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Abstract

A Graph with p vertices and g edges is said to be Geometric Mean Graph if it is
possible to label vertices x € V with distinct elements f(x) from 1,2,...,q + 1

in such a way that when edge e = uv is labelled with f*(uv) = (\/ (fw)f (v)—‘ or

f*(uv) = L\/ (fwf (V)J then the resulting edge labels are distinct. In-thiscase fis
called Geometric Mean Labeling of G. In this paper, we prove the following graphs

AT O K T(T) () K 00 () Ko, D(Q4) () Kz, €, () Py are Geometric
Mean Graphs.

AMS subject classification: 05C78.
Keywords: Geometric mean labeling, Geometric Mean graphs.

1. Introduction

All graphs considered here are simple, finite, connected and undirected. Given a graph
G, the symbols V(G) and E(G) denote the vertex set and the edge set of the graph G
respectively. Let G(p, g) be a graph with p = |V(G)| vertices and g = |E(G)| edges.
A graph labeling is an assignment of integers to the vertices or edges or both,subject
to certain conditions. There are various types of graph labeling and a detailed survey
is available in [1]. The concept of Geometric mean labeling was introduced by S.
Somasundaram, P. Vidhyarani and R. Ponraj in [2]. We use the following definitions in
the subsequent sections.



48 Ujwala Deshmukh and Vahida Y. Shaikh

Definition 1.1. AnAlternate Triangular snake A(7,,)is obtained fromapathuy,us, ... ,u,
by joining u; and u; alternatively to a new vertex v; for
l<i<n-—1.

Definition 1.2. A Triple Triangular snake 7'(7,) consists of three triangular snakes
that have a common path. That is, a Triple Triangular snake is obtained from a path

ui,u,...,u, by joining u; and u; 4 to anew vertex v; fori = 1,2,... ,n — 1 and also
tonew vertex w; fori = 1,2,... ,n—1andalsotoanew vertex z; fori =1,2,... ,n—1.
Definition 1.3. A Quadrilateral snake Q, is obtained from a path uy,us,...,u, by

joining u; and u; 4 to two new vertices v; and w; 1 < i < n — 1 respectively and then
joining v; and w;.

Definition 1.4. A Double Quadrilateral snake D(Q),,) consists of two quadrilateral snakes
that have a common path.

Definition 1.5. The Corona G = G Q G, of two graphs G| and G is defined as a

graph obtained by taking one copy of G| (with p vertices) and p copies of G, and then

joining the i’ " vertex of G to every vertex of i’ h copy of G».

2. Results
Theorem 2.1. A(T,) @ K is a geometric mean graph.

Proof. Let G = A(T,) O K be the graph. We consider the following two cases.

Case 1: nis even
Subcase 1.1:The first triangle starts from the first vertex of the path
Let,

V(G) = {ui,vi,w; : 1 <i <n}

EG)={uw; : 1 <i <n}U{ujuj+1:1<i <n-1}

U {uzi—lvzi—l 1<i< E} U {u2iV2i—1 1<i< ’1} U {VZi—1V2i 1<i< 2}
2 2 2
Then,
IV(G)|=p=3n
n J—
|E(G)|=¢q =

Define a function
f:V(G)— {1,2,... ,qg+ 1}
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as follows:
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f*EG)— {1,2,...,q)
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We observe that all the edge labels are distinct. Also,
IV(G)| =p=3n

EG) =g ="

Hence, f is Geometric Mean Labeling of G.
Subcase 1.2: The first triangle starts from the second vertex of the path.

