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Abstract 

 

In this paper, we contribute some more results for Heronian Mean labeling of 

disconnected graphs. We have already proved that disconnected Heronian 

Mean Graphs are again Heronian Mean Graphs. We use some more standard 

graphs to derive the results for Heronian Mean labeling for disconnected 

graphs. 
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1. INTRODUCTION 

By a graph we mean a finite undirected graph without loops or parallel edges. For all 

detailed survey of graph labeling, we refer to J.A. Gallian [1].For all other standard 

terminology and notations we follow Harary [2]. The concept of Mean labeling has 
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been introduced by S. Somasundaram and R. Ponraj [3] in 2004. S.Somasundaram 

and S.S.Sandhya introduced Harmonic mean labeling [4] in 2012. Motivated by the 

above works we introduced a new type of labeling called Heronian Mean Labeling 

in [5]. In this paper we investigate the Heronian Mean Labeling of some more 

disconnected graphs.We will provide brief summary of definitions and other 

information which are necessary for our present investigation. 

A Path  𝐏𝐧is a walk in which all the vertices are distinct. A Cycle𝐂𝐧is  a Closed Path. 

The graph obtained by joining a single pendant edge to each vertex of a Path is called 

a Comb. The corona  𝐺1ʘ𝐺2 is defined as the graph 𝐺 obtained by taking one copy of 

𝐺1 (which has 𝑃1vertices) and 𝑃1 copies of 𝐺2and then joining the ith vertex of 𝐺1to 

every vertices in the ith copy of 𝐺2 . The graph 𝐶𝑛ʘ𝐾1 is called crown. 

 

Definition 1.1: 

A graph G=(V,E) with p vertices and q edges is said to be a Heronian Mean graph 

if it is possible to label the vertices xV with distinct labels 𝐟(𝐱) from 1,2,…,q+1 in 

such a way that when each edge 𝐞 = 𝐮𝐯 is labeled with, 

 

𝐟(𝐞 = 𝐮𝐯) = ⌈
𝐟(𝐮) + √𝐟(𝐮)𝐟(𝐯) + 𝐟(𝐯)

𝟑
⌉ (𝐎𝐑) ⌊

𝐟(𝐮) + √𝐟(𝐮)𝐟(𝐯) + 𝐟(𝐯)

𝟑
⌋ 

 

then  the edge labels are distinct. In this case 𝐟 is called a HeronianMean labeling  

of G. 

 

Theorem 1.2:  Any Path 𝑃𝑛is a Heronian mean graph. 

 

Theorem 1.3: Any Comb𝑃𝑛ʘ𝐾1is a Heronian mean graph. 

 

Theorem 1.4: Any Cycle  𝐶𝑛is a Heronian mean graph. 

 

Theorem 1.5: Crown, 𝑪𝒏ʘ𝑲𝟏 is a Heronian mean graph for all 𝒏 ≥ 𝟑. 

 

 

2. MAIN RESULTS 

Theorem: 2.1 

𝐦𝑲𝟑 is a Heronian mean graph. 

 

Proof: 

Let  the vertex set of 𝐦𝑲𝟑be 𝑉 = 𝑉1 ∪ 𝑉2 ∪ … ∪ 𝑉𝑚 , Where 𝑉𝑖 = {𝑉𝑖
1 , 𝑉𝑖

2 , 𝑉𝑖
3}. 
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Define a function f: V(𝒎𝑲𝟑) → {1,2,3, … . . , q + 1}  by    

   𝑓(𝑉𝑖
𝑗) = 3(𝑖 − 1) + 𝑗, ∀ 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 3. 

 

Edge labels of 𝒎𝑲𝟑 are {𝟏, 𝟐, 𝟑, … , 𝟑𝒎}. 

Hence 𝒎𝑲𝟑 is a Heronian mean graph. 

 

Example 2.2: A Heronian mean labeling of 𝟔𝑲𝟑 is given below. 

 

 
Figure:1 

 

Theorem: 2.3 

𝒎𝑲𝟑 ∪ 𝐏𝐧is a Heronian mean graph for  𝑛 > 1. 

 

Proof: 

Let  the vertex set of  𝐦𝑲𝟑be 𝑉 = 𝑉1 ∪ 𝑉2 ∪ … ∪ 𝑉𝑚 , Where 𝑉𝑖 = {𝑉𝑖
1 , 𝑉𝑖

2 , 𝑉𝑖
3}. 

