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Abstract

The plan of the present paper is to study some curvature properties of almost
c(A ) manifolds. We shall consider Einstein semi symmetric almost c( A)
manifolds and such manifolds satisfying E.S =0, S.E =0, E.R =0, where E is
the Einstein tensor , R is the Riemannian curvature tensor , S is the Ricci
tensor of the manifold .we shall also consider ¢- Ricci symmetric almost c())
manifolds.
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SECTION -1
INTRODUCTION

The notion of almost c(A) manifolds was first given by Janssen and Vanhecke [6] .
Again in the paper [7] conformally flat almost c¢(A) manifolds have been studied.
Recently in the papers [1] , [2] , [3] , A. Akbar has studied some curvature properties
of almost c(A) manifolds .The notion of Einstein tensor has been introduced to study
curvature properties in the paper [3] . ¢- Ricci symmetric sasakian manifolds have
been studied in the paper [5].

In this paper we would like to study, some curvature properties of almost c(A)
manifolds . The present paper is organised as follows : we give some preliminary
formulae in section- 2. In section- 3 we study Einstein semisymmetric almost c())
manifolds. Section 4 contains the study of almost c(A) manifolds satisfying ER =0,
where E is the Einstein tensor , R is the Riemannian curvature tensor , S is the Ricci
curvature tensor of the manifolds . The last section contains the study of ¢- Ricci
symmetric almost ¢(A) manifolds.
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SECTION- 2
Preliminaries : An odd dimensional differentiable manifold is called almost contact
manifolds if th ere exist a 1-1 tensor n, a vetor field X; and a Riemannian metric g
such that [4] .
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Here X, Y are differentiable vector fields defined on the manifolds . An almost
contact manifolds is called an almost c(A) manifolds if its curvature tensor R is given

by [7]
RO Y)Z=R(¢ X, ¢y)z-MXg(X,Y)-9(X, Y)Y = ¢ Xg(X, Y) +9(X, Y ) ¢ Y ]------(2.4)

From above equation we also have

ROXY)E = R(6 X, ¢ V)&= MN(Y)X — NX)Y] -rrrrrreeeeeneeeees (25)
R(E Y)Z = -ME(Y,2)E = N(Z)Y Jrrrrrrommmmmmmeeseeeeee (26)
REY)E = -M(Y)E = Y] wrrreerremmmmmmmmeerresseseee e @7)
A (28)

The Ricci tensor of almost ¢(A) manifolds was deduced in the paper [1]. The Ricci
tensor is given below

S(X,Y) = -A[(2n-1)g(X,Y) 41 (X)N(Y) J-mmmmmmmmmmmmmemmmmm oo (2.9)

Here the dimension of the manifold is considered 2n+1 from above we get the Ricci
operator Q as follows

100 G WA 05711) ) G V15 ¢ ——— --(2.10)

The Einstein tensor of a manifold is defined as
E(X,Y) = S(X,Y) — 1/2g(X,Y)-=-=-mmmmmmmmmm e (2.11)

Where S is the Ricci curvature tensor and r is the scaler curvature tensor of the
manifold.
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SECTION- 3
Definition 3.1

An almost c(A) manifold will be called Einstein semisymmetric if it satisfies

T YA = (U 1Y) L —— (3.1)

Let us consider an almost c¢(A) manifolds is Einstein semisymmetric then
R(X,Y)Z.E(UV)=0.

Now from (2.11) E(U,V) = S(U,V) —r/2g(U,V). Again using we have E(U,V) = -A
[2n-1)g(U,V) M(UM(V) ] - 1/2g(U,V). -=-=-=-=mmmmmmmmmmmmemo- (3.2) Now
R(X,Y)Z.E(U,V) =0, means

E(R(X,Y)Z,U) +E(Z,R(X,Y)U) = 0.

Using (2.11) in the above equation we get S(R(X,Y)Z,U) —r/2 g(R(X,Y)Z,U) +
S(Z,R(X,Y)U) — r/2g(Z,R(X,Y)U) =0 .

Putting Z= & in the above equation we get S(R(X,Y)E,U) -1/2g(R(X,Y)E,U) +S (&,
R(OX,Y)U) -12g(E,R(X,Y)U)=0 .

Using( 2.5) and (2.9) in the above equation we get ,

S(R(¢ X, ¢ V)& -A(Y)X —n(X)Y], U)-12g(R(¢ X, ¢ Y)E-An(Y)X n(X)Y],U) -
M (2n-Dg(ERX,Y)U) t(@n(R(X,Y)U)] - r/2 n(R (X,Y)U) =0,

S(R(¢ X, ¢ Y)E -An(N)X-n(X)Y], U) —r/2g(R(¢ X, ¢ Y)EU)+Ar/2 n(Y)g (X,U)-
A/2n)g (Y, U)-A[2n- DR X, Y)U)n((R(X,Y)U)]1/2 n(R(X,Y)U=0,

SR(¢ X, ¢ V)& -AM(YVX -n(X)Y], U) —12g(R(¢ X, ¢ Y)EU)+ /2 n(Y)g (X, U)-
A/2n(X)g(Y,U)-2nk n(R(X,Y)U)- 112 n(R(X,Y)U=0.

