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ABSTRACT

In this paper, by using some definitions and results of Andrew V Sills [2], |
have derived some identities of Rogers-Ramanujan Type, related to modulo 7,
9, and 11 by using the Jacobi’s Triple Product ldentity.
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1. Introduction:

For|q| < 1, the g-shifted factorial is denoted by
(a;9)0=1, (a; q)n=I1}=5(1 — aq”) and
(@ Q) o=TIi=o(1 — ag”).
It follows that

_ (a Q)oo
(@ q)n= (aq™:9)0

The multiple g-shifted factorial is

(al 1Ay Ay )n:(al ; Q)n(az , Q)n ------ (am , Q)n
and

(a1,a5,.. .01 )=(1;Dw(A2:9) o - ... (@m ;9w
and throughout this paper we assume |g| < 1 to ensure convergence.

1.1 The Rogers-Ramanujan Identity:
The following two identities namely for |q| < 1,

2
) q" — T
neo——— =llhe1—— Wheren?’fo +2 (mod 5) (1)
@
;‘;;O‘gq_q) =l e ) , where n #0, +1 (mod 5) )

are the celebrated Rogers-Ramanujan Identity. These two identities, which have
motivated extensive research over the past hundred years, were first discovered by L.
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J. Rogers in 1894 and these were again rediscovered independently by S. Ramanujan
and 1. Schur.

In this regard, W. N. Bailey, G. N. Watson, L. J. Slater and many others has
discovered several other identities of different modulo. Recently, the work of Andrew
V. Sills has got a good recognition.

1.2. Bailey Pair: A pair of sequences («,,(a; q), B, (a; q)) is called a Bailey pair if for

(a;q)
n> 0, Bn(a;q)=X7- 0(q: q)an,&Z;q)w

In [5] and [6], Bailey considered several Bailey pairs and proved several results
including a fundamental result, now known as Bailey Lemma.

Bailey Lemma: If (a,(a, q),B;(a,q)) forma Bailey pair, then

1 (pl,q),(pz,q),( oy Dn-j aq
,Q)n ZPO ( 1P2)]'Bj(a, D

aq.
(G D, )n (q; q)n_,

-\ (P1 Dr(p2;0)r r
r=0 (aq Q)r( Q)r(q Dn-r(aqDn+r (0102) ar(a q) (3)

1.3. Jacobi’s Trlple Product Identity:( see [7] 2.2.10 and 2.2.11)

(202, 2714% 4; Qe = X-en(~1)"2".q 7 (4)
and its corollary
Zn——oo( 1)71 (2k+1)——=
Z 0( 1)n (2k+1) —m(l _ q(2n+1)i)
an (1 q(2k+1)(n+1))(1 _ q(2k+1)n+i)(1 _ q(2k+1)(n+1)—i) (5)
First we introduce the following two definitions and few results, which are due to
Andrew V. Sills [2].

Andrew V. Sills ([2], p-9, egn 18, 19, 20) observed the following definitions and
two g-difference equations.

n(n+ ) in

n(n+ )

Definition 1: For k> 1, and 1<i<k
Qdki(a) = Qaxi(a q)

d, 2 L1 3 3
(- 1)"ak"q(dk+5)n +(k—l+5)dn(1_alq(zn+1)d1)(aqd;qd)n

(aq q) 2nz0 (@49 ©)
Qqx1(a)= aa q) . Qdkk(aq ) (7
And for 2<i<k,

aqi-1 (i—1)d
Qani(@)=Qaki-1(a) + WQd,k,k—Hl(aqd) (8)
Moreover, the followmg result ([2], P-9, Lemma 3.2) also hold:
Qdkk( )= Xn >0( n"aknq (die+d/2yn?- 2 "(1-aq?¥)(@:q%n 9)

