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Abstract:

In this Paper, Fuzzy Semimodular Lattice — Definition of Fuzzy semimodular
Lattice- Fuzzy Complement of p (a), Finite Fuzzy Semimodular Lattice,
Characterization theorem are given.
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Introduction

The Concept of Fuzzy Lattice was already introduced by Ajmal,N[1], S.Nanda[4] and
WilCox,L.R [5] explained modularity in the theory of Lattices, G.Gratzer[2],
BarDalo, G.H and Rodrigues,E[3] Stern,m[6] explained semimodular Lattices,
M.Mullai and B.Chellappa[7] explained Fuzzy L-ideal. A few definitions and results
are listed that the fuzzy semimodular lattice using in this paper we explain fuzzy
semimodular lattice, Definition of fuzzy semimodular lattice, Characterization
theorem of Fuzzy semimodular lattice and some examples are given, Fuzzy Modular
Lattice satisfy P, and Ps.

Definition: 1.1
A Fuzzy lattice L and p (a)e L. We say that p (al] e L is a Fuzzy complement of

(@) ifp(@sa’)=p(0)and p(ava)=p (1) we denote the Fuzzy set of Fuzzy
complements of p(a) by C ) -

Theorem 1.1
Let L be a Finite Fuzzy Semimodular lattice p(a), pu (b)e L, p (a)< u (b) ,

U (b )E Cup)\C @ thenpu [(av b ) Ab]=p (a) and p (a) v p (b ) is a co-atom.
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Proof
Let L be a finite Fuzzy Semimodular lattice and u (a), 1 (b)€ L, n ()< p (b) and
let (bl ECuw\ Cue ,
Spu@Apb)<p®) Ap®) LE)ECLH\Cua
Su@Apb)=p©) andp (b )eC e
Alsop @ <p() =p@veb)<pbdvipb)
= p@vi(b)<p(l)
We have p (avb ) v (b)=p @) vu(b vb)
=p (@ v
=p(@vl
=p(l)
H(avh ) Ap(b) <u(b)
Also p (@) <p (@) v (b)), K (a) <p(b)
= H@Ap(@<p(avb )Ap(b)
= p(@) <p(avb ) Ap(b)<p(b)and p(a) < u (b)
= p@<p(avb )ap(b)
As L is Fuzzy Semimodular
K(@)=p(avb ) Ap(b)<p(b)
= p@vu(b )>pbd)vub )=p(l)
= p(@)vu(b')isaco-atom.

Theorem 1.2

Let L be a Finite Fuzzy Semimodular lattice p (a) , u (b) €L, p (@) < u (b),

1 (b )E Cum\C ) . Ifthere exists p (c) € L. Suchthat u (b ) < p(c) and p (a) v
M (c) = p (1) then p ()€ C o).

Proof
To Prove g (a) A 1 (c) =4 (0)
Ifp @) Ap(c)>p(0)

Then there is W (a;) such that
HO)<H() =< p(@)Ap(c)
Also p (a1) < p(a) <p(b)
= H(@)Ap(b)=p(0)
L) <u(a) =>ubd)<p@)vub)
on the other hand  (a;) < (c)and p (b")<pu(c)
= M) v )=sp(c)
= uE)=p@)vub)
We conclude p (&) viu (b ) =p(avay) vu(b)
=p@vH@vb)
=@ v p(c)
=u()
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But from p (8) < p (b) and p (b) A (b ) = (0)
Wegetp (@ Ap(b)=p(0)sopu(b)eCyw

Which is a contradiction
Hence p (a) A () = W (0)

Theorem: 1.3

Let L be a finite Fuzzy Semimodular lattice p (a), p (b) € L.

H(@<p(b), (b )eCuwp\Cuq - Ifthere exists an atom [ (a1)€ L. such that
U (a)v i (@avhb ) =p(1)thenp (apv b ) is a Fuzzy complement of p (a) and
(b )<p(avb).

Proof

We have p (aA b ) =pn(0) and
ub)eCum=p@vh)<p()
Fromp(a)) v(@avb)=pu(1)
We have [ (a1) < (av b ) and so
H(@)Ap(@vb)=p(0)

This implies p (azan b ) = (0)

So, by the Fuzzy Semimodular Property
(b )<p(uvb)

Now by using theorem 1.2

We Conclude p (a1v b ) € C )

Definition: 1.2
Let L be a Fuzzy Modular Complemented Fuzzy lattice then

P:V u@#u®) €L, ifCue #p and Cuwp # ¢ thenC @ #Cup.