Let Pn be a path u1u2u3…….un 

Define a function f: V(𝒎𝑲𝟑 ∪ 𝑷𝒏)®  {1,2,3, … , q + 1} by 

𝑓(𝑉𝑖
𝑗) = 3(𝑖 − 1) + 𝑗, ∀ 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 3. 

And f(ui) = 3m + i, 1 ≤ i ≤ n. 

Edge labels of 𝒎𝑲𝟑 are {𝟏, 𝟐, 𝟑, … , 𝟑𝒎}. 

Edges labels of 𝐏𝐧{3𝑚 + 1,3𝑚 + 2, … … 3𝑚 + 𝑛 − 1}. 

Hence 𝒎𝑲𝟑 ∪ 𝑷𝒏 is a Heronian mean graph for  𝑛 > 1. 
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Example 2.4:  A Heronian mean labeling of 𝟒𝑲𝟑 ∪ 𝑷𝟔is given below. 

 

 
Figure: 2 

 

 

Theorem: 2.5 

𝒎𝑲𝟑 ∪ 𝐂𝐧 is a Heronian mean graph for 𝒏 ≥ 𝟑. 

 

Proof: 

Let  the vertex set of  m𝐾3 be 𝑉 = 𝑉1 ∪ 𝑉2 ∪ … ∪ 𝑉𝑚 , Where 𝑉𝑖 = {𝑉𝑖
1 , 𝑉𝑖

2 , 𝑉𝑖
3}. 

Let Cn be a cycle u1u2u3…….un u1. 

Define a function f: V(𝒎𝑲𝟑 ∪ 𝑪𝒏)®  {1,2,3, … , q + 1} by 

𝑓(𝑉𝑖
𝑗) = 3(𝑖 − 1) + 𝑗, ∀ 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 3. 

And  f(ui) = 3m + i, 1 ≤ i ≤ n. 

Edge labels of 𝒎𝑲𝟑 are {1,2,3, … ,3𝑚}. 

Edges labels of 𝐂𝐧{3𝑚 + 1,3𝑚 + 2, … … 3𝑚 + 𝑛}. 

Hence 𝒎𝑲𝟑 ∪ 𝑪𝒏 is a Heronian mean graph for  𝒏 ≥ 𝟑. 

 

Example 2.6:  A Heronian mean labeling of 𝟒𝑲𝟑 ∪ 𝑪𝟓 is given below.        

 
Figure:3 
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Theorem: 2.7 

𝒎𝑲𝟑 ∪ (𝐏𝐧  ʘ 𝐊𝟏)is a Heronian mean graph for 𝑛 > 1. 

 

Proof: 

Let  the vertex set of  m𝐾3 be 𝑉 = 𝑉1 ∪ 𝑉2 ∪ … ∪ 𝑉𝑚 , Where 𝑉𝑖 = {𝑉𝑖
1 , 𝑉𝑖

2 , 𝑉𝑖
3}. 

Let Pn  ʘ K1 be a graph obtained from a pathx1x2 … . xnby joining the vertexxi  to  

pendant vertex𝑦𝑖. 

Define a function,𝑓: 𝑉(𝒎𝑲𝟑 ∪ (𝐏𝐧  ʘ 𝐊𝟏)) → {1,2,3, … … . 𝑞 + 1} by 

𝑓(𝑉𝑖
𝑗) = 3(𝑖 − 1) + 𝑗, ∀ 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 3. 

And 𝑓(𝑥𝑖) = 3m + (2i − 1) ,    1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑦𝑖) = 3m + 2i ,    1 ≤ 𝑖 ≤ 𝑛. 

Edge labels of 𝒎𝑲𝟑 are {1,2,3, … ,3𝑚}. 

Edges labels of 𝐏𝐧  ʘ 𝐊𝟏{3𝑚 + 1,3𝑚 + 2, … … 3𝑚 + 2𝑛 − 1}. 

Hence 𝒎𝑲𝟑 ∪ (𝐏𝐧  ʘ 𝐊𝟏) is a Heronian mean graph for 𝑛 > 1. 

 

Example2.8:A Heronian mean labeling of 𝟒𝑲𝟑 ∪ (𝐏𝟓  ʘ 𝐊𝟏)is givenbelow. 