(aq; q) (1-a)(q%q%n
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Definition 2
o an+rqn2+2n+2r2+2r
F241(a) B F241(a q) B Z OZT =0 (ag; qz)n+1(q q)n 2r(@%:q?)r
n+r 11 +21l+21‘ +2r 1 2r+2
F2'4'2(a) = Faua (@ q) - OZT =0 (aqlzz)nﬂ(q q)n Er:qaqqz)r)
an+rqn +2T +2r
F2,4,3(a) = F2'4'3(a; q) = Y=o 21

r=0 (aq;q®)n(q; Q)n 2r(q a%)r
n+r, n2+2r2

F2,4,4(a) = F2'4'4(a; q) = Y=o 2 s

r=0 (a4;9*)n(q:0)n-2r(q?;0%)r
F3'3'1(a) = Xn=o Z?:o

(—1)Ta"q" 2 43n+3r(r-1)/2 (aq3,q3)n_r

(aq:0)2n+2(a:0)n-3r(a3,03)r

Fyoo(a) = T 3 (-1)7a" gD 2(ai6%), (1+aq%-g%)
3,32 0 (@:9)2n(@:Dn-3r(a%a3)r
2
. ( l)Ta qn +3r(r— 1)/2(a qs)
F3'3'3(a) = OZ =

=0 (ag; Dan-1(0:Dn-3r(a*a*)r
n+an +3n+3r +3T(aq3 q3)n r

F. — J'o
351(a) Z OZT =0 (aq; Q)2n+2(q Q)n 3r(@%:4®)r

n+r n +3n+3r +3r 3.,3 3r+3
— Yoo q (aq”:q*)n-r(1+aq )
F3,5,2(a) — Zin=0 ZT:O

(aq;@)2n+2(a:Dn-3r(a3,43)r
n+r—1,n2+3r2-3,,,. 3 3r 67+3
— Yoo o a q (a;:4°)n-—r(q°" +aq -1)
F3'5'3(a)— n=OZT=0
F3'5'4(a) = Y=o 21
n+an +3T (a q3)n r

(@D 2n(@:D)n-3r(a°0°)r
n+rqn2+3r2+3r(a @ner
Fass(@) = o Lo (o oy orta )y
Andrew V Sills [2] has correlated the Definition 1 and Definition 2 in the form of
following three important results: (for proof see [2], theorem (3.12), (3.14) and (3.19))
Fori=1,2, 3,4

=0 (q; D2n(GDn-5r(@*a*)r

F2,4,i(a) = Q2,4,i(a) (10)
Fori=1, 2 and 3
F33:(a) = Qs33,(a) (11)
And for i=1, 2,3,4and 5
F35:(a) = Qs5:(a) (12)
Setting i=1, 2, 3, and 4 successively in (10), we get the following transformations:
Z an+rqn2+2n+2r2+2r
n=0 &r=o (@:a)n41(a:0n-2r(a%a*)r
_ 1 o (_1)na4nq9n +7n(1—aq4n+2)(aq2;q2)n
== Yo 1
(aq;q)eo =10 (a%:q%)n (13)
Z an+rqn +21l+21‘ +2T(1+aq21‘+2)
n=0Lr=o0 (@@:0)n41(a:0)n-2r(a%a°)r
_ 1 . ( 1)na4nq9n +5n(1_a2q8n+4)(aq2;q2)n
= _ 14
(aq;q)e0 <=0 (a%4®)n (14)
Z‘X’ an+rqn2+2r2+2r
n=0&r=o (aq; qz)n(q qQn- 2r(q qz)r
_ 1 . ( 1)na4nq9n +3n(1 a3q12n+6)(aq2 q )
= 1
(aq;q)eo =10 (@%:q4%)n (15)
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Z‘X’ an+rqn2+2r2
n=0&r=o (aq;*)n(q:q)n- 2r(q a%)r
_ 1 . ( 1)na4nq9n +1l(1 a4q16n+8)(aq2 q )

n=0

(aq;0) 0 (@%49®)n (16)

Now, setting a=1 and then replacing q by q% in all the above four transformations
(13-16), we get the following identities:
11 n+2n+2r242r

