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Abstract

In this paper we study certain properties of extended Riemann-Liouville fractional
derivative operator associated with unified Mittag-Leffler function in the form of
theorems. Further we have enumerated some results of Generalized Mittag-Leffler
function and Riemann-Liouville fractional derivative operator as special cases.

1. Introduction and Preliminaries

Unified Mittag-Leffler function

The Swedish mathematician Gosta Mittag-Leffler [1] introduced the function E,(z)
in 1903 in the form

0 n

Ea (Z) = ;m, a,zZe C, Re(a) >0 (1)

Due to involvement of Mittag Leffler function in problems of Physics, Biology,

Engineering, Applied sciences and in the solution of fractional order differential or
integral equations, numerous researchers defined and studied various generalizations

of Mittag Leffler type functions as £, ,(z) by Wimon [2], E/, ;(z)by Prabhakar [3],
El'%(z) by Shukla and Prajapati [4], E’;(z)by Srivastava and Tomovski [5] and

E7%4 (z) by Salim and Faraz [6].
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Recently, Shukla and Prajapati [7] introduced a new generalization of Mittag-Leffler
function named Unified Mittag Leffler function in the form

© S - pn+p-1
B (a3 [on | () r

=T [a(pn+ p=1)+B][ (D), | (0),
where «,f,7,4,p,z€C; Re(e, B,7,4,0)>0; J,u, p,c>0

and (), =+ L)
I'(y)
Due to significant applications in various diverse fields of science and engineering,
fractional calculus has gained considerable importance during past four decades [8-
14]. Hence in recent years, certain extended fractional derivative operators have been
introduced and studied [15, 16]. Recently, Agarwal, Choi and Paris introduced a new
extension of Riemann-Liouville fractional derivative operator [19]. In this paper we
will study certain properties of this extended Riemann-Liouville fractional derivative
operator with unified Mittag-Leffler function.
Before Defining extended Riemann-Liouville fractional derivative operator, we are
giving some definitions:
Definition 1.1 The extended Beta function Bj*ﬁ;’“" (x,y) isgivenas [17]:

)

, Is the generalized Pochhammer symbol.

@Bk, _l XA -l cp_ P
B e =] ﬁ(a,ﬂ, tk(l_t),,jdt 3)

where x>0, £>0, R(p)>0,min{R(a),R(B)} >0, R(x) > —R(xa), R(y) > —R(ucx)
Definition 1.2 The extended Gauss hypergeometric function is given as [19]:

, ] B“P*#(b+n,c—b) 2"
F*P%(a,b,c;z) =) (a), —~ —
o abies) Z(;( T e byl

where |z| <L min{R(c), R(B), R(x), R(11)} >0, R(c) > R(b) >0, R(p) =0

(4)

Definition 1.3 An extension of the extended Gauss hypergeometric Fp"‘"’;""’ function
is given as [19]:

3 By (b+n,c—b+ n
F'K (afb;c;Z;m):Z(a)n(b)n P ( n,c m)Z_
Pk (o), B(b+n,c—b+m) n!

where |z| <1, p >0, R(x) >0, R(xz) >0, m < R(b) < R(c)

()

Definition 1.4 An extension of the extended Appell hypergeometric function £ is
given as [19]:
i (0),(0), By (a+n+k,d—a+m) x" yt

- (@)
E . (ab,c;d;x,y,m)= L4 6
v yim) kzo )., Blainihd—arm aik O
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where |x| <1,|y| <1, p>0,R(x)>0,R(1t) >0, m< R(a) < R(d)

Definition 1.5 An extension of the Appell hypergeometric function F, is given as
[19]:

(a,b,c;d,e;x, y;m)

ZPKﬂ
(7)
Z (a),., (), (), B;’ﬁ’”‘(b+n d—b+m) B”’ﬁ'”‘(c+k e—c+m) x” Z
o (d),(e), B(b+n,d—b+m) B(c+k,e—c+m) k!
x|+|y| <1, p>0,R(x)>0,R(1) >0, m< R(b) < R(d), m< R(c) < R(e)
Definition 1.6 An extension of the Lauricella hypergeometric function F is given as
[19]'

where

L(a,b,c,d;e;x,y,z;m)

