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Abstract

In the present we used subordination concept, and define some new subclasses of
A-g-spirallike functions and obtain the coefficients of A-g-spirallike functions related
to sigmoid functions and the Fekete-Szego coefficients functional |a3 — pa3| for
certain normalized analytic functions definedon the open unit disk.
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1. INTRODUCTION

Let A denote the class of functions of form
FE) =24 an 2", )
n=2

defined on the unit disk £ = {z : z € C and |z| < 1} normalized by f(0) = 0,
f'(0) = 1. Let S denote the subclass of function in .4 which are univalent in £.Special
function is an information process that is inspired by the way nervous system such as
the brain processes information. It composed of large number of highly interconnected
processing elements (neurons) working together to solve a specific task. The sigmoid
functions are extensively used in back propagation neural networks because it reduces
the burden of complication involved during training phase. The theory of special
functions has been developed by C. F.Gauss, C. G. J. Jacobi, F. Klein and many
others in nineteenth century. However, in the twentieth century the theory of special
functions was surpassing by other fields like real analysis, functional analysis, topology,
algebra, differential equations and so on and nowadays is the theory of a special
function. Example of special function is activation function. Activation function acts
as a squashing function, such that the output of a neuron in a neural network is between
certain values (Usually O and 1, or -1 and 1). There are three types of activation function,
namely: threshold function, piecewise linear function and sigmoid function. The most
popular activation function in the hardware implementation of artificial neural networks
is the sigmoid function. Sigmoid function is often used with gradient descendent type
learning algorithms. There are different possibilities for evaluating this function, such
as truncated series expansion, look-up tables, or piecewise approximation. The sigmoid
function is useful because it is differentiable, which is important for the weight-learning
algorithms. The sigmoid function will increase the size of the hypothesis space that the
network can represent. Neural networks can be used for complex learning tasks. The
sigmoid function is of the form

B 1
o l4e®

h(z)

Spacek [12] introduced the concept of spirallikeness which is a natural generalization

2)

of starlikeness. A function f in A is A-spirallike if and only if,

R {e“zjfég)} >0, 2€E, 3)

—TT s
where 5 < A< 5

Let the functions f(z) and g(z) be analytic in E Then we say that the function f(z) is
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subordinate to g(z) if there exits a Schwarz function w(z), analytic in £ with w(0) =0
and |w(z)] < 1 (2 € E) such that f(z) = g(w(z)),z € E. We denote this
subordination by

f=gor f(z) <g(2).
Lemma 1.1. [10] If a function p € Pis given by

p(z) =1+piz+p2®+.. (2€E),

then |pr| < 1,k € N where P is the family of all functions analytic in E for p(0) =
1 and R(p(z)) >0, (z € E).

In virtue of Lowners method, Fekete and Szego [2] proved the striking result, if f € S
then

3— K, if 4 <0,

las — pad| <& 1420, if0< p <1, (4)

4p — 3, if p > 1.
Let ¢ be an analytic function with positive real part in £ such that ¢(0) = 1, 9,¢(0) > 0
and ¢(F) is symmetric with respect to the real axis. Such a function has a series
expansion of the form:

0(2) =1+ Biz + Byz® + Bsz® + ... (5)

where all coefficients are real and B; > 0. Recently, Oladipo[6],
Murugusundaramoorthy et al [5], Olatunji et al [9] have studied sigmoid function for
various classes of analytic and univalent functions. In [3] Jackson introduced and
studied the concept of the g-derivative operator J, as follows :

f(2) = fg?)
z(1-q)

Equivalently (6) may be written as

0,f(z) = L (240, 0<q<1, 8,f(0)=Ff(0). (6

aqf(Z) - ]' + Z [n]q an Zn_17 z # 07 (7)
n=2

where [n], = 11:‘1;, note thatas ¢ — 17, [n], — n.

Lemma 1.2. [1] Let h be the sigmoid function defined in (2) and

Bpm(z) = 2h(2) = 14+ 22, (=™ (Zf_lﬂ z”)m (8)

2m n

then ®(z) € P, |z| < 1 where ®(2) is a modified sigmoid function.
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Lemma 1.3. [1] Let
Bun(e) = 1+ 2 G (250 ) ©)

then |®,, ,,,(2)| < 2.

Lemma 1.4. [1]If ®(z) € P and it is starlike, then f is a normalized univalent function
of the form (1). Taking m = 1, Joseph et al [1] remarked the following :

Remark 1.1. Let

z)zl%—i C, 2"
n=1

where C,, = (_12):+1 then |c,| < 2,n = 1,2, 3, ... this result is sharp for each n.

