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Abstract 

 
In t his paper , we s tudy a s ystem repair problem and present N  system with 
one working and the other in standby. When the system fails it goes to repair 
and instantaneously a standby server b ecomes t he wo rking o ne. T he r epair 
time of the server and service time of the server are assumed to be of discrete 
phase-type d istribution. We s how t he pr ocess t hat g overns t he s ystem is a 
quasi-birth and death process, we per form steady-state analysis of this model. 
The t ime spent b y a failed system in service a nd t he t otal t ime in t he r epair 
facility ar e s hown t o b e o f p hase-type. S erver per formance measures ar e 
evaluated. 
 
Keywords: System repair problem, Discrete PH distribution, quasi-birth and 
death process, Conditional probability of failure, Stationary distribution.  

 
 
1. Introduction 
In t his paper , we co nsider N  s ystem a nd a  st andby s ystem involving d iscrete 
distribution. Most of t he r esearch work addressing t he machine r epair problems has 
focused on reliable servers. In this research domain, the work by Kness[6], Hsieh[4], 
Van Der Duyn[15] and Wartenhout[14] provided steady state solution to the machine 
repair problems with no spares and no standby machines. Models for machine repair 
problems w ith s tandby machines have been d eveloped by Wank a nd L ee[13], 
Wank[12], Hs ieh a nd Wank[5] a nd S ivazlian and Wa nk[11]. Whil e S ivazlian and 
Wank modeled failure and repair times of the machine using general distribution, the 
other three papers used exponential distributions for the same. 
  Neuts[9] po inted o ut t hat al l d iscrete d istribution w ith finite support can  be 
represented by discrete-phase distribution. Alfa and Neuts[2] showed the elapsed time 
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representation for s uch d istribution. Alfa a nd Ca stro[1] c onsidered t hese r esults for 
modelling a system t hat involved ge neral d iscrete di stribution. T hus, a ny d iscrete 
distribution is phase-type distribution. Given this analysis a general discrete renewal 
process can  be e xpressed by co nsidering t he t ime a mong ar rivals p hase d istributed. 
Also R uiz cat ro[10] model a d iscrete war m s tandby s ystem a nd t hey show t hat the 
process covering this one is a discrete level-dependent /1/GM . 
In this present paper , we s tudy a  standby system involving d iscrete d istribution. We 
consider N  s ystem, o ne wo rking a nd t he ot her in s tandby, in r epair o r waiting for 
repair. There is a r epairman. The standby system do not fail. The working system is 
subject to i nternal(non-repairable) an d a ccidental ex ternal r epairs. When t he non-
repairable failure occurs the system is removed from the system. When the working 
server under goes a repairable failure, it goes to repair. In both cases, a standby server 
becomes the working one instantaneously. When a system is repaired, it re-enters the 
system and is new. The t ime of the internal failure has a ge neral d istribution and its 
PH r epresentation is co nsidered. We pr esent a model w here t he r epairability o f t he 
working failure can be independent of or dependent on the t ime system failure. The 
conditional probability is different types of failure are calculated in a matrix. 
This paper is organized as follows. In section 2 , we des cribe the model under study 
and give a brief review of PH-distribution. In section 4&3 , dedicated to the Markov 
chain des cription methods an d its st eady st ate an alysis u sing M atrix-analytical 
methods ar e pr esented. S ection ,5  st ationary pr obability vector ar e cal culated. I n 
Section ,6  we obtain system performance. In Section 7 , we calculate the conditional 
probability of failure. In section 8, we give the numerical examples. Finally, we g ive 
the conclusion. 
 
 
2. Phase-Type distribution 
  Poisson process and exponential distribution have very nice mathematical properties 
that m ake queue ing model w ith t hese t ractable. Ho wever, in applications t hese 
assumptions are highly r estrictive. T o ge t awa y from P oisson / exponential models. 
Neuts[9] dev eloped t he t heory o f PH- distribution a nd r elated po int pr ocess. I n 
stochastic modelling, PH-distribution lend themselves naturally to algorithmic. In this 
section we review the discrete time PH-distribution.   
 
Definition (Discrete phase-type distribution):  
Let { }NnX n ∈:  be a discrete time Markov chine as defined with state space 

{ }1,,1,2,3,= +mmS K , where the first m  states are transient and the last state is 
absorbing, and transition probability matrix  

 ⎥
⎦

⎤
⎢
⎣

⎡ ′
10

=
tT

Q  

and T  is a square matrix of dimension m , t' is a column vector and 0  is a row vector 
of dimension m . Since Q  is a t ransition matrix, we have 0≥ijT  and Sjiti ∈∀≥ ,0  
and 1 =1 tT ′+ . Where 1 is the column vector of ones of the appropriate dimension m . 
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The pr obability d istribution o f t he initial st ate is de noted wi th t he r ow v ector 
).,( 1+mαα  Le t 1)=:(inf= +∈ mXNnZ n  be the random variable o f the t ime to the 

absorbing st ate 1+m . T he d istribution of  Z  i s ca lled a d iscrete ph ase-type 
distribution w ith r epresentation ),( Tα . N ote that the k nowledge o f ),( Tα  is  
sufficient since  