Let,

EG)={uw; : 1 <i <n}U{ujuj+1:1<i <n—-1}U {uzivzi_l :

ol
U {va2i—1v2i

Then,
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VG) ={uj,w; -1 <i<njU{y;:1<i<n-—2}

U {MZi-I—lVZi—I 1 <i <

V(G)|=p=3n-2

n —

. n
1l <i<——

|
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n —8
|E(G)| =q = 5

Define a function f : V(G) — {1,2,...,q + 1} as follows:

fao)  =Ti-4 1sist
flui—1) =7Ti=5 15"5%
fov) =713 1<=i<?
fwaiz) =7i -6 151‘5%
fu)y =T7i—-1 1§i§”;2
foiz) =Ti 151'5”;2

Then f induces a bijective function f* : E(G) — {1,2,...,q} as follows:

S (uai—qu;) —7i -5 1<i< g
I (u2iwi) —7i—4 1<ic< g
Frusiiwai—1) =T7i—6 1<i< g
Fomir) =Ti—2 1<i<’” ; 2
S (uivai—1) —7i—3 1<i< n;Z
ffuipivaic) =Ti 1<i< n ; 2
Frsvy) =Ti—1 1<i<” ; 2

We observe that, all the edge labels are distinct.Also,
IV(G)|=p=3n-2

n —38
|E(G)| =¢q =
Hence f is a Geometric Mean Labeling of G.

Case 2: nis odd
Subcase 2.1: The first triangle starts from the first vertex of the path. Let,

VG)={uj,w; -1 <i<nlU{y:1<i<n-1}

EG)={ujw; : 1 <i <n}U{ujuj+1:1 <i <n-—1}
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Then,

o on—1
U {uzi—lvzi—1,uzivzi—1,v2i—1vzi 1 <i < }

V(G)|=p=3n-1

E(G)=q =

n—>5

Define a function f : V(G) — {1,2,...,q + 1} as follows:

fluzizy) =7i—=5 lfifn;rl
fwaiz) =T7i—6 151‘5”‘2"1
fluz) =71 15:'5”;1
fwy) =T7i 151’5”;1
fO)  =T7i=2 151.571;1
fniz) =7i—4 lfisngl

Then f induces a bijective function f* : E(G) — {1,2,...,q} as follows:

FHugi—iwaiol) =Ti—6 1<i< n ;— 1
i) =7Ti—4 liifngl
Fuiuriy1)  =7Ti l<i<” ; 1
I uaiwai) =7i—1 1§i5n;1
frupi—vail) =Ti—5 1<i< n ; 1
Fuivai) =Ti—2 l<i<’” ; 1
fraivai—1) —7i -3 1<i< ”;1

We observe that all the edge labels are distinct. Also,
V(G| =p=3n-1

[E(G)l=q =

n—>5

Hence, f is Geometric Mean Labeling of G.
Subcase 2.2: The first triangle starts from the second vertex of the path

Let,

VG) ={uj,w; : 1 <i<njU{y;:1<i<n-—1}

51
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EG)={uw; : 1 <i <n}U{ujuj+1:1<i<n-1}

o n—1
U {quzi—l,u2i+1vzi—1,V2i—1V2i 1 <i < 5 }

Then,

IV(G)=p=3n—1
n—>5

|E(G)| =q = 5

Define a function f : V(G) — {1,2,...,q + 1}as follows:

fani) =7i—5 151‘5”;1
Fovaii) =Ti—6 1sis””2rl
fa) =74 15:‘5”;1
fnio) =T 15:‘5”;1
fOn)  =Ti—1 lsisngl
fov) =73 1sis";1

Then f induces a bijective function f* : E(G) — {1,2,...,q} as follows:

Funiiwai) =Ti—6 1<i<" —;— 1
S (uzi —1u;) —7i—5 1<i< n ; 1
fHugiugiy)) =7i—=2 1<i< n ; 1
S (uaiwoi) =7i—4 151-5”;1
Frugivivaic1) =Ti 1<i<"” ; 1
F*vai1vai) —7i-1 1<i< n ; 1
Frunivaiy)  =Ti—3 1<i<" ; 1

We observe that all the edge labels are distinct. Also,
V(G| =p=3n-—1

Tn—5
|[E(G)| =¢q =
Hence, f is Geometric Mean Labeling of G. |
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Example 2.2. Geometric Mean Labeling of A(7) @ K| where the first triangle starts
from first vertex is shown in Figure 1.

15
17
15 Iy 11

15 16 I 20

14 16 18 20
Figure 1:

Example 2.3. Geometric Mean Labeling of A(7) @ K where the first triangle starts
from the second vertex is shown in Figure 2.

wy 1 18
1 17
u; 2 9 16 7
Figure 2:

Theorem 2.4. T'(T,) @ K is a geometric mean graph.

