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Abstract

In this paper, we determine the exact formulae for the multiplicative Zagreb
indices of strong and tensor products of two connected graphs. Also we apply
our results to compute the multiplicative Zagreb indices of open and closed
fence graphs.
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1. Introduction

Throughout this paper, we consider simple graphs which are finite, indirected graphs
without loops and multiple edges. Suppose G is a graph with vertex set V(G) and an
edge set E(G). For a graph G, the degree of a vertex v is the number of edges incident
to v and is denoted by d;(v). A topological index Top(G) of a graph G is a number
with the property that for every graph H is isomorphic to G, Top(H) = Top(G).

The Zagreb indices have been introduced more than thirty years ago by Gutman and
Frianjestic [2]. They are defined as M;(G) = Zuev(a)(dc(u))z = Yuwverlde(w) +
dg(v)] and M,(G) = ZuveE(G)[dG (wWdg()].



62 R. Muruganandam, R.S.Manikandan and Aruvi M

The Zagreb indices are found to have applications in QSPR and QSAR studies as well
see [3]. Recently, Todeschini et al. [4, 5] have proposed the multiplicative variants of
ordinary Zagreb indices, which are defined as follows:

[I. =11.(6) = HuEV(G)[dG (u)]z = HuveV(G)[dG (w) + dg (U)]
and [, = [12(6) = Xuver ) [de (Wds(v)]

Mathematical properties and applications of multiplicative Zagreb indices are reported
in [4-9].Mathematical properties and applications of multiplicative sum Zagreb indices
are reported in [10]. In [11], K.Pattabiraman computed Zagreb indices and coindices
of product graphs.

The Strong product of graphs G;and G,,denoted by G; ®G, , is the graph with vertex
set V(G,)XV(Gy) ={(w,v):u€V(G;),veV(G,)} and (u,x)(v,y) is an edge
whenever (i) u = vand xy € E(G;) or (ii)uv € E(G,) and x = y or (iii) uv € E(G,)
and xy € E(G,). For two simple graphs G; and G, their tensor product, denoted by
Gy X G, , has the vertex set V(G; ) X V(G,) , in which (u,v) and (x,y) are adjacent
whenever ux is an egde in G; and vy is an edge in G,. Note that if G; and G, are
connected graphs, then G; X G, is connected only if atleast one of the graph is
nonbipartite.

In this paper, we compute the multiplicative Zagreb indices of strong and tensor
products of two connected graphs. Moreover, computations are done for some well
known graphs.

2. The Multiplicative Zagreb Indices of G; QG-
We begin this section with standard inequality as follows:
Lemma — 2.1 (Arithmetic Geometric Inequality)
Let x4, x5, ..., X, be non-negative numbers. Then @ > m
holds with equality if and only if all x;,’s are equal.

In this section, we compute the multiplicative Zagreb indices of the strong product of
graphs. The following lemma follows from the definition of the strong product of the
two graphs.

Lemma-2.2
Let G, and G,be two graphs.
(D). [V(G:18G)| = [V(G)IIV(G)I
(). |E(G1®G)| = [V(GDIIE(G)| + [V(GIIE(G] + ZIE(GDIIE(G)I
(ii0). dg,@c, (ui,uj) = dg, (u;) +dg, (vj) + dg, (u;)dg, (vj).
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Theorem —2.3

Suppose Gyand G, are graphs with |V (G,)| = ny, [V(G2)| = ny, [E(G1)| = my and
|E(G,)| = m,
Then
[1,(G:®G) <
where M; (G,) is the first Zagreb index of G.

(n1+4m3)M;(G1)+(ny+4mq)M4(G2)+M1(G1)M; (G2)+8m1m2]n1n2
nin;

Proof:
By the definition of the multiplicative first Zagreb index,

2
[11(G1®62) = M(u,)ev(c,06,) | dare6, (Wi vj)]

2
= HuiEV(Gl) ijev(az)[dal (uy) + dG2 (Vj) + dal (ui)dGz (vj)] by lemma 2.2
dg, w)+dg, (v;)+dg, (wdg, (vj)+2de, (u)dg, (v])qnlnz

Yy, v,
u;€V(G1) vleV(Gz)[ +2dé1 (w)dg,(v;)+2dg, (ui)déz (v))

nin;

<

by lemma 2.1

(ny+4m3)M1(G1)+ My +4m )M (G2)+M4(G1)My (Gz)+8m1m2 mnz
nin;

[1:(G:1®G,) <

by the definition of the first Zagreb index of G.
In G,®G,, define

E; = {(w,v)(x,y) € E(G:®G,)|ux € E(G,) and v = y},

= {(u,v)(x,y) € E(G:®G,)|ux € E(G,) and vy € E(G,)},
E; = {(u,v)(x,y) € E(G;®G,)|u = x and vy € E(G,)}.
Clearly, E; UE, U E5 = E(G,Q®G,).