Definition: 1.3

Let L be a Fuzzy lattice consider a pair (u(a), p(b)) € L? such that

M@ <) Cu@ #¢ and C yp) # o . If L is Fuzzy distributive then

Q; :thereexists (U (@ ), u(b")) € C @ * C . suchthat u(b)<p@ ).

Definition: 1.4

Let L be a Fuzzy lattice consider a pair (u(a), p(b)) € L?

such that p(a) < p(b), C u@ #¢ and C y ) # ¢ . If L is Fuzzy distributive then,
Q2:V (b )€ C,p thereexists p@@ ) € C ) such that u(b1 )< p(@’).

Theorem: 1.4

Let L be a Finite Fuzzy Semimodular lattice. p(a), u(b) € L Such that

u(a) < u(b) and C u) % ¢ .IfC W) 7~ C i (b) then Vv V) (bD) eC u (b) /C U (a)- There
exists

H(c) € C . suchthat p (b ) < p(c).
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Proof
Let L be as stated and let p(a), p(b) € L .
H(@) <u(b) and p(@ ) € C @ / Cup.
Letpu (b ) €Cup/Cue
We have i (a v b)=p (1)
And p(a ) ¢ C
= M (0) <p(a Ab)
Let p (a;) be an atom such that
M (a1) <H (a Ab)
Fromp(ara )=p(©)and p (a) <p (@)
We have U (ana;) = 1 (0) and as 1 (0) < u (az)
And L is Fuzzy Semimodular we conclude
H(@) < p (ava)
Since p(a) < 1 (b) and p (a1) < p (b)
Wegetu(avay)<p(b)andasp (a) <p(b)
We have p () € C )
Let pu(c)=p(arvb )
Thenp (avce)=p@v (arvb )
=H((ava)vb)
=u(bvb)
= (1)
By the theorem 1.3
We Conclude p (c) € C ) .

Corollary 1.1
Let L be a finite Fuzzy Semimodular lattice. If i (a), 1 (b) € L. Such that

H@<p()and C, p #d and C 5 #C u ) then (u (a) , p (b)) satisfies Q.

Proof

Let L be a finite Fuzzy Semimodular lattice.

Let p (a), p (b) € L be such that p (a) <p (b), C ) #¢ and C @ #C b

Let u(ﬁbf) €Cup

Ifub ) ECuwm / Cu@ then by the theorem 4.8 there exists p(@ ) € C @ such
that (b ) < p(a ) in particular u(b ) < p@ ) € C ) thentake p@ ) =p(b").

Corollary 1.2
(i) Finite Complemented Fuzzy Semimodular lattice Satisfy Q.
(ii) Let L be Finite Fuzzy Semimodular lattice p (a), 1 (b) € L such that C, @ # ¢ ,

Cum# ¢ and p (a) < p (b). Then (u (a), p (b)) Satisfies Q1.

Proof
Proof of (i):
Let L be a Finite Complemented Fuzzy Semimodular lattice and ( p (a), it (b) ) € L2 .
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First we note, that on a Finite Complemented Fuzzy lattice if we show that Q; holds
when p (a) < (b) then this Property is also valid when p (a) < p (b).

Let p (a) < p (b).

Then Property holds when p (b")€ C, a)

Suppose p (b") € C v/ Cpu o

By the theorem 1.1, the Fuzzy element p (a) v p (b ) is a co-atom.

It is easy to see that there is a complement p (a) of pt (@) v p (b ) which is an atom.
So by theorem 1.3, (b ) <p (b") v p (a1) and Q. is Satisfied.

Proof of (ii)
Let L be a Finite Fuzzy Semimodular lattice p (a), i (b) € L. such that C, a# ¢ ,

Cuw# ¢ and p (a) < u (b).

If Cyu @ # Cu ) then, by corollary 1.1(n (a), p (b)) Satisfies Q. and therefore
Satisfies Q.
If C,\ ) < Cyu vy then choose p (a) € C, @y and consider the pair

H@) K@) €Cu@rXCup

Example: 1.1

Here is an example for Finite Fuzzy Semi modular lattices which do not satisfy Q.
Verification:

u(1)
L;
ua) 1 (b)
u(a)
1 (0)

In this figure p (b”)\< p (a")
.. Q is not statisfied.



104 K. Nithya and V. Vinoba

Definition: 1.5

Let L be a Fuzzy lattice consider a pair (1 (a), 1 (b)) € L? Such that p (a) < p (b) ,
Cu@# ¢ and Cy n# ¢. If L is Fuzzy distributive then

P;: There exists (U (@ ), u (b)) € Cu@ X CuySuchthat p (b ) <p (@)

Definition: 1.6

Let L be a Fuzzy lattice consider a pair (1 (a), 1 (b)) € L? Such that p (a) < p (b) ,
Cu@# ¢ and Cy ny# ¢. If L is Fuzzy distributive then

P,:Vu(b )€ C, ) there exists g (@) ECmsuchthatp (b ) <p(a).

Definition: 1.7

Let L be a Fuzzy lattice consider a pair (1 (a), 1 (b)) € L? Such that p (a) < p (b)
Cu@# ¢ and Cy ny# ¢. If L is Fuzzy distributive then

P3:V(a )€ Cy (g there exists p (b ) EC, mysuchthat p (b)) <p(a).

Theorem: 1.5
Fuzzy modular lattices satisfy P, and P

Proof:
It is enough to show P, because this implies P3 by Fuzzy duality.
Let L be a Fuzzy modular lattice.
Consider p (a), 1 (b) € L Such that p (a) < p (b), Cp@# ¢ and Cy w# .
Forall p (b ) € Cy ) choose p (a ) € Cy ). We will prove that
H(a )=p(a Ab)a p(b") is a Fuzzy
Complement of p (a) greater than p (b")
Infact p(ava )>min{p(a), n @)}
>min{ p(a), p(@ Ab)vpb)}
>min{p(a) vip(@ Ab),pb)}
>min{p(ava )Aaub), ub )}
>min{p(b) , po )}
=p(bvb)
= (1)
Also p(@) A (K@ Ab) via(b ) = p(@) A (K@ A D) vi(b ) A (b))
= (@) A (@ Ab) v Ab))
= u@ A p@ ) A p(b)
= H(0)

We have p(b" ) <p(@a )andifp(b”) =p@ )

Then we would have p(a) < p(b),
H@rb ) =p(bAb)=p(0) and
H(avb) =pbvb)=pu(l)
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which contradicts the Fuzzy modularity of L.

Conclusion

The paper is proved that Let L be a Finite Fuzzy Semimodular lattice p(a), p (b)€ L,
M (a)< p (b) , 1t (B)€ Cu)\C i then pt [(an b) A b]= i () and  (a) vt (b) is a co-
atom, Let L be a Finite Fuzzy Semimodular lattice p(a) , u (b) eL, u (@) <pu (b), p
(b)E Cu)\ C @ - If there exists i () € L. Suchthat p (b ) <p (c) and p (a) v
() =p (1) then p (c)€ C ), Let L be a finite Fuzzy Semimodular lattice p (a), p (b)
eL.p@<p(), L )EC L m\C @ - Ifthere exists an atom p (a1)€ L. such that
M (a)v p(avb’)=p(1)then p (asv b ) is a Fuzzy complement of p (a) and p (b")
<M (azv b ), Let L be a Finite Fuzzy Semimodular lattice. p(a), u(b) € L Such that
M@ <pbd)and C @ #d . IfFC @ #C uwp thenV (b)ecC u® !/ C . There
exists p(c) € / C (@ such that u (b) < p(c) and Fuzzy modular lattices satisfy P, and
Ps.

References

[1] Ajmal.N., Fuzzy lattices, Inform.Sci, 79(1994) 271-291.

[2] Gratzer.G., General Lattice Theory, Academic Press Inc. 1978.

[3] BarDalo, G.H and Rodrigues,E. Complements in Modular and Semimodular
Lattices, Portugaliae Mathematice, Vol.55 Fasc.3-1998.

[4] S.Nanda., Fuzzy Lattice, Bull.Cal.Math.Soc.81(1989).

[5] Wilcox, L.R., “Modularity in the theory of Lattices”, Bull. Amer.Math.Soc.44-
50,1938.

[6] STerin, M. Semimodular Lattices. Teubner-Text Zur Mathematik, Stuttgart-
Leipzig 1991, ISBN 3-8154.

[7] M.Mullai and B.Chellappa, Fuzzy L-ideal Acta Ciencia India, Vol.sXXXVM,
No.2, 525(2009).



106 K. Nithya and V. Vinoba