 

 
 

Figure:4 

 

Theorem: 2.9 

𝒎𝑲𝟑 ∪ (𝐂𝐧  ʘ 𝐊𝟏)is a Heronian mean graph for 𝒏 ≥ 𝟑. 

 

Proof: 

Let  the vertex set of  𝐦𝑲𝟑 be 𝑉 = 𝑉1 ∪ 𝑉2 ∪ … ∪ 𝑉𝑚 , Where 𝑉𝑖 = {𝑉𝑖
1 , 𝑉𝑖

2 , 𝑉𝑖
3}. 

Let  Cn  ʘ K1 be a graph obtained from a cycle x1x2 … . xn𝑥1   by joining the vertex   

xi  to  pendant vertex𝑦𝑖. 

Define a function,  𝑓: 𝑉(𝒎𝑲𝟑 ∪ (𝐂𝐧  ʘ 𝐊𝟏)) → {1,2,3, … … . 𝑞 + 1} by 

𝑓(𝑉𝑖
𝑗) = 3(𝑖 − 1) + 𝑗, ∀ 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 3. 
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And   𝑓(𝑥𝑖) = 3m + 2i ,    1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑦𝑖) = 3m + (2i − 1) ,    1 ≤ 𝑖 ≤ 𝑛. 

Edge labels of 𝒎𝑲𝟑 are {1,2,3, … ,3𝑚}. 

Edges labels of 𝐂𝐧  ʘ 𝐊𝟏{3𝑚 + 1,3𝑚 + 2, … … 3𝑚 + 2𝑛 − 1}. 

Hence 𝒎𝑲𝟑 ∪ (𝐂𝐧  ʘ 𝐊𝟏)  is a Heronian mean graph for 𝒏 ≥ 𝟑. 

 

Example 2.10: A Heronian mean labeling of 𝟒𝑲𝟑 ∪ (𝐂𝟑  ʘ 𝐊𝟏)is given below. 

 

 
Figure:5 

 

 

Theorem: 2.11 

𝐦𝑪𝒏is a Heronian mean graph for 𝒏 ≥ 𝟑. 

 

Proof: 

Let  the vertex set of  𝐦𝑪𝒏be 𝑉 = 𝑉1 ∪ 𝑉2 ∪ … ∪ 𝑉𝑚 , Where 𝑉𝑖 = {𝑉𝑖
1 , 𝑉𝑖

2 , … . , 𝑉𝑖
𝑚} 

and the edge set of 𝐦𝑪𝒏be 𝐸 = 𝐸1 ∪ 𝐸2 ∪ … ∪ 𝐸𝑚 , Where 𝐸𝑖 = {𝑒𝑖
1 , 𝑒𝑖

2 , … . , 𝑒𝑖
𝑛} 

Define a function f: V(𝒎𝑪𝒏) → {1,2,3, … . . , q + 1}  by    

   𝑓(𝑉𝑖
𝑗) = 𝑛(𝑖 − 1) + 𝑗, ∀ 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛. 

Edge labels of 𝒎𝑪𝒏are {1,2,3, … , 𝑚𝑛}. 

Hence 𝒎𝑪𝒏 is a Heronian mean graphfor 𝒏 ≥ 𝟑. 
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Example 2.12: A Heronian mean labeling of 𝟔𝑪𝟓is given below. 

 
Figure:6 

 

Theorem: 2.13 

𝐦𝑪𝒏 ∪ 𝑷𝒌is a Heronian mean graph for 𝒎, 𝒌 ≥ 𝟏 𝒂𝒏𝒅 𝒏 ≥ 𝟑. 

 

Proof: 

Let  𝐦𝑪𝒏be the m copies of 𝑪𝒏 and 𝑷𝒌 be the path of length k. The vertex set of  

m𝐶𝑛 be 𝑉 = 𝑉1 ∪ 𝑉2 ∪ … ∪ 𝑉𝑚  , Where 𝑉𝑖 = {𝑉𝑖
1 , 𝑉𝑖

2 , … . , 𝑉𝑖
𝑚} and the edge set of 

m𝐶𝑛 be 𝐸 = 𝐸1 ∪ 𝐸2 ∪ … ∪ 𝐸𝑚  , Where 𝐸𝑖 = {𝑒𝑖
1 , 𝑒𝑖

2 , … . , 𝑒𝑖
𝑛} . Let 𝑤1 , 𝑤2 , … , 𝑤𝑘 

be the vertices of 𝑷𝒌. 