Also |E;| = |E(G)IIV (G, |Ez| = 2IE(GDIIE(G2)| and |Es| = [E(G)IIV(G1)I.

Theorem 2.4

Let Giand G, be two graphs with n; and n, vertices, m; and m, edges respectively.
Then

]_[ml@cz) < Gy )mlnz [n2M5(Gy) + 2m, My (G,) + my My (G7) + 4mu My (G1)

+ M;(G)M;(Gy) + My(G)M,(GR)]™™2 X
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oy [MaMa(6) +1mu Mo (G2) + Mz (GM, (G2) + Mz (G My (G7)
+ M, (G,)M,(G,) + 8m;ym,|™™2 X

(mn—)mznl [myM;(G1) + 2m;M;(G,) + nyM,(G) + 4myM,(G,)
2Ny

+ My (G)M,(G2) + M1(G) M3 (G5)]™2™
where M; (G) and M, (G) are the first and second Zagreb indices respectively.

Proof:
From the above partition of the edge set in G; ®G,, we have

1_[ G,®G, = 1_[ de,®c, (4 vj)de, o6, (Up vq)
2

(upvj)(up,vq)EE(G1®G)
= H(ui,vj)(up,vj)eEl d6,®6, (ui' vj)dGl®Gz (up’ vj) X
H(ui,vj)(up,vq)eEz dG1®G2 (uir vj)dGl®Gz (upr vq) X

[y, ) g )es Doroc, (Ui V) de, @, (Wi V)
—AXBXC 2.1

where A, B and C are the products of the terms of the above expressions, in order.

Now we calculate

A = M(uyw))(upw))er; Geroc, (Ui ) de,06, (Up, V)

[dG1 (w;) + dGz (vj) + dG1 (ui)dGz (vj)]
[dcl (up) + dGz (vf) + dGl (up)dGz (vj)]
nzd(;l(ui)d(;l (up)+2m2[d(;1 (ui)+dG1(up)]+M1(Gz)+4m2d(;1(ui)dcl(up)+

M, (GZ)[dGl (ui)+d(;1 (up)] +Mq (GZ)dGl (ui)dcl (up)
nz

= l_[uiup EE(Gl) ijEV(GZ)

np

Huiup EE(Gl)

<

by the definition of the first Zagreb index.
A S s (1M (G1) + 2my My (Gr) +my My (Go) + 4my M (G1) +
M, (G )My (Gz) + M3 (G )M (G)]™™

(2.2)



The Multiplicative Zagreb Indices of Products of Graphs 65

by the definition of the second Zagreb index.
Next we calculate

B = 1_[ de, @6, (Wi V) de, @6, (Up: Vg)

(uiv)) (up,vq)€E,

[de, (W) + do, (v)) + dg, (w)dg, (v))]

=2 , .
HulupeE(Gl) Hv]vqu(Gz) [d61 (up) + dGz (vq) + d61 (up)dGz (Uq)]

dg, (u)dgy (up)+dg, (U)de, (vg)+de, (U de, (up)de, (vq)+]] mimz

ZuiupEE(Gl) Zvjvqu(Gz)l dG1 (up)dGz (vj)+dGz (vj)dGz (vq)+dG1(uP)dGz (vj)dGz (vq)
+d61 (ui)dG]_ (up)dgz (vj)+dG1(ui)dGz (vj)dGZ (Uq)
mim;

2
B < W [maM,(Gy) + myM,(G,) + M(G)My(GR) + My (G )M, (G)

+ M;(G1)M;(G,) + 8mym,]™™2

by the definitions of the first and second Zagreb indices of G.

