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Abstract 
 
The Wiener index of a connected graph G, denoted by W(G) , is 
defined asଵ

ଶ
∑ (ீ)௨,௩∈௏(ݒ,ݑ)ீ݀ .Similarly, hyper-Wiener index of a 

connected graph G,denoted by WW(G), is defined as ଵ
ଶ
(ܩ)ܹ +

ଵ
ସ
∑ ݀ீଶ(ݑ, (ீ)௨,௩∈௏(ݒ .In this paper, we present the explicit formulae for 

the Wiener, hyper-Wiener and reverse Wiener indices of some graph 
operations. Using the results obtained here, the exact formulae for 
Wiener, hyper-Wiener and reverse Wiener indices of some important 
classes of graphs are obtained.  
 
Keywords: Wiener index, hyper-Wiener index, reverse Wiener index  
MSC: 05C12, 05C76. 
 
 

1. Introduction 
For a vertex v of G, the eccentricity e(v) is the distance between v and a vertex farthest 
from v. The maximum eccentricity is its diameter, denoted by D(G). A topological 
index is a numerical quantity related to a graph that is invariant under graph 
automorphisms. The distance between the vertices u and v of G is denoted by ݀ீ(ݒ,ݑ) 
and it is defined as the number of edges in a minimal path connecting them. A 
topological index related to distance function ݀(−,−) is called a”distance based 
topological index.” In theoretical chemistry, molecular structure descriptors (also 
called topological indices) are used for modeling physicochemical, pharmacologic, 
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toxicologic, biological and other properties of chemical compounds [2]. There exist 
several types of such indices, especially those based on vertex and edge distances. One 
of the most intensively studied topological indices is the Wiener index.  

The Wiener index [14] is one of the oldest molecular-graph-based structure-
descriptors [13]. Its chemical applications [11] and mathematical properties are well 
studied [1]. Let G be a connected graph. Then Wiener index of G is defined as  

 
 W(G) =  ଵ

ଶ
∑ ,ݑ)ீ݀ (ீ)௨,௩∈௏(ݒ   

 
with the summation going over all pairs of vertices of G. The hyper-Wiener index 

of acyclic graph was first introduced by Randic [12]. Then, as a generalization of the 
Wiener index, Klein et al. [7] generalized Randic's definition for all connected graphs. 
The hyper - Wiener index of a connected graph G, denoted by WW(G), is defined as  

 
(ܩ)ܹܹ = ଵ

ଶ
(ܩ)ܹ + ଵ

ସ
∑ ݀ீଶ(ݑ, (ீ)௨,௩∈௏,(ݒ   

 
where ݀ீଶ(ݒ,ݑ) = ,ݑ)ீ݀)  ଶ. Applications of the hyper-Wiener index as well as((ݒ

its calculation are well explained in [6, 8, 9].  
The reverse Wiener index was proposed by Balaban et al. in 2000[15], it turns out 

that this index is important for a reverse problem and also found applications in 
modeling of structure-property relations [15, 16]. The reverse-Wiener index is defined 
as follows 

Λ(ܩ) =
1
2݊

(݊ − (ܩ)ܦ(1   ,(ܩ)ܹ−
 
where n is the number of vertices and D(G) is the diameter of G. Some 

mathematical properties of the reverse Wiener index may be found in [18, 19].  
 
 

 
Fig. 1: Cluster of two graphs G and H with root vertex vi=h, where Hi is the  

copy of H, for i in {1,2,..,N} 
 
The cluster G{H} of two graphs G and H is defined as the graph obtained by taking 

one copy of G and | V(G) | copies of a rooted graph H and by identifying the root of the 
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i- th copy of H with i - th vertex of G, for i = 1. In this paper, we present the explicit 
formulae for the Wiener, hyper-Wiener and reverse Wiener indices of some graph 
operations. Using the results obtained here, the exact formulae for Wiener, hyper-
Wiener and reverse Wiener indices of some important classes of graphs are obtained.  

 
 

2. Wiener Index 
In this section we compute the Wiener index of cluster of two graphs. 

We denote the root vertex of H by h and the copy of H whose root is identified 
with the vertex ݔ ∈ ௫ܪݕܾ (ܩ)ܸ . The distance between u,v of G{H}is given by 

 