Proof. Let, G = T(T,) @ K be the graph.
Let,

V(G) ={uj,ui1 0 1 <i <n}U{vi,vit,zi, 21, ti,41 0 1 <i <n—1}
E(G) = {ujuj1 : 1 <i <nj

Ufui i1, Vivit, ZiZit, titin, Wivi, Witi, WiZi, Wik 1 Vi Wip1ti, uip12i 2 1 <i <n —1}

Then,
IV(G)|=p=8n—6
|E(G)|=¢qg =11ln—10
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Define a function f : V(G) — {1,2,...,q + 1} as follows:

fwj) =11i—-9 1<i<n

fuj)) =11i—10 1 <i<n

fovp) =11i—-3 1<i<n-—1
fin) =1li—4 1<i<n-1
fz) =11i—-8 1<i<n-—1
fy) =11i-7 1<i<n-1
f@)y =1li—-1 1<i<n-1
fi) =11i—-2 1<i<n-—1

Then f induces a bijective function f* : E(G) — {1,2,...,q} as follows:
ffuuy) =11i—-10 1<i<n
I wivi) =11i-7 1<i<n-1

Fruuie) =11i-5 1<i<n-—1

fuit;) =11i—-6 l<i<n-—1
frvivi) =11i—-3 1<i<n-—1
f*@izin) =11i—-8 1<i<n-1
[ (titin) =11i—-2 1<i<n-1
ffuipvy) =11i—1 1<i<n-1
fruivit) =11 l<i<n-—1
fH(uizi) =11i—-9 1<i<n-1
ffWitiz) =11i—-4 1<i<n-1

We observe that, all the edge labels are distinct.

Also,

V(G)|=p=8n—6

|E(G)| =¢q = 11n—10

Hence, f is Geometric Mean Labeling of G. -

Example 2.5. Geometric Mean Labeling of 7(73) Q K is shown in figure 3.
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Figure 3:

Theorem 2.6. O, @ K> is a geometric mean graph.

Proof. Let, G = Q, @ K,.
Let,

V(G):{u,’jZlfifl’l,lfjf?)}U{Vij,W,'j21§i§n—1;1§j§3}
EG) ={ujuiv1n: 1 <i <n—1}U{uju;j: 1 <i <n,2<j=<3}
U{vilvij,wilw,-j l<i<n—-1,2<j<3}

Uluiivit, vitwit, ip1iwin 2 1 <i <n — 1}

Then,
V(G)=p=9n—-06
|E(G)|=¢qg =10n — 8
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Define a function f : V(G) — {1,2,...,q + 1} as follows:

fuip)) =100 —7 1<i<n

f(upp) =100 —8 1<i<n
fuiz) =100 —9 1<i<n
fvip) =10i—4 1<i<n-1
fvi) =10i =5 1<i<n-1
fiz) =100 —6 1<i<n-—1
fwip) =10i I1<i<n-—1

fwi) =10i—1 1<i<n—1
fwiz) =10i—2 1<i<n—1

Then f induces a bijective function f* : E(G) — {1,2,...,q} as follows:

[ (wiu3) =10i -9 1<i<n

fH(uiruiz) =100 —8 1<i<n

fFirvi3) =10i -6 1<i<n-—1
[ irvio) =10i -5 1<i<n-—1
ffwiwiz) =100 =2 1<i<n-—1
ffwitwp) =100 —1 1 <i<n-—1
fuuivr)) =10i =3 1<i<n-—1
fruvi) =10i—7 1<i<n-—1
fFoawi) =10i—4 1<i<n-—1
f*(Wilui+1,1) = 10i l<i<n-—1

We observe that, all the edge labels are distinct.

Also,

V(G =p=9—-6

|E(G)l=qg =10n — 8

Hence, f is Geometric Mean Labeling of G. |

Example 2.7. Geometric Mean Labeling of Q3 O K> is shown in figure 4.
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Figure 4:

Theorem 2.8. D(Q;) @ K, is a geometric mean graph.

Proof. Let, G = D(Q,) @ K> be the graph.

Let,

57

V(G)={u;j: 1 <i<n1=<j=<3}U{vij,wij,tij,pij: 1 <i<n—-11=<j <3}

EG) ={ujuiy1,1: 1 <i <n—13U{uju;;: 1 <i <n2=<j<3}
Ulvitvij, witwij, tittij, pirpij - 1 <i <n—1,2 < j < 3;}

Ului1vit, wittin, vitwit, i1 pit, Uig1,1wit, dig1,1pin - 1 <i <n —1}

Then,
IlV(G)| = p=15n—12;
|E(G)|=¢q =17n —15

Define a function f : V(G) — {1,2,...

f(uir)
f(ui2)
fuiz)
fin)
fi2)
fiz)

fwir)
fwi2)
fwiz)
fti)
f(ti2)
f(ti3)
f(pi1)
f(pi2)
f(pi3)

=17i — 14
=17i — 15
=171 — 16
=17i — 12
=171 — 11
=17i — 13
=171 — 8
=171 =7
=171 -9
=171 -5
=171 — 6
=171 — 4
=171 — 1
=171 -2
=17i

,q + 1} as follows:

1<i<n
1<i<n
1<i<n
1<i<n-1
1<i<n-1

1<i<n-1

1<i<n-1
l1<i<n-1
I1<i<n-1
1<i<n-1
l1<i<n-1
1<i<n-1
1<i<n-1
l1<i<n-1
l1<i<n-1
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Then f induces a bijective function f* : E(G) — {1,2,...,q} as follows:

) =38

ffownw) =10

ffwiwiz) =9

ffonuwn) =7

ffunt) =6

ffwiup) =171 =15 1<i<n
ffuiuiz) =171 —16 1<i<n

ffvivio) =171 —12 1<i<n-—1
Fronviz) =17i—13 1<i<n—1
[ (titia) =171-6 1<i<n-1
fi(tinti3) =171 -5 1<i<n-1
ffpiipn) =17i—-2 1<i<n-1
ffpapa) =17i—1 1<i<n-1
frpi)  =17i—4 l1<i<n-—1
FHwirvin) =171-14 1<i<n-1
ffwituiz1y) =170—-3 1<i<n-—1
[ (piuiprn) = 17i l<i<n-—1
fruntn)  =17i—10 2<i<n—1
ffwiuivy) =17i—=7 2<i<n-1
ffwitwp)  =17i—-8 2<i<n-—1
ffwiw)  =171-9 2<i<n-—1
ffoawi) =17i—11 2<i<n-1

We observe that, all the edge labels are distinct.

Also,

IV(G)|=p=15n—-12

|[E(G)| =g =17Tn—15

Hence, f is Geometric Mean Labeling of G. |

Example 2.9. Geometric Mean Labeling of D(Q3) @ K> is shown in figure 5.
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viz @6 100 wiz ®23 279

5 10 22 26

Figure 5:

Theorem 2.10. C, @ P, is a geometric mean graph.

Proof. Let, G = C, (©) Pa.

Let,

s =4n, t = [/12n — 3]
VG)={vi:1=<i=<4n/vyj =v4j-3,1 < j < n}
EG)={viviy1: 1 <i <s—1} U {vyv1}

Then,
IV(G)|=p=3n
|E(G)|=q =4n

Define a function f : V(G) — {1,2,...,q + 1} as follows:
fai3) =4i—1 1<i<n
fai—n) =4i—-3 1<i=<n

faiz1) =4i 1<ix<n

Then f induces a bijective function f*: E(G) — {1,2,...,q} as follows:

[rOivig) =i l<i<r—1
f*oiviq) =i+1 1<i<4n—1
f*(vsvl) =1

We observe that, all the edge labels are distinct.
Also,
[V(G)|=p=3n

59
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[E(G)| = q = 4n
Hence,f is Geometric Mean Labeling of G. |

Example 2.11. Geometric Mean Labeling of C4 @ P> is shown 1n figure 6.

13

vis 16 15 13 wis vip 12 11 9 wip

Figure 6:
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