Define a function f: V(𝒎𝑪𝒏 ∪ 𝑷𝒌) → {1,2,3, … . . , q + 1}  by    

   𝑓(𝑉𝑖
𝑗) = 𝑛(𝑖 − 1) + 𝑗, ∀ 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 

   And  𝑓(𝑤𝑖) = mn + i ,    1 ≤ 𝑖 ≤ 𝑘 

Edge labels of 𝒎𝑪𝒏are {1,2,3, … , 𝑚𝑛}. 

Edges labels of 𝐏𝐤are {𝑚𝑛 + 1, 𝑚𝑛 + 2, … … 𝑚𝑛 + 𝑘 − 1}. 

Hence 𝒎𝑪𝒏 ∪ 𝑷𝒌 is a Heronian mean graph for 𝒎, 𝒌 ≥ 𝟏 𝒂𝒏𝒅 𝒏 ≥ 𝟑. 

 

Example 2.14: A Heronian mean labeling of 𝟑𝑪𝟒 ∪ 𝑷𝟕is given below. 

 
Figure:7 
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Theorem: 2.15 

𝐦𝑪𝒏 ∪ 𝑪𝒌 is a Heronian mean graph for 𝒎 ≥ 𝟏 𝒂𝒏𝒅  𝒏, 𝒌 ≥ 𝟑. 

 

Proof: 

Let m𝐶𝑛be the m copies of 𝐶𝑛 and 𝐶𝑘be the cycle. The vertex set of  m𝐶𝑛be 𝑉 = 𝑉1 ∪

𝑉2 ∪ … ∪ 𝑉𝑚  , Where 𝑉𝑖 = {𝑉𝑖
1 , 𝑉𝑖

2 , … . , 𝑉𝑖
𝑚} and the edge set of m𝐶𝑛be 𝐸 = 𝐸1 ∪

𝐸2 ∪ … ∪ 𝐸𝑚 , Where 𝐸𝑖 = {𝑒𝑖
1 , 𝑒𝑖

2 , … . , 𝑒𝑖
𝑛}. Let 𝑤1 , 𝑤2 , … , 𝑤𝑘𝑤1 be a cycle. 

Define a function f: V(𝒎𝑪𝒏 ∪ 𝑪𝒌) → {1,2,3, … . . , q + 1}  by    

   𝑓(𝑉𝑖
𝑗) = 𝑛(𝑖 − 1) + 𝑗, ∀ 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 

   And  𝑓(𝑤𝑖) = mn + i ,    1 ≤ 𝑖 ≤ 𝑘 

Edge labels of 𝑚𝐶𝑛are {1,2,3, … , 𝑚𝑛}. 

Edges labels of Pk are  {𝑚𝑛 + 1, 𝑚𝑛 + 2, … … 𝑚𝑛 + 𝑘}. 

Hence 𝒎𝑪𝒏 ∪ 𝑪𝒌 is a Heronian mean graph for 𝒎 ≥ 𝟏 𝒂𝒏𝒅  𝒏, 𝒌 ≥ 𝟑. 

 

Example 2.16: AHeronian mean labeling of𝟑𝑪𝟒 ∪ 𝑪𝟓is given below. 

 
Figure:8 

 

Theorem: 2.17 

𝐦𝑪𝒏 ∪ (𝑷𝒌ʘ 𝑲𝟏) is a Heronian mean graph for 𝒎, 𝒌 ≥ 𝟏 𝒂𝒏𝒅  𝒏 ≥ 𝟑. 

 

Proof: 

Let m𝐶𝑛be the m copies of 𝐶𝑛 and Pkʘ K1 be a graph obtained from a path x1x2 … . xk   

by joining the vertex   xi  to  pendant vertex 𝑦𝑖.The vertex set of  m𝐶𝑛be 𝑉 = 𝑉1 ∪

𝑉2 ∪ … ∪ 𝑉𝑚  ,Where 𝑉𝑖 = {𝑉𝑖
1 , 𝑉𝑖

2 , … . , 𝑉𝑖
𝑚}  and the edge set of m𝐶𝑛 be 𝐸 = 𝐸1 ∪

𝐸2 ∪ … ∪ 𝐸𝑚 , Where 𝐸𝑖 = {𝑒𝑖
1 , 𝑒𝑖

2 , … . , 𝑒𝑖
𝑛}.  