Putting X=& ,We have

S(-AMM(Y)E-Y],U)+ Ar/2n(Y)m(U)- Ar//2)g(Y,U)- 2nk n(R(E,Y)U)-1/2 n(R(&,Y)U=0
-AS(92Y,U)-Ar/2[ g(Y,U)- n(Y)n(U)]-( 2nA+1/2) n(R(E,Y)U)=0,

AS($%Y,U)- )-Ar2[ g(Y,U)- n(Y)n(U) )]-( 2nr+r/2)n(-A{ g(Y,U)En(U)Y =0,

22[(2n-1)g(¢?Y,U)+ n(¢*Y) n(U)] )-Ar/2[ g(Y,U)- n(Y)n(U)] -(2nh+1/2)n(-
A g(Y,U)em(U)Y})=0,

A(2n-1)g(¢?Y,U) )-Mr72[ g(Y,U)- n(Y)(U)] -2nitr/2)n(-A{ g(Y,U)en(U)Y})=0,
22(2n-1)g(9?Y,U) )- M72[ g(Y,U)- n(Y (U)]-( 20r+1/2) (-A{ g(Y,U)- n(Y)n(U})]=0,
A%(2n-1)g(¢%Y,Uy+2 A2n[ g(Y,U)- n(Y)n(U)]=0,

22(2n-1)g(¢?Y,U)+ 22*n g(¢ Y, $U)=0,



64 Avijit Kumar Paul

A2(2n-1). g(d Y, ¢ U+ 22°n g(¢ Y, oU)=0,
A2 9(d Y, §U)=0 ,this implies A=0. As g(¢ Y, ¢U) is not zero.

Hence we can state the following theorem.

Theorem 3.1
If an almost ¢(L) manifolds is Einstein semisymmetric , then A is necessarily zero.

But the converse may not be true always.

SECTION-4

In this section we like to study almost c(A) manifold satisfying E.R = 0 where E is
Einstein tensor and R is Riemannian curvature tensor.Let us consider an almost c(A) ,
manifold satisfying E.R = 0. now E.R =0 means, E(U,R(X,Y)Z)+E(R(X,Y),V)=0.
S(U,R(X,Y)2)-r/2g(U,R(X,Y)Z) +S(V,R(X,Y)2)-r/12g9(V,R(X,Y)Z)=0.

Putting Z= §,We get, . S(U,R(X,Y) &)-r/29(U,R(X,Y) &) +S(V,R(X,Y) &)-
r2g(V,R(X,Y) &)=0,

-A [(2n-1)g(U.R(X,Y)E) + n(U) n(R(X,Y)E)]-r/2 g(R(X,Y)E,U)- A [(2n-
DgRX,Y)EV) +n(V) n(RX,Y)E)]-1/2 g(R(X,Y)E,V)=0,

A [(2n-1)g(U.R(¢ X, ¢ Y)E] )- An(Y)X- n(X)Y)]+ n(U) n(R($ X, ¢ Y)E)-
AN(YX-nX)Y)D -r129(U,.R(¢ X, ¢ Y)E] )- Aln(Y)X- n(X)Y)])- A [(2n-1)g(V.R( ¢
X, ¢ Y)E])- Mn(VX- nX)Y)I+ n(V) nR($ X, ¢ Y)E)- An(V)X- n(X)Y)D-
rl29(V.R(¢ X, ¢ Y)E] )- An(Y)X- n(X)Y)])=0.

Putting X= &,We have,

-\ [(2n-1)g(U, -A(Y )E-Y)+ n(U) n(-AMm(Y )&-Y)]-r/2g(U, -A(n(Y )&-Y)) -A [(2n-
DYV, -Mm(Y )&-Y)+ n(V) n(-AMn(Y )&-Y)I-r/2)g(V, -Mn(Y )&-Y))=0,

A2(2n-1) g(62Y,U))+r A 12g(¢%Y,U) +22(2n-1)g(¢2Y, V) 1+ r A /2 g(¢2Y,V)=0,
(2n A2 - 2241 A /2)( g(¢%Y,U)+ g(¢?Y,V))=0. Finally we get A=0.

Thus we are in a situation to state the following ,

Theorem 4.1

If an almost c(A) manifold satisfies E.R =0 then A is necessarily zero.

But the converse may not be true always.
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SECTION -5
¢ -Ricci symmetric almost ¢(A) manifold:

The notion of  ¢- Ricci symmetric sasakian manifolds was introduced by U.C. De
and A. Sarkar in the paper [5] following this paper in this section we study ¢ -Ricci
symmetric almost ¢(A) manifolds.

Definition 5.1
An almost ¢(A) manifold will be called ¢- Ricci symmetric if $?(VwQ)X = 0.

The manifold will be called Ricci symmetric if the vector field W and X are
orthogonal to &.

Let us consider an almost ¢(A) manifold is ¢-Ricci symmetric.
Now from (2.10) we get QX = A(1-2n)X —An(X)& now
(VwQ)X = Vi (QX) —Q(VwX)
=Vu( A(L-2n)X -An(X)E ) - A(1-2n) VuX + An(VuX) &
=(1-2n) (AVwX +XVw 1) - (Ve AME — A((Tn(X)) &
+ (Vw &) n(X)) — A(1-2n) VuX —An(VwX) §
=(1-2n)X Vw 4 = (Vw 2) n(X)& -A((Vwn)X & + n(VwX) & +(Vw ) n(X))
+AN(VwX) &
= (1-2m)X Vw A = (Vw 4) n(X)E - A((Vwn)X & -A (Vw &) n(X)
Since the manifold is locally ¢ - Ricci symmetric by definition
(1-2n)X Vw A = (Vw 2) n(X)§ - A((Vun)X € -A (Vw €) n(X) =0,
Vw A(X =2nX-n(X)E ) - A((Vun)XE + (Vw &) n(X)) =0.
Replacing X by ¢ X
(Vw)(QX=2n ¢ X) - A((Vwn) (¢ X) & =0.

If A isconstant then A must be zero. Thus we are in a position to state the following
theorem.

Theorem 5.1

There exist no ¢ - Ricci symmetric almost ¢(A) manifiold with A as a non zero
constant.
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