 11=     and)1(= 1 αα −−′ +mTIt  
Where I  is the identity matrix of dimension m . The dimension m  of T  is called the 
order of the PH distribution and the transient states },{1,2,3, mK  are called the phase. 
The vector t  contains the so-called exit probability. 
The cumulative distribution function of the discrete PH distribution is  
 K0,1,2,=for11=)( zTzF z

Z α−  
and its probability mass function is  

 K1,2,3,=for=)(=(0) 1
1 ztTzff z

ZmZ ′−
+ αα  

Assumption 1. The failure t imes o f the system are assumed to be exponential with 
parameter λ . The di stribution of  t he service d enoted b y rF , f ollows a p hase-type 
distribution PH ),( Tα  of order m .  

 0==,,= 10
1

+
− ∈′ m

r
r FNrtTF αα  

Assumption 2. T he r epair t ime distribution is phase-type distribution P H ),( Sβ  of  
order N  given by  

 0==,,= 10
01

+
− ∈ n

r
r GNrSSG ββ  

Assumption 3. T he r andom variable, t he r epair t ime a nd t he wo rking s erver ar e 
independent. 
Under this assumption, the system is governed by a Markov chine with 1+n  states.  
 
 
3. The Model Description 
  In this section, we first describe the system model. Then we derive a quasi-birth and 
death process of the system  
  The notation ⊗  will stand for the kronecker product of two matrices. Thus, if A  is a 
matrix of order 21 mm ×  and if B  is a matrix of order 21 nn × , then BA⊗  will denote 
a matrix of order 2211 nmnm ×  whose th),( ji  block matrix is given by Baij . For more 
details o n kr onecker pr oducts, w e r efer t o B ellman [ 3]. B efore w e des cribe t he 
Markov chain the repairman model, we represent a review of PH-distribution.  
The assumption of the system model are as follows   

• When t he w orking s erver fails a nd go es t o repairs(repairman is idle), an d a 
standby server beco mes a wo rking s ystem. T he bl ock t hat r epresents t his 
transition is )( βα ⊗′t  of order )( mkm× .  

• When the m ain ser ver f ails and i f h as n ot completed any repair. The 
corresponding block is given by )( St ⊗′ .  

• The working server fails and repair time is busy, fails system joins the queue. 
Once repaired, t he server is r eturned back t o normal wo rking co ndition. The 
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corresponding block is )( St ⊗′α  of order )( mkmk ×   
• Assumed that the repairman is subject to failure, which can occur even when 

the repairman is idle and the repaired goes to standby. The block governs this 
transition is )( ST ′⊗α  of order )( mmk × .  

• All server ar e in r epaired a nd o ne o f t hem is r epaired. T he co rresponding 
block is given )( βα S ′⊗   

• The repairman remains busy, the block is )( βST ′⊗  of order )( mkmk × .  
• There is neither failure n or co mpleted r epairs. In t he first case t here is a  

transition among t he service p hase o r t he repair phase separately. The block 
governed by T . The transition nN →  is governed by the matrix S .  

• There is neither fail ar rives nor a r epair is co mpleted or  at  the same t ime, a  
failure an d a r epair o ccur. T he bl ock is )( βα StST ′⊗′+⊗  of  order is 

)( mkmk × .   
 
 
4. Quasi-Birth and Death Process   
This matrix represents a d iscrete Quasi-birth and death process was developed Neuts 
[9] to solve the stationary state probability for the vector state Markov process with 
repetitive st ructure. W e de velop t he st eady-state pr obability. T he corresponding 
transition rate matrix Q at this Markov chain has the block-tridiogonal form. Consider 
the generator matrix Q as shown below  
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where  
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5. Stationary Probability Vector 
  We start to discuss the method to obtain matrix R  and stationary distribution vector 
X . F rom re ference N euts [9 ] a nd L atouch a nd R amaswami [7 ]. L et 

{ }NX XXXX ,,,,= 210 K  b e th e s tationary p robability vector c orresponding to th e 
transition probability matrix(1). T 
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he vector X  satisfies the matrix equation  
 1=10,= XXQ   (2) 

 
By de veloping t his equa lity in t erms o f t he blocks ( 2) to (6), we h ave t he equat ion 
system,  

         11000 = BXBXX +   (3) 

         2211001 = AXAXCXX ++   (4) 

         2312012 = AXAXXX ++A   

         NNNNNN ,11021 = BXAXAXX ++ −−−   (5) 

         NNNNNNN ,1,1= BXCXX +−−   (6)
   
 
Normalizing condition is  

         1=1
1=

i

N

i

X∑   (7)

  
Solving this equat ion system, applied to the d iscrete case, Let 2321 ,,,, −nRRRR K  be  
matrices of order mkmk ×   