Define a function f: V(𝒎𝑪𝒏 ∪ (𝑷𝒌  ʘ 𝑲𝟏)) → {1,2,3, … . . , q + 1}  by    

   𝑓(𝑉𝑖
𝑗) = 𝑛(𝑖 − 1) + 𝑗, ∀ 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 

   And   𝑓(𝑥𝑖) = mn + (2i − 1) ,    1 ≤ 𝑖 ≤ 𝑘 
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              𝑓(𝑦𝑖) = mn + 2i ,    1 ≤ 𝑖 ≤ 𝑘. 

Edge labels of 𝑚𝐶𝑛are {1,2,3, … , 𝑚𝑛}. 

Edges labels of 𝑷𝒌  ʘ 𝑲𝟏 are  {𝑚𝑛 + 1, 𝑚𝑛 + 2, … … 𝑚𝑛 + 2𝑘 − 1}. 

Hence 𝒎𝑪𝒏 ∪ (𝑷𝒌  ʘ 𝑲𝟏)is a Heronian mean graph for  𝑚, 𝑘 ≥ 1 𝑎𝑛𝑑  𝑛 ≥ 3. 

 

Example 2.18: A Heronian mean labeling of 𝟑𝑪𝟒 ∪ (𝑷𝟓ʘ 𝑲𝟏) is given below. 

 

 
 

Figure:9 

 

Theorem: 2.19 

𝐦𝑪𝒏 ∪ (𝑪𝒌  ʘ 𝑲𝟏) is a Heronian mean graph for 𝒎 ≥ 𝟏 𝒂𝒏𝒅  𝒏, 𝒌 ≥ 𝟑. 

 

Proof: 

Let  m𝐶𝑛 be the m copies of 𝐶𝑛   and Ck  ʘ K1  be a graph obtained from a cycle  

x1x2 … . xk𝑥1    by joining the vertex   xi  to  pendant vertex 𝑦𝑖 .The vertex set of  

m𝐶𝑛 be 𝑉 = 𝑉1 ∪ 𝑉2 ∪ … ∪ 𝑉𝑚  , Where 𝑉𝑖 = {𝑉𝑖
1 , 𝑉𝑖

2 , … . , 𝑉𝑖
𝑚} and the edge set of 

m𝐶𝑛be 𝐸 = 𝐸1 ∪ 𝐸2 ∪ … ∪ 𝐸𝑚 , Where 𝐸𝑖 = {𝑒𝑖
1 , 𝑒𝑖

2 , … . , 𝑒𝑖
𝑛}. 

Define a function f: V(𝑚𝐶𝑛 ∪ (𝐶𝑘  ʘ 𝐾1)) → {1,2,3, … . . , q + 1}  by    

   𝑓(𝑉𝑖
𝑗) = 𝑛(𝑖 − 1) + 𝑗, ∀ 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 

   And   𝑓(𝑥𝑖) = mn + 2i ,    1 ≤ 𝑖 ≤ 𝑘 

              𝑓(𝑦𝑖) = mn + (2i − 1) ,    1 ≤ 𝑖 ≤ 𝑘. 

Edge labels of 𝑚𝐶𝑛are {1,2,3, … , 𝑚𝑛}. 

Edges labels of 𝐶𝑘  ʘ 𝐾1 are  {𝑚𝑛 + 1, 𝑚𝑛 + 2, … … 𝑚𝑛 + 2𝑘}. 

Hence 𝑚𝐶𝑛 ∪ (𝐶𝑘  ʘ 𝐾1) is a Heronian mean graph for  𝑚, 𝑘 ≥ 1 𝑎𝑛𝑑  𝑛 ≥ 3. 
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Example 2.20: A Heronian mean labeling of 𝟑𝑪𝟒 ∪ (𝑪𝟑ʘ 𝑲𝟏) is given below. 

 

 
 

Figure:10 

 

 

3. CONCLUSION: 

The Study of labeled graph is important due to its diversified applications. It is very 

interesting to investigate disconnected graphs which admit Heronian Mean Labeling. 

The derived results are demonstrated by means of sufficient illustrations which 

provide better understanding. It is possible to investigate similar results for several 

other graphs. 
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