Finally we compute,

C= 1_[ de,®6, (ui' Uj)d61®az (ui' Uq)

(upv j) (uyvq)€Es

[dg, () + dg, (v)) + de, (w)dg, (v))]
[dG1 (ui) + dGz (UQ) + dG1 (ui)dGz (UCI)]

u;€V(G1) vjquE(Gz)

dél (ui) +d(;1 (ui) [dGZ (Uj)+dc;2 (Uq)]+dé1 (ui) [dGZ (‘Uj)+dG2 (‘Uq)]+ many

dGZ (vj)dGz (vq)+dé1(ui)d62 (vj)d(;z (Uq)+2d(;1(ui)d62 (”j)dGz (Vq)
mynq

ZuiEV(Gl) Zvjvq EE(Gz)[

<

1
C < ——=[m;M;(Gy) + 2m; M, (G) + nyM,(G,) + 4m M, (G,) +

= (mgyny)M2™
M;(G)M1(Gy) + M1 (G1)M,(G,)]™=™
(2.4)
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by the definitions of the first and second Zagreb indices of G.
Using (2.2), (2.3) and (2.4) in (2.1), we get

1
1_[(61®Gz) < W [n,M,(Gy) + 2myM;(G1) + myM;(G,) + 4m,M,(G4)
2

+ M (G)M;1(Gy) + My(G )M, (Gp)]™™ X

oy M2Ma(61) + muMz(G2) + Mz(G) M3 (G2)

+ My(G1)M;(G,) + M1 (G1)M(G,) + 8mym,]™ ™2 X

W [myM;(G,1) + 2my M1 (Gy) + nyM,(G,) + 4my M, (G,)
2N

+ My (G)M;(G,) + My (G My (G)]™™

By direct calculations, we obtain the following expressions as lemma:
Lemma 2.4

Let P, and C,, denote the path and cycle on n vertices, respectively.
(1).Forn>=2,M(B,) =4n—6 and M;(P,) =0

(2).For n =3, M, (C,) = 4n, M,(C,) = 4n and M,(P,) = 4(n —2)

nn—-1)3

(3).Forn = 3,M,(K,)) = n(n — 1)? and M,(K,)) = 5

By using Theorem — 2.3, and Lemma — 2.4, we obtain the exact multiplicative Zagreb
indices of open and closed fences P,®K, and €, ®K,, see Fig 2.1.

2n2 + 17n — 241"
o[ Jrei <=2

2n2 + 24n + 21°"
(id). H(Cn@)l(z) < l - l
1
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3. The Multiplicative Zagreb Indices of G{XG,

In this section, we compute the multiplicative Zagreb indices of the strong product of
graphs. The following lemma follows from the structure of G, XG,.

1

_1 2
(lll).HZ(Pn®K2) < W [507’1 - 9()]2(71 )X —(n—l)(n_l)

47]<"—1>Xnin [25n — 34]™

[29n —

. 1 2n 2 n i n
(w).U(Cn®K2) < Gy [S0nI2"X 5 [30n]"X 2 [25n)

Figure 2.1. Closed and Open fence graphs

Lemma — 3.1
Let G; and G,be two graphs. Then
. IV (G1XG)| = [V(GDIIV (G

(D). 1E(G1XGo)| = 2|E(G)IIE(GS)]
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(iii). The degree of a vertex (ui,vj) of G;XG, is given by d61XGz(uirvj) =

Theorem — 3.2

Let G, and G,be two graphs. Then [[,(G,XG,) =[1,(G,) [1:(G;), where [[,(G,) and
[11(G,) are the first multiplicative Zagreb index of G,and G,respectively.

Proof:
By the definition of the first multiplicative Zagreb index,

1_[(51)(62) = 1_[ [d(61XGz)(ui' vj)]z

(ui,vj)EV(Glxcz)

= ] le@” [] e

u;€V(Gy) vjEV(Gz)

= [o] @
1 1

by the definition of the first multiplicative Zagreb index of the graphs Giand
G,respectively.

Theorem — 3.3

Let G, and G,be two graphs. Then [[,(G,XG,) = 2 [1,(G,) [12(G,), where [[,(G,) and
[1.(G,) are the second multiplicative Zagreb index of G;and G,respectively.

Proof:
By the definition of the seond multiplicative Zagreb index,

1_[(01)( Gy) = 1_[ [d(e,x6,) (i v7)][d6,x6,) () vg) ]

(upvj)(up,vq)EE(GLXG2)

=2 1_[ 1_[ de, (W) dg, (vj)dg, (up)de, (v,)

UUp€E(G1) VjvgEE(G2)
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=2 1_[ dGl(ui)dGI(up) l_[ daz(vj)dGz(vq)

UUp€E(Gy) vjquE(Gz)

=2 @] |6
2 2

by the definition of the second multiplicative Zagreb index of the graphs G;and
G,respectively.
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