Definition 1.1. For b € C\ 0. Let the class M (b, p, ®,,.m, q) denote the subclass of
A consisting of functions f of the form (1), and satisfying the following subordination
condition

(10)

20,/ (2) + A2 (2) - 1)} <p(2).

1
ty [(1 +tanp) (Azaqﬂz) TN

or

20,f(z )\2282
H% {(1 + tanf) (Az@q;Ez; +< >( ()Z) - 1)} = p(w(2)). (11)
P( 1
P( 1

for0 <A< 1,8€ (F,2),w(z) = 2 and ®,, ., (z) is a simple logistic sigmoid

activation function.
Definition 1.2. For b € C\ 0. Let the class Gx(b, v, @, 1, q) denote the subclass of
A consisting of functions f of the form (1), and satzsﬁvmg the following subordination
condition
| 20,f(2) | PO)
1+—[1+tan5( 1 + \—12 — 1] <o(2). (12)
o (PO TG T 72
or 252 1(2)
1 20,f(2) 2205 f(z
1+ - 1+tanﬁ< 1 + 2—1 -1 =plw(z)). (13)
JEREIC et P
for0 < XA < Liw(z) = igzgﬂ, and ®,,,,,(z) is a simple logistic sigmoid activation

function
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2. MAIN RESULT

Theorem 2.1. If f € M (b, ¢, @1, q) given by (10), then

| | — |b|B1
= @, =D+ N (A + itanp)’
laz| = b2 Bf (1 + (12, — DA
16[([2], — 1) 4+ AL [([8lg = 1) + (1 + [3]4[2]4 — [3])A] (1 + i tan 3)?
b|(B2 — By)

T 16[(@Bl, = D) + (1+ 31,2, — Bl (1 + i tan B)

Proof. If f € M(b, v, Py, q), then

i 20,/ (2) + A202f (2) -
1+ i {(1 + itan f3) <)\z(3qf(z) A= NG — 1)] = p(w(z)). (14)
Define the function ®(z) by
_1+w(z)_ 1_l3 L5_l6
@(z)—l_w(z)—1+2z 517 +240z 1’ + ... (15)
Or, equivalently
d(z)—1 1 1 1
w(z) = @53 1 17 1_622 — @z?’ — (16)
In view of (14) and (16), clearly we have
1 , 20, f (2) + A2202 f (2) (P21
g i (T )] e (er) - 07
From the equations (5) and (16) , we have
@(2)—1 . & Bg—Bl 2 333—632—31 3
(@(z)+1)_1+ 4z+ T 27+ 192 z2°+ ... (18)

By simple calculations, we get

b 20, (2) + A2202 f(2) 1)] _

A0, f(2) + (1= N f(2)

(2]l — Dazz? + ([3], — Dasz® + [3]4([2]y — 1)Aazz® + Aagz? + Aazz® + ...
z + [2]gha22? + [3|ghasz? + a22? + azz® — Aagz? — Aagzd + ... '

1+1[(1+man5)(

1+%(1+itanﬁ) {
(19)
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Comparing the coefficients of 2% and 2? in (18) and (19), we obtain

6| By

= 20
T ((E P ESY [ (e Ty § 20
05| = 1B (1 + ([2], — 1)A)

16 [([2]g — 1) + A [(18]g = 1) + (1 + [3]4[2]g — [B])A] (1 + i tan §)* 21

n |b](B2 — By)

16 [([3]g = 1) + (1 + [3]4[2y — [3]¢) Al (1 + i tan §)
[
As ¢ — 17 in the above Theorem we get the following:
Corollary 2.1. [11]If f € M (b, ¢, ®,, ) given by(1), then
ool < S
2= 41+ N)(1 +itan B)
_ |6°| B} b|( B2 — By)
|a3’ - R 2 - .
32(142)) (1 + itan j3) 32(1 4 2)) (1 + itan f3)
Corollary 2.2. If f € A given by (1) be in the class My (b, ¢, Py, m, q) then
] = |b| By
4((2l, -+ 1)(1 +itang)’ -
|CL | o |b2|B% |b|(B2_B1) ( )
3| = ; - .
16 [3],[2],)] (1 + i tan )2 16 [(B1,[2],)] (1 + ¢ tan B)
As ¢ — 17 in the above Corollary we get the following:
Corollary 2.3. [11] If f € A given by (1) be in the class My (b, ¢, Py, m, ) then
|as| = _ blB
781 +itan )’ ’s
7157 bl(B2 — B,) 2
|as]