2:02) 00 2
(‘Z Q)) Z o Zr 0T q —
a4 (a2:@)n+1(a2:a2)n-2+(4:0)>

1 on2+7n
=—(qq) S~ 2 (1-¢*")
911 +7n
n
= zn__w( 1)"q
=11 11 n #0,1,8 (mod 9) (17)
(on using the Jacobl S Trlple Product ldentity)
11 n2+2n+2r242r 4145
2:92) 0 2 1+ 2
(tzqg)) ¥ OZTO ] " 1( q 2 )
(az; q)n+1(q2 a2)n—2r(4:9)r
9n2 +5n
n
= zn__w( 1)"q
=11 n #0,2,7 (mod 9) (18)
(on using the Jacobl s Triple Product Identity)
11 n2+2r242r

2

q2,q2 q
( )OOZ OZT [o] 1 1 1

(@)oo (aZ;:9)n (42:92)n—20(q:9)r
=1 11 n #0,3,6 (mod 9) (19)
And,

1 1 n2+2r2

2

q2,;q2 q
( )OOZ OZT [o] 1 1 1

(@)oo @2:9)n (42:92)n—2r(0:0)r
=[l7=1 - (20)
Moreover settmg d 2 and k =i= 4 in (9), we have
)11 4n 9112—11(1_ 411)( : 2)

Q2,4,4(a) (aq q) Ynzo E22 zl_a)(qzwg)i o (21)
Now inserting (21) in the result (10) for i=4, we have

o Z‘X’ an+rqn2+2r2

n=0 5720 (aq:q2)n(0:0)n-2r(a%a%)r
=__1__yo 0(—1)na4"q9n2‘n(l—aq‘m)(a:qz)n (22)

(1-a)(a%9%)n
Now setting a =q? and then replacing q by q% in (22), we get the following
identity'

(aq.9)c0

n2+2n+2r2+2r

qqZ q 2
( )OOZ OZTO 3 1 1

(@@)eo (aZ:9)n (42;92)n—2+(q;9)r
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=11 11 n #0,1,8 (mod 9) (23)

Again settmg i=1, 2, and 3 successively in (11), we get the following

transformations:
(—1)Tanq"2 +3n+3r(r-1)/2

Lni=0 Lr=o (a9:0)2n(4:0) n-3r(a%:0%)r
n,3n 21n2+15n(1 61l+3)( 3 3)
1 o (=D"a*"q —aq aq®,q°)n
= > 24
(aq;q)eo =10 (@%a3)n (24)

o (-1)Tan= 1 +3r0=3)/2(a:q3),_, (1+aq% —q°")
Z OZT o

(a:0)2n(q:0)n-3r(a3,03)r
21n%+9n

1 o (_1)na3an(1_a2q12n+6)(aq3;q3)
(aq:q)e0 <=0 (@%a%)n - (25)
o o (—1)Tanqn2+3T(T—1)/2(a;q3)n_r
Zn=0 2r=o (@:@)2n-1(4:@)n-3r(a%a%)r
1 (_1)na3nq21n22+3n(1_a3q18n+9)(aq3-q3)
~ (aa n=0 (a43) — (26)
’ [oe] ’ n
Now, setting a=1 and then replacing q by q% in all the above three transformations
(24- 26) we get the following identities:

n2+3n+3r(r—-1)/2
3

3300 -7
(a3,943)w q) Z OZTO 1(1)q _

(@20 (4%:03)2n+2(q%:03)n—3r(4:0)r
=1 11 ,n F0,+1 (mod 7) 27)
11 _n 243r(r-3)/2
—(‘ZZ o Do Do
(a3:93)2n-1(a3:93)n-3+(q:9)r
=[5y — n F0,£2 (mod 7) (28)

n2+3r(r-1)/2

(q3 q3)ooz X% (-1)"q 3 (4:0)n—r-1
=0

1 1 1 1
(@20 (43:03)2n-2(43:03)n—3r(@:0)r
=[5y — n #0,£3 (mod 7) (29)
Also, usmg the result (9) for d= k =i= 3 in (11) for i=3, we get
21n%-3n
- ( 1)"aq™ +3T(T_1)/2(a?q3)n—r_ 1 - (—1)"a3"qT(1—aq6")(a;q3)n
o2 (@D 2n-1@Dn-3r@%a%)r  (@qiq@)eo =70 (1-a)(q%q%)n (30)