(8)

(@), ... () (), (d) BeP M (a+n+k+r,e—a+m) x" yF 2

o0
— z k r )4 ! A
n! k! rl

nrzo (©),.1., Bla+n+k+r,e—a+m)

where |x| <1,|y| <1,|z| <1, p>0,R(x)>0,R(1t) >0, m< R(a) < R(e)
Definition 1.7 The classical Riemann-Liouville fractional derivative operator of order
v is given as [20]'

f()—m -0 0d, R0 ©)

and DVf(z)_ d

m

_D'"f(z), R(v)20, m=1<R(v)<m (10)

Extended Riemann-Liouville fractional derivative operator
The extended Riemann-Liouville fractional derivative operator of order v is defined
as [19]:

DI f (2 )—mj@ ") F[a B~ ,(( 5 jdr (11)
where R(v)<0,R(p)>0,R(x)>0,R(x) >0

For R(v)>0

DIPE () = Dl () (12)

where m—1< R(V) <m(meN),R(p) >0,R(x)>0,R(u) >0
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2. MAIN RESULTS
Lemma 1. For R(v)>0,m—1<R(v)<m(me N) and R(v) < R(1), we have [19]:

r(A+1) By ™ (A+Lm-v) e
ri-v+1) BA+Lm—v)

Dy {4 = (13)

Theorem 1. For R(v)>0,m—-1<R(v)<m(me N) and R(v) < R(S'-1), we have:

e ()
(14)
B (0 [ Y ey = i Y
0 F[a'(p'n+p—1)+,8'—v][(/1)”,n]’ (p)p-n B[a'(p'n+p—l)+ﬂ',m—v:|

Proof. Using definition of unified Mittag-Leffler function, we get:

)} DVPK# , 12 [ )b” ]S(CZa')p'wp—l

Dzv,p:m{ _1E;ZM P’ (CZ
oF[a (p'n+p- 1)+ﬂ][(/1)yn} (P),

n

After interchanging the role of summation and extended Riemann-Liouville fractional
derivative operator, we get:

Dzv,p;x,u { pApre (cz“';s,r)}

a'\BAup.p'

Z‘O: [(7)&, T (C)p"lw—l Dy {Za'(p'11+p—1)+ﬁ'—1}

= [a'(p'n+p-1)+p' ][(/I)M :Ir (P) Z

using Lemma 1 and after some simplifications, we get:

D;/Yp;’(”u{ ﬁlE;éé/ilupp(CZ Sr)} ﬂlv
< ()5 ] ()" By [ (pnt p=U)+ Bim—v] iynipy

S o (pnt p-0+ V][, ] (p),,  Bla'(pintp-1)+Bim—v]

which is required result.
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Remark 1.1 1f we take p =0 in equation (14), we obtain this result for unified

Mittag-Leffler function and classical Riemann-Liouville fractional derivative
operator.

Remark 1.2 If we take p'=p=s=c=1r=0,0=¢q in equation (14), we obtain this
result for generalized Mittag-Leffler function.

Theorem 2. For R(v)>0,m—1< R(v) < m(m e N)and R(v) <R(B'-1), we have:

Dzv'p;l(”u {Zﬁ'—l (1_2)—(1 E7S (CZU";S,I”)} =

a'\fLAup.p

p'n+p-1

xzﬂ'—v-li [(7)5,, ]S (Czal) r (15)
n=0 F[OC'(pln"‘,0_1)"’:8'_‘/1[(/1);1%] (’0)17'"

XF,.. [a,a'(p'n+p—1)+ﬁ';a'(p'n+p—1)+ﬁ'—v;z;m]
Proof. Using definition of unified Mittag-Leffler function, we get:

Dl {zﬁ'_1 (1—2)70{ E”S (cza';s,r)}

a\B.u'\p.p'

=D/ A1 (1_2)-a i — [(7)5;7] (CZ(Z') :
=0 F[a (p'n+p-0)+p ][(i)#,n ] P),

using binomial series expansion, we get:

D7 {Zﬂl_l (1_2)70( E”S (CZaI;S,I”)}

a'\fA.u'\p,p'

0

=Dl Zﬁ"lz (@), S N [(7)5,, ]S(Cz"")pmp*1
SR a -0+ 1D,.] (o),

After interchanging the role of summations and extended Riemann-Liouville
fractional derivative operator, we get:

a\pA.u'\p,p'

Dl {Zﬂl_l (1-z)" EZS, (CZaI;S,I”)}
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_ i [(7/)&1 ]S Pl r - (a)lD;,p;K,y {Z(l'(p'n+p_1)+ﬁ'+]_1}
Tl (p'n+p-D+B (D), | (0),, =

n

using Lemma 1 and after some simplifications, we get:

D;’p;K'/J {Zﬁlfl (1— Z)ia Engﬁ',/luu',pvp' (CZ’ZI S I")}
- (g, | ezt (@), [al(ptnt p=D+ 8] (16)

STa(p'ntp-D+B-v][(D),, | (0),, = 1! [e@nrp-D+p-v]

BZ'ﬂ;’“'” [a'(p'n+,0—1)+,3'+lym_v:| !
« z
Bla'(p'n+p-1)+p+Im-v]

using extension of the extended Gauss hypergeometric function given by equation (5),
we get:

D {Zﬂl*l (1—2)_a E"° (Czalis,r)}

a'\B\A.u'\p,p'

= Zﬂ'fv—li [(}/)5” :|S (Czal)p'mp_l

=0 F[a'(p'n+p—1)+ﬁ'—v][(/1)#-,, :Ir (P)p'n

xF . [a.a'(p'n+p-1)+B5a'(p'n+p-1)+B'—v;z;m]

DiK,H
which is required result.

Remark 2.1 If we take p =0 in equation (14), we obtain this result for unified

Mittag-Leffler function and classical Riemann-Liouville fractional derivative
operator.

Remark 2.2 If we take p'=p=s=c=1r=0,0=¢ Iin equation (14), we obtain this
result for generalized Mittag-Leffler function.

Theorem 3. For R(v)>0,m—-1<R(v) < m(m e N)and R(v) <R(B'-1), we have:
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Dk {Zﬁlfl (1— az)_a (1_bz)_ﬁ Eoyz:,gﬁ',i,#',pyp' (Czal S I’)}

- Zﬂ'—v—li [(7/)5” ]S (cz“' )p'n+p—1
Ao e p0),] (),

XF} e [a'(p'n+p—1)+ﬂ',a,ﬁ;a'(p'n+p—1)+ﬂ'—v;az,bz;m] (17)
Proof. Using definition of unified Mittag-Leffler function, we get:

DL (0 (L) (1b) By (27

=0 F[a'(p'n+p—1)+ﬁ']|:(/1)#-n ]r (P),

= D! {Zﬂ'l (1_az)fa (1—bz)7ﬁ i [(7/)5,1 ] (Cza‘) }

using binomial series expansion, we get:

D7 {Zﬂfl (1—az)_a (1_bZ)_ﬂ Eoyz:fb",/l,ﬂ',p,p' (CZa';S’ I”)}

= Dy {Zﬂl i (0()11 (18)12 (az)ll (bz)lzi [(7)5,,] (Cza') }

AN ST (p'n+tp-0+B1 (), | 0,

After interchanging the role of summations and extended Riemann-Liouville
fractional derivative operator, we get:

DL (L) (b B (257

(s | - (), (B),

(a)ll (b)lzDv'p;K”u {Za'(p'n+p—l)+ﬁ'+ll+/2—l}
Fr[a(pn+ oD+ B[4, ] (o), 10 ! Z

using Lemma 1 and after some simplifications, we get:

Dy (1maz) (Lt B (5507
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~ © [(7)5n :IS cp'n+p—lza'(p'n+,0—l)+ﬁ'—v—1 w [(Z'(p'l’l +p_1) +ﬂl],1+12 (0[)11 (16)12

n=0 F[a'(pll’l+p—1) +ﬂl— Vj”:(i)#-n :I” (,O)pn h.1,=0 [al(p'n+p_1) +ﬂl_v]ll+lz

By [a'(p'n+p—1)+,8'+ll+lz,m—v] (az)ll (bz)lz
Bla'(p'n+p-1)+f+h+lm-v] L1

using extension of the extended Appell hypergeometric function given by equation
(6), we get:

Dy (1maz) (Lt B (5507

p'n+p-1

_ zﬂbvﬁli [(7)s ]S (cza')
Ao pv][(2),,] (0),,

I [a'(p'n+p—1)+ﬂ',a,ﬁ;a"(p'n+p—1)+ﬂ'—v;az,bz;m]
which is required result.

Remark 3.1 If we take p=0 in equation (14), we obtain this result for unified

Mittag-Leffler function and classical Riemann-Liouville fractional derivative
operator.

Remark 3.2 If we take p'=p=s=c=1r=0,0=¢ Iin equation (14), we obtain this
result for generalized Mittag-Leffler function.

Theorem 4. For R(v)>0,m—1< R(v) < m(m e N)and R(v) <R(B'-1), we have:

Dzv’p;’(”u {Zﬂ'—l (1_aZ)—a (1—bZ)_ﬁ (1_dz)—r E}/,r? (CZ“';S, V)}

a\B\Au'\p.p'

p'n+p-1

_ Zﬁ""‘li [(7)5n ]S (Czal) :
oy F[a'(p'n'i‘,0_1)+ﬁ'_‘/:|[(/1)y'ij) (p)p'n

xFy eul@'(p'n+p=1)+B"a p.ria'(p'n+ p=1)+ B'-v;az,bz,dz;m |
(18)
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Proof. Using definition of unified Mittag-Leffler function, we get:

Dy 2 (1=az) " (1-bz) ” (1-d2) " B (c="55.7)]

a'\B.u'\p.p'

= Dz‘"P:K,ﬂ {Zﬂ'l (1_az)—a (1—bZ)_ﬂ (1—dZ)_T ZOO: [(7)5,4 ] (cZa )

= T[a'(p'n+p-1) +,3'][(l),,-n ]r (L),

using binomial series expansion, we get:

Drs {Zﬂl_l (1—az)7a (1—bz)7ﬂ (1— dz)ff E’? (cza'; s, r)}

a\B\A.u'\p.p'

:D:,p;l(,/.t {Zﬂl i (0!)11 (ﬂ)lz (T)z3 (az)ll (bz)lz (dZ)IS

171
bl l3=0 ll' 12 'IS

< (5, ] (=)™
—I[a'(p'n+p-1)+ ﬁ'][(ﬂ)ﬂ-,, T (P) s

After interchanging the role of summations and extended Riemann-Liouville
fractional derivative operator, we get:

Dy {Zﬂ'-l (1-az) ™ (1-bz) " (1-dz) " EZ2 (e, r)}

a\fA,u'\p.p'

5 [P ] 7 = (@), (8),(2),
n=0 F[a |(p 'n+ p—l) +ﬁl]|:(ﬂ,)#.n :|’ (p)p'n hilp,l3=0 lll 12 I13

(a)' (b)* (a)"

> D;/,p;l(,/.l {Za'(p'n+p—1)+ﬂ'+ll+lz +l3-1 }
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using Lemma 1 and after some simplifications, we get:

DI {Zﬂ'*l (1-az) “(1-bz) " (1-dz)” ELS vy (CZa‘ 5 r)}
0 [(7)5 T cp'n+p—lza'(p'n+p_1)+ﬁ._v_l

n=0 F[a '(p ‘n+ P _1) +ﬂ'_v][(/1)#'" ]r (p)P'”

X

3 [a'(p'n+p-D+p1],,.. (@, (B),(7),
L.y l5=0 [a'(p'n"'p_l)+IBI_V],1+,2+,3

Byl [a'(p'n+p—1)+,3'+ll+lz+13,m—V] (az)l1 (bz)l2 (a’z)l3
Ha(pns o= Feirbeioms] 4 L T

using extension of the extended Lauricella hypergeometric function given by equation
(8), we get:

Dy {Zﬂ (l-az) " (1-bz) " (1=dz) L (s, r)}
- (o] ()"

Iy -
P r[a'(p'n+p—1)+ﬂ'—V:|[(ﬂ)#-J (p)p'n

xF?3

D,pix,u

[a'(p'n+p-1)+B'a, pr;a’(p'n+p—1)+B'~v;az,bz,dz;m ]

which is required result.