݀ீ{ு}(ݑ, (ݒ = ൜݀ு
(ℎ,ݑ) + ,ݔ)ீ݀ (ݕ + ݀ு(ℎ,ݒ), ݑ ݂݅ ∈ ݔ (௬ܪ)ܸ߳ݒ,(௫ܪ)ܸ ≠ ݕ

݀ு(ݒ,ݑ), ,ݑ ݂݅ .(௫ܪ)ܸ߳ݒ  

 
Theorem 2.1. Let G and H be graphs with n1 and n2 vertices and let the copies of 

H used in the construction of G{H} be rooted in vertex h. Then W(G{H})=݊ଶଶܹ(ܩ) +
݊ଵܹ(ܪ) + ݊ଵ(݊ଵ − 1)݊ଶܦு(ℎ),ݓℎ݁ܦ ݁ݎு(ℎ) =  ∑ ݀ு(ݑ, ℎ).௨ఢ௏(ு)  

Proof. 
W(G{H}) = ଵ

ଶ
∑ ݀ீ{ு}(ݒ,ݑ)௨,௩ఢ௏(ீ{ு})   

 

 =
1
2

( ෍ ෍ ෍ ݀ு(ݑ, (ݒ
௩ఢ௏(ுೣ)௨ఢ௩(ுೣ)௫ఢ௏(ீ)

 

 

+ ෍ ෍ ෍ ෍ (݀ு(ݑ,ℎ)
௩ఢ௏(ு೤)௨ఢ௩(ுೣ)௬ఢ௏(ீ)ି௫௫ఢ௏(ீ)

+ (ݕ,ݔ)ீ݀ + ݀ு(ℎ,ݒ))) 

 

 = ݊ଵܹ(ܪ) +
݊ଵ(݊ଵ − 1)

2
݊ଶܦு(ℎ) + ݊ଶଶܹ(ܩ) +

݊ଵ(݊ଵ − 1)
2

 ு(ℎ)ܦ
 

=݊ଶଶܹ(ܩ) + ݊ଵܹ(ܪ) + ݊ଵ(݊ଵ − 1)݊ଶܦு(ℎ). 
 

Using above theorem we have following corollary. 
 

Corollary 2.2 Let G be graph of n vertex and let the copies of G used in the 
construction of G{G} be rooted in vertex h. Then W(G{G})=n(n+1) W(G) +݊ଶ(n-1) 
,(ℎ)ீܦ where ,(ℎ)ீܦ = ∑ (ீ)௨ఢ௏.(ℎ,ݑ)ீ݀  

We quote the following lemma for our future reference. 
 

Lemma 2.3. Let ௡ܲ ௡ܥ, ,ܵ௡ , ܽ݊݀ ௡ܹdenote the path, cycle, star and wheel on n 
vertices respectively. 

(1) For ݊ ≥ (௡ܥ)ܹ,3 = ቐ
௡య

଼
,  ݊݁ݒ݁ ݏ݅ ݊

௡(௡మିଵ)
଼

, .݀݀݋ ݏ݅ ݊
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(2)For ݊ ≥ 2,ܹ( ௡ܲ) = ௡(௡మିଵ)
଺

. 
 

(3) For ݊ ≥ 1,ܹ(ܵ௡) = (݊ − 1)ଶ 
(4) For ݊ ≥ 4,ܹ( ௡ܹ) = (݊ − 1)(݊ − 2). 

 
Consider the square comb lattice Cq(N) with open ends where N=݊ଶ is the number 

of vertices of this graph, see Fig. 2.This graph can be represented as the cluster graph 
௡ܲ{ ௡ܲ}, where the root of ௡ܲ is on its vertex of degree 1. 

Now using Corollary 2.2 and Lemma 2.3, we obtain the exact Wiener index of the 
square comb lattice Cq(N). 

 
 

 
 

Fig. 2: The square comb lattice Cq (N) 
 

Example 2.4. W(Cq(N)= ௡
మ(௡ିଵ)
଺

(4݊ଶ − ݊ + 1). 
For a given graph G, its t-fold bristled graph Brst(G) is obtained by attaching t 

vertices of degree 1 to each vertex of G. This graph can be represented as the cluster of 
G and the star on t+1 vertices St+1, where the root of St+1is on its vertex of degree t. the 
t–fold bristled graph of a given graph is also known as its t- thorny graph. By using 
Theorem 3.1 and Lemma 3.3, we obtain the Wiener index of the t-fold bristled graph 
Brst(G). 

 
Example 2.5. W(Brst(G)) = (1+t)ଶW(G) +nt (nt+n-1). 
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Fig. 3: The t-fold bristled graph of Path and Cycle on n vertices. 

 
From the above formula and Lemma 2.3, the exact Wiener indices of the t-fold 

bristled graph of ௡ܲ ,  .௡, (see Fig. 3) are computedܥ ݀݊ܽ 
 

Example 2.6.1. W(Brst( ௡ܲ)) = ௡
଺
(1+t)ଶ(݊ଶ − 1)+6t (nt+n-1). 

 

2. W (Brst(ܥ௡)) = ൝
௡
଼
݊ଶ(1 + ଶ(ݐ + ݐ