T 96 (1 +itanB)’ | 96(1 +itan §)’
Corollary 2.4. If f € A given by (1) be in the class My(b, ¢, Py, m, q) then
6| B:
412, - (1 +itan g)’
7132 L BBy
16(12), = (3], = (1 +itan 5)? ~ 16([3], — 1)(1 +itan3)

|a2| =
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As ¢ — 17 1n the above Corollary we get the following:

Corollary 2.5. [11]If f € A given by (1) be in the class My(b, p, P,,.m) then
g = P
27 41+ itan B)’
|b°| B} b|(B2 — B)
32(1+itan )2 32(1+itanf)’
Theorem 2.2. If f € G\(b, ¢, Py, q) given by (12), then

(24)

|a3\ =

0] = b/ B,

(Rl - D+ IV + itan §)’

] = 12| B?

TTI6 (Rl - D+ 2000 (Bly — D) + Bla21,0) (1 + i tan )2
|b|(By — By)

+

16 ([3]; — 1) + [3l[2]¢A) (1 + i tan 8)
Proof. If f € GA(b, ¢, Pym, q) then
20, f(2) i )\228q(zaqf(z)

1+ % {(1 +itan ) < - 1)} = p(w(z)). (25

f(2) f(2)
Define the function ®(z) by
1+ w(z) 1 1, 1 5 14
O2)=—F=14+-2—— —2 = — 26
G =1—0e " T ot Twt T (26)

or, equivalently

d(z)—1 1 1, 1
Sl Sl Vg ¥ S S 27
W(Z> CI)(Z) +1 42 16Z 192Z @n

From the equations (5) and (27), we have

@(Z) -1 B]_ B2 - B3 2 333 - 632 - Bl 3
=142t
(@(Z)H) LI T 192 o

(28)

By simple calculations, we get

20, f(2) 228q(23qf(z) >]

+ A —1)] =
f(z) f(z)

[2]4a22° + [3]4a32° + [?fziifﬁfkmﬁg L Eal e } - (29

1+H(1+manﬁ)(

1+ %(1 +itan 3) {
Comparing the coefficients of 2% and 2* in (28) and(29), we obtain

|b] By
4(([2lg = 1) + [20) (1 + i tan §)°

(30)

|a2| =
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e 153
S - D+ B L - D+ BB G
. [b/(B2 = B1)
16 ([3]g — 1) + [3]g[2]4A) (1 +itan 5)
[

As ¢ — 17 in the above Theorem we get the following:

Corollary 2.6. [11]If f € A given (1) be in the class Gx(b, o, ©,, ,,) then

) = P
4(1+2X)(1 +itan )
32(1+20)(1+ 3N (1 +itanB)?2  32(1 4 3X\)(1 +itanf)
Corollary 2.7. If f € A given by (1) be in the class G1(b, ¢, ®p,.m, q) then

b1
A(([2]g = 1) + [2]9) (1 + itan B)’
|b°| BY |b|(B2 — B1)
16 (([2lg — 1) + [2]) ([8lg — 1 + [3l[2lgA) (1 +itan B) 16 ([3]g — 1) + [3]¢[2]¢) (1 + i tan 3)°

|laz| =

las| =

As ¢ — 17 in the above Corollary we get the following:

Corollary 2.8. [11]If f € A given by (1) be in the class G (b, p, ®,.m) then

PR
T12(1 +itan B)’

|0*| B b|(By — B1)
|as| =

~384(14idtan )2 128(1 +itan3)’
Corollary 2.9. If f € A given by (1) be in the class Gy(b, p, Pp.m, q) then

b1 B1
4([2], — (A +itan )’
% B [bl(B2 — By)
16(12, — 1) (8l — 1) (1 +itanf) ' 16((3], — 1) (1 +itan )’

|las| =

|a3| =

As ¢ — 17 1n the above Corollary we get the following:
Corollary 2.10. [11] If f € A given by (1) be in the class Gy(b, v, ©, ) then

g = L
27 41+ itan B)’
|0°| B b|(By — B1)
|as| =

32(1 +itan8)2  32(1+itan3)’
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Theorem 2.3. [f f € A given by (1) be in the class M (b, p, @y, m, q), then

By — By
b(([8lg = 1)(1 + [3]¢[2]g — [Blg)A) (1 + i tan B)

b2|
— 2 < L
‘CL3 ,ua2| 16

B? B
i (1 + itanB)2 ([(([ﬂq - 1) + A)]2 [([3]q - 1) + (1 + [3]q[2}q - [3]11) /\} [([2]q - 1) + )‘]2

(1+ (2], = DAY I ) |

Proof. From (20) and (21) we get

DB} (L+ ([2)y — YV
16[([2]g — 1) + A [(13]g — 1) + (1 + [34[2]g — [81)A] (1 + i tan 8)°