         2,2,3,=,= 2
1

1
1

0
1 −++ −−− NJjjjj KARRARAR  

 

                                      2,2,3,=),( 2 −+ NJj
i KARA  

 
The probability vector 121 ,,, −NXXX K  verify  

2,2,3,=,= 21101 −++ +− NJjjjj KAXAXAXX  
 
If and only if  

11,= 1
1 −≤≤−

− Njj
jj RXX  

 
By successive substitutions, we have  

 11,=
1

1=
1 −≤≤∏

−
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j

k
j RXX  (8 ) 

 
Also we can express 1−NX  and NX  in a matrix geometry form as  
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The r est o f t he matrices 332 ,,,, −nRRRR K  can  be ca lculated r ecursively by t he 
following e xpression. Under t he as sumption t hat the matrix )( 1,11 −−−− NNNI BRA  is  
non-singular.  

11,)(= 1
210

1 −≤≤−− −− NjI jj ARAAR  
 
The normalizing condition can be expressed as follows:  
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The stationary probability vector is determined on calculation 0X  and 1X   

,1),(=
1

),( 10
2111

00
10 XX

ARAB
CB

XX ⎥
⎦

⎤
⎢
⎣

⎡
+ U

 

 

11=,
1

(0,1)=),(
1

1=2=

1

2111

00
10 +⎥

⎦

⎤
⎢
⎣

⎡
−+−

−
∏∑

−−
j

i

j

N

i
U

UI
I

R
ARAB

CB
XX  ( 11) 

  
 

6. System Performance 
We calculate t he pr obability t hat the s ystem is s ervice at  epo ch k . T he probability 
matrix at epoch is kP , it is clear that,  

11=1=)(
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N

i
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  (12) 

 
The probability k

iP  are determined from the Markov chain and  
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Taking lim ∞→k , we have the stationary availability  
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The non-availability is given by NAA X=1= − . Which is the probability that all the 
units are in repair or waiting for repair.  
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7. Conditional Probability of Failure 
The failure occurs in the discrete distribution PH ),( Tα  and the repairman is idle, this 
is expressed by tPk ′−1

0 . When 1>i , the repairs does not effect to this measure and in 
this case it is expressed as 1)(1 ⊗′− tPk

i . 
The conditional probability of failure is given by the expression  

1)(= 1
1
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1
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−
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i

N

i

k
k  ( 14) 

and stationary case it is equal to  
 

1)(=1)(=
1

1=

1

1=
10

1

1=
0 ⊗′⎟⎟

⎠

⎞
⎜⎜
⎝

⎛+′⊗′+′ ∏∑∑
−−−

ttttb k
i

k

N

i
i

N

i
RXXXX  ( 15) 

 
Next we co nsider t hat a failure o f t he system o ccurs w hen a ll t he systems are non-
service and we can write this new measure in transient regime as  
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and in the stationary case  
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8. Numerical Examples 
In t his se ction, we app ly t he c alculation p erformed a bove t he pr actical case. T he 
methods were i mplemented i n m atlab programme. W e c onsider the f ollowing 
represents for t he P H-distribution o f t he ser vice time a nd r epair t ime (1,0,0)α  and  

(1,0,0)β   
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The matrix T  indicates t he w orking s ystem has a n se rvice t ime t hat u ndergoes 
successive decorating phases. The order of T and S are, respectively 2=m  and 3=n . 
Consequently, the matrices 10 ,AA  and 2A  are of order 66× ; 0C  and 1B  are of order 

62×  and 26× . By using the euat ion (11) R matrix, the sub-vector of the stationary 
probability vector are given below  
 

 M

0.0000)0.0003,0.0028,0.0041,0011,0.0.0226,0.0413,0.0469,,(0.0843=
0000).0,0.00000.0000,0.0000,0.0000,0.0000,0.0000,0.1543,(0.2756,=

1

0

X
X
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The per formance measures ca lculated in t his model depe nd o n t he sub-vectors 
),( 10 XX , they can be explicitly determined, and they are 0.001=b    

• The number of queued and waiting for repair is 0.0776=qM   
• The mean total expected in the repair facility is 0.3651=LM   

 
 
Conclusion 
In this paper, we have a comparative analysis for a system repair problem where both 
the systems and the repairman can fail. The repair times of the systems and the service 
times o f t he r epairman ar e modelled us ing d ifferent PH- distribution. Us ing Q BD 
process, we obtained the stationary probability distribution. We find that the behavior 
of t he d ifferent per formance measures co nsidered in t he paper  is incentive t o the 
distribution o f t he ser vice t imes o f t he r epairman. Our  r esults can be t reated as 
performance evaluation tool for the concerned system which may be su ited to many 
congestion s ituations ar ising in many practical applications encountered in co mputer 
and c ommunication systems, di stribution and s ervice s ectors, p roduction and 
manufacturing system, etc.,  
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