Remark 4.1 1f we take p =0 in equation (14), we obtain this result for unified
Mittag-Leffler function and classical Riemann-Liouville fractional derivative
operator.

Remark 4.2 1f we take p'=p=s=c=1r=0,0=¢q in equation (14), we obtain this
result for generalized Mittag-Leffler function.



Unified Mittag-Leffler Function and Extended Riemann-Liouville Fractional... 145

Theorem 5. For R(v)>0,m—-1<R(v)<m(me N) and R(v) < R(S'-1), we have:
Dy P (1-2) " F a ﬂfim E’? (cz“"s r)
z Pt i ’1—Z ’ a\paup.p' 1

p'n+p-1

S e L
=0 [‘[a'(p'n+p—l)+ﬁ'—V]|:(/1)#-n]’ (p)p'n

XFy [a,ﬂ,a'(p'n+p—l)+ﬁ';r,a'(p'n+p—1)+,8'—v;x,z;m] (19)

Proof. Using definition of extension of the extended Gauss hypergeometric function,
we get:

Dy {Zm(l_z)—a F (a, ﬁl_ij (cza‘:s,r)}

_ prs {zﬂ'_l(l—z)a e (cza';s,r)i(a)ll (ﬂ),l B}‘fxﬁ:fnu (ﬂ+ll,r—ﬂ+m)( X jh}

e o (D), 4! B(ﬂ+ll’ T=p+ m) 1-

After interchanging the role of summation and extended Riemann-Liouville fractional
derivative operator, we get:

D7 {Zﬂ‘l (l—z)_a Fp;w, (a,ﬁ; T;li ; ijv}cl:;',l,lt',pvp' (cz“';s, r)}

= (0{)1 (lB)z Xt BZ'ﬁ;K'# (ﬂ+11’7_,5+m) . . el ,
— i1 1 Dv,p,rc,,u p'-1 1_ a—=h Ey:(S. . . a , ’
z; (), 4! B(f+L,t—pB+m) ° {Z (1-2) aBihpp (CZ s r)}

using result of Theorem 2 given by equation (16) and after some simplifications, we
get:

D7 {Zﬂ‘l (l—z)_a Fp;w (Ol,ﬂ;f;li;ijZ:,gﬁ',/l,u',p,p' (cz“';s,r)}

—Z

_ s (0o ] (=) c, (@), (B),[a'(pn+p-D+ 5,
S Ta(p'n+p-D+=v][(A),, ] (p),, 0 (2)[e(pntp-D+f5-v],
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By/wH (B+hyt—f+m) By [a'(p'nt p=1)+ f+hm-v]xh 22
B(B+L,7—B+m) Bla'(p'n+p-1)+B+L,m—-v] 4!

using extension of the extended Appell hypergeometric function given by equation
(7), we get:

—Z

Dy {zf“ (1-2)“F,,, (a, piri— ijng;.M,p,,,- (e ”)}

p'n+p-1

_ zﬂ'fvfli [(7)s ]S (cza')
Arfa(pnep-epv][(2),,] (0),,

<Fy peu @ B0 (p' it p=1)+ B0 (p'n+ p=1)+ f=vix, zim ]
which is required result.

Remark 5.1 1f we take p =0 in equation (14), we obtain this result for unified

Mittag-Leffler function and classical Riemann-Liouville fractional derivative
operator.

Remark 5.2 If we take p'=p=s=c=1r=0,0=¢ Iin equation (14), we obtain this
result for generalized Mittag-Leffler function.
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