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Sum of Polynomial Function
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Abstract

We obtain an integral value for all the sums of the form Z;‘;l% , Where x

ranges from 1 to «o. p(x) is a polynomial of degree n forn € W and the
coefficients of The polynomial € I.
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1 INTRODUCTION

The summation of a polynomial

Where x ranges from one to infinity. We observe that this sum always outputs an
integral value. This summation of

p(x) = ax™+ bx" 1+ cx" 2 +dx" 3 +ex™ ... ...

For the coefficients a, b, ¢, d, e belonging to integers over 2* always converges by the
ratio test .

v ax™ 4+ ba™ 1 4 ex™ 2 4 dx"3 4oex™t
> >
x=1
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2 REQUIRED IDENTITIES
Telescoping the summation identities:

—1.1 For constant ¢ and sequences al, a2, ..., an and b1, b2, ..., bn
n

Z(Eﬂk + b)) = CZ{I:{ + Zb‘k
k=1 k=1

k=1
—1.2 Infinite sum can be expressed as

o n
Eﬂk - ?}Elgazﬂk
k=1 k=1

—1.3 Geometric or exponential series for real x 7é1

" X n P Xt
Zx =1l4+x+x>+-- 4 x" Y oxf=——=
k=0

—1.4 Infinite decreasing geometric series , [x|<1 has values of:

v 1
Z.r T l—x

k

o0
=0

3 MAIN RESULTS:

Theorem :

For any function of the form Z,‘f:l%? where the polynomial p(x) has integral

coefficients and has degree n € W. Such a function results in an integer.

Proof:
p(x) =ax™+ bx" 14+ cx" 2 +dx"3 +ex" .. ...
By substituting p(x)

w PO _ woo ax"+bx" l+cx™Z+dx™ 3 +ex™ 4
Z.X':l 2% - ZX=1 2%

and making use of identity 1.1
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b bxn 1 xn—Z ® dxn—3 ® exn—4

> 5 z z S Y N
x=1 x=1 x=1 x=1

Further simplifying
® x ® xn—l n-2 n-3 xn 4
Y by = HdYy S—tey T
= x=1 x=1 x=1 x=1

For integer coefficients for the polynomial thatis a, b, c,d, e, a,, ay.. € 1
Z (@27 4+ ax2™™ + bx?27™* 4+ cx327* + dx*27* ... ... ... apx™)
x=1

1 ap2 Y a2+ Y bxP 2T+ e ex3 27+ Y dxt 2R
The first term converges to give an integer.

Yire1@o27* since ay is an integer constant and 27* converges to 1.

(o]
S
x=1

Using identity 1.1 and simplifying, we obtain

[0/e)
aoz 27*
x=1
(o]
Z aoz_x = ao
x=1

The second term converges to 2 by the following method

NS
x12x 2x

RN VIR QI
_Z 20x-1) 2x
x=1 x=1
S 1. wvx w(x-1)
R
2-72° 2% 2%

x=1 x=1

X

We observe that Zi IS a geometric progression that converges to one by making use of

-1

identitiy 1.4 =1

1-271

the function becomes
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i

The third term converges in a similar manner.

2
5= lezx_ZZX
C (- 17 O (x—1)?
Z 2(x-1) _ZZ 2%
x=1 x=1
S_1S_§:x2 i(x—nz
2 27 Lu2x 2%
x=1 x=1

. Zi (2x2; 1)

S

Extract | term

Shift n
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We observe that zix IS a geometric progression that converges to one by making use of

-1

identitiy 1.4 =1

1-2-1

the function becomes

Il

N

+

N
gk
R =

x=1
=2+4=6
We obtain similar results for the remaining number of terms using the above method.

Hence, we can say that the summation of polynomial is always an integer.

200 p(x) e

x=1 2%
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