2
ag—pay =

N b(Bs — By) - bB,
16[([3y — 1) + (L+ 31,2, — Bl (L +itanB)  4[(([2lg— 1) + N)] (1 i tan )’

By simple calculation, we get

b? { By — B
16 | b (([8]g = DA + [3]¢[2]q — [B]¢)A) (1 +itan B)

2
az — [1ay =

B} ( (1+ (2] — DX’ ! ﬂ
T i 2 2 - 2 :
(1+itan B)? \ [([2l, — 1) + NP [([Blg — 1) + (1 + [8[20g — Bl Al [([2lg — 1) + A

Hence, we have
0|

b
las — pa3] < —
16

By — By
b(([3lg = 1)(1 + [3]¢[2]g — [3]g)A) (1 + i tan B)

+(1+itanB)2 a

B} ( (14 ([2]g — DA)? p )
[((121g — 1)+ N [([Blg — 1) + L+ Bla[2lg — Bl A [([2]g — 1) + A

O

As ¢ — 17 in the above Theorem we get the following:

Corollary 2.11. [11] If f € A given by (1) be in the class M (b, ¢, Py, 1, q), then

la —ua2!<@ b, — by + By L
U= 32 b1+ 20 (T+itanB) | (L+itanB)2 \1+2\  [1+A?/|

For taking ;1 = 1 in Theorem 2.3, we get the following:
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Corollary 2.12. If f € A given by (1) be in the class M (b, p, @y, q)
By — B
16 [b((B]g — D1+ Bq[2ly — B]o)A) (1 + i tan B)

. B («mq—D+AV—Kmq—D+O+BMﬂ¢%$JMN.
(it B \ [(1+ (2 — DA (3 — D)+ (L+ Bll2l, — o) A

As ¢ — 17 in the above Corollary we get the following:

Corollary 2.13. [11]1If f € A given by (1) be in the class G (b, ¢, ®p 1), then

Ll
=32

[ —a2|

By— B, B? 1420 \?
b1+ 20 (1+itand) | (1+itanf)? ((1+2>\)(1+>\)2>

Theorem 2.4. If f € A given by (1) be in the class Gx(b, p, @y, m, q), then

BQ — Bl
b ((Blg = 1) + [B]g[2]gA) (1 + i tan §)

7]

16

las — pa3] <

B?

' (@ @)
(([2lg = 1) + [21g0) (1 +itan 8)> \(([Blg — 1) + Bla[2lgA) (2l = 1) + [240) /|

Proof. From (30) and (31), we get

2 _ b*BY
R TG (R, = D+ R (Bl — 1) + BlaRlgN) (1 + i tan §)2
. b(By — By) b2 B2
16 (([3]g — 1) + [3lq [ J¢A) (1 +itan 3) ”16(([2]q—1)+ [2,A)7 (1 + i tan §)2
By simple calculation, we get
a2 { By — B
W6 (b (Bl — 1) + BlaRleN) (1+ itan )

. (@0 v @)
(([2lg = 1)+ [2) (M +itan 5)* \(([Blg = 1) + Bla[2ls0)  ([2ls =D +[20) /]

Hence, we have

+

jaa — a3 < b

» 1S G [, =D+ BLELN (1 + it d)
; v (@ Trmey @ e
(@ =D+ 2N A+ it 7 (B D+ By (@ -0+ 28|

As ¢ — 17 in the above Theorem we get the following:
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Corollary 2.14. [11]If f € A given by (1) be in the class G (b, ¢, ®p, 1), then

Bg — Bl B% ( 1 2,u
( .

6%
bA+3N (I titand) (142X (1+itanf)?

2
_ < 21
lag — pa3| < 39

1+3))  (1+2))

For taking ;1 = 1, we get
Corollary 2.15. If f € A given by (1) be in the class Gx(b, ¢, ®p.m, q), then

b2
—a? <‘7
laz—a3| < 16

By — By
b((18lg = 1) + [3]¢([3]g = DA) (1 + i tan 5)

B? cos® B

1 1
@D+ B (@, - DN ((([3]q D) +BlaBla — DN (2l — 1) + [2a([2] - 1)A)> ’ '

As ¢ — 17 in the above Corollary we get the following:

Corollary 2.16. [11]If f € A given by (1) be in the class G (b, ¢, ®p, 1), then

lag — 2|<@ By — B . B? 1+ 4\
BT = b +3N) (I +itanf) | (1+2N) (1+itanB)2 \ (1 +20)(1+3)) /|
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