, Kalidas. and Kundu, Prabir Kumar., Framing the 

impact of external magnetic field on bioconvection of a nanofluid flow 

containing gyrotactic microorganisms with convective boundary conditions, 

Alexandria Engineering Journal, 2016.  

[19]  Raju, C.S.K. and Sandeep, N., Heat and mass transfer in MHD non-Newtonian 

bio-convection flow over a rotating cone/plate with cross diffusion, Journal of 

Molecular Liquids, 2016, 115–126.  

[20]  Bees, M. A. and Hill,N. A., Non-linear bioconvection in a deep suspension of 

gyrotactic swimming micro-organisms, Journal of Mathematical Biology, 

vol.38(2), 1999, 135–168.  

[21]  Akbar, Noreen Sher., Bioconvection peristaltic flow in an asymmetric channel 

filled by nanofluid containing gyrotactic microorganism, International Journal of 

Numerical Methods for Heat and Fluid Flow, vol.25(2), 2015, 214–224. 

[22]  Kuznetsov, A.V., The onset of nanofluid bioconvection in a suspension 

containing both nanoparticles and gyrotactic microorganisms, International 

Communications in Heat and Mass Transfer, vol. 37(10), 2010, 1421–1425.  

[23]  Kuznetsov, A.V., Bio-thermal convection induced by two different species of 

microorganisms, International Communications in Heat and Mass Transfer, 

vol.38(5), 2011, 548–553.  

[24]  Ahmad, S., Ashraf, M. and Ali, K., Nanofluid flow comprising gyrotactic 

microorganisms through a porous medium, Journal of Applied Fluid Mechanics, 

vol. 13, No. 5, 2020, 1539-1549.  

[25]  Ahmad, S., Ashraf, M. and Ali, K., Heat and mass transfer flow of gyrotactic 

microorganisms and nanoparticles through a porous medium, International 

Journal of Heat and Technology, vol. 38, No. 2, 2020, 395-402.  

[26]  Ramzan, Muhammad., Chung, Jae Dong. and Ullah, Naeem., Radiative 

magnetohydrodynamic nanofluid flow due to gyrotactic microorganisms with 

chemical reaction and non-linear thermal radiation, International Journal of 

Mechanical Sciences, 2017.  

[27]  Acharya, Nilankush., Das, Kalidas. and Kundu, Prabir Kumar., Framing the 

effects of solar radiation on magneto-hydrodynamics bioconvection nanofluid 

flow in presence of gyrotactic microorganisms, Journal of Molecular Liquids, 

vol. 222, 2016, 28–37. 

[28]  Haile, E. and Shnkar, B., Boundary-Layer Flow of Nanofluids over a Moving 

Surface in the Presence of Thermal Radiation, Viscous Dissipation and 

Chemical Reaction,Applications and Applied Mathematics, vol. 10, Issue 2, 

2015, 952-969. 

[29]  Liao, S.J., Homotopy analysis method in nonlinear differential equations, 

Springer, 2011.  



Magnetohydrodynamic Boundary Layer Flow of Williamson Nanofluid ... 31 

[30]  Liao, S.J., Advances in the homotopy analysis method, World Scientific 

Publishing Co. Pte. Ltd., 2013.  

[31]  Liao, S.J.,Beyond Perturbation: Introduction to the Homotopy Analysis 

Method, Chapman and Hall/CRC Press, Boca Raton, 2003.  

[32]  Liao, S.J., On the homotopy analysis method for nonlinear problems, Journal of 

Applied Mathematics and Computation, vol. 147, 2004, 499-513.  

[33]  Liao, S.J., Comparision between the homotopy analysis method and homotopy 

perturbation method, Applied Mathematics and Computations, vol. 169, 2005, 

1186-1194.  

[34]  Liao, S.J., Beyond perturbation, a review on the basic ideas of the homotopy 

analysis method and its applications, AdV Mech., 2008, 1-34.  

[35]  Liao, S.J.,  Notes on the homotopy analysis method: some definitions and 

theorems, Commun. Nonlinear Sci. Numer. Simulat., 2009, 983–997.  

[36]  Rekha, K., Asha, C.S. and Achala, L.N.,  Williamson Nanofluid Flow over a 

Moving Surface on Boundary Layer by Homotopy Analysis Method, 

International Journal of Mechanical Engineering, vol.7, No.2, 2022, 1723–1736.  

[37]  Achala, L.N. and Sathyanarayana, S.B., Homotopy Analysis Method For 

Nonlinear Boundary Value Problems, JP of Applied Mathematics, vol. 5, Issues 

1 & 2, 2012, 27-46. 

[38]  Achala, L.N., Madusudhan, R. and Sathyanarayana, S.B., Homotopy Analysis 

Method To Solve Boussinesq Equations, Journal of Advances in Physics, 

vol.10(3), 2015, 2825-2833.  

[39]  Achala, L.N., Madusudhan, R. and Sathyanarayana, S.B., Semi Analytic 

Approximate Solution Of Nonlinear Partial Differential Equations, vol.4(6), 

2016, 1418-1428.  

[40]  Achala, L.N., Madusudhan, R. and Sathyanarayana, S.B., Study Of 

Compressible Fluid Flow In Boundary Layer Region By Homotopy Analysis 

Method, International Journal of Latest Trends in Engineering and Technology, 

vol.9(1), 2017, 028-039. 

[41]  Sathyanarayana, S.B. and Achala, L.N., Approximate Analytical Solution of 

Magnetohydrodynamics Compressible Boundary Layer flow with Pressure 

Gradient and suction/injection, Journal of Advances in Physics, vol. 6(3), 2014. 

[42]  Sathyanarayana, S.B. and Achala, L.N., Approximate analytic Solution of 

Compressible Boundary Layer flow with an adverse Pressure Gradient by 

Homotopy Analysis Method, Theoretical Mathematics &  Applications, vol. 

5(1), 2015, 15-31. 

 

 

 



32 Rekha K., Asha C. S. and Achala L. Nargund 

 

 

 

 

 

 

 

 

 