Now setting a= g3 and then replacing q by q% in (30), we get the following
identity'
n?+3n+3r(r—3)/2

( 3)00 1 3 n—r
(qqtz) YO T O( )111 (2:9)
(4:93)2n- 1(q3 q3)n 3r(4:D)r
=11 11 ,n F0,%+1 (mod 7) (31)
Finally, settmg i=1, 2, 3, 4and 5 successively in (12), we get the following
transformations:
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n+r n2+3n+3r2+3r

o Zoo_ a q
n=0 2720 (44:q) 3n+2(0:a)n-3r(a%a%)r
33n2+27n
_ 1 w (D"a®q 2 (1-aq®"*®)(aq>,q°)n
T (agiq)ee M0 (a%a%)n

2 2
11+an +3n+3r°+3r (aq3;q3)n_r(1+aq31‘+3)

0 Zoo a
n=0&r=o (aq:0) 2n+2(@: @) n-3r(a3:43)r
33n2+21n

1 . (_1)na5nq 2 (1_a2q12n+6)(aq3;q3)n

@D “1=0 (@%43)n

- 2 2_
. ZOO an+r 1qn +3r“-3 (a;q3)n_r (q3T+aq6T+3_1)
n=0 &r=o0

(@:0)2n(@:Dn-3r(a%a3)r
1 . (_1)na5nq 2 (1_a3q18n+9)(aq3;q3)n

33n2+15n
(aqiq)e <=0 (@%a%)n
2 2
- ZOO QT qnE A3t asr (g g3y
n=0 &r=o (a:q

)2n(@:@)n-3r(a3:q3)r

33n“+9n
_ 1 . (_1)na5nq 2 (1_a4q24n+12)(aq3;q3)n
(aq;q)e0 <=0 (@%43)n

2 2

. ZOO an+an +3r (a;q3)n_r
n=0 2720 (4:4) 0 (4:0) n-3r(a%0%)r

33n“+

1 w (-D"aSmq z (1-a5q3°"+15)(ag?iq?)y,

(aq;q)e0 <=0 (@%43)n

(32)

(33)

(34)

(35)

(36)

Now, setting a=1 and then replacing q by q% in all the above five transformations

(32-36), we get the following identities:
11 n?+3r2+3n+3r
(93,93) 0 Yoo groo q 3 (4:9)n—r
=0 = T 1
@@eo 0T (Va0 )2 (4703 nsr (@)
=[1%., —.,n #0,%1 (mod 11)

n=17_4
11 n?+3r243n+437
(43,93) 0 oo o 4 3 (@D n-r(1+q" 1)
n=0 &r=o0

1 1
(@0)eo (@/3:0"/3) a4 2(43:03) m3r(@:0)r
1

o L i #0,+2 (mod 11)

11 n?+3r2-3
(43,43)0 v oo o 4 3  (@Dnr-1(q"+q**1-1)

TN 4&n=04&4r=o 1 1 1 1
(q /3:q /3)2n_1(q3;q3)n_3r(q;q)r

(9.9)
=M., 1_1qn n F0,%3 (mod 11)

101 n2+3r24+3r
(g3:;43) 0 Zoo Zoo q 3 (4Dn-—r-1
n=0 4&r=o

1 1
(@)oo (@/3:0"/3)an-1(4%:03) n3r(@:0)r
=12, ——,n F0,%4 (mod 11)

Tl=11_qn’
And,
11 n?+3r?
(93,93)00 voo o qa 3 (@9n-r-1
(4.9 Lri=0 Lr=o 5.0/ 303
(q 73,9 /3)2n-1(43:93)n-3r(0:Dr

(37)

(38)

(39)

(40)
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=Hf=1$,n #0,+5 (mod 11) (41)
( )n 5n w( 6n+3) 3.,3

_ 1 o ()"a"q 2 1-aq (aq”,q°)n

T (agiq)ee M0 (a%a%)n (32)

33n2+27n
__ 1 w (D"a®q 2 (1-aq®"*®)(aq>,q°)n
(aq;q)e0 <=0 (@%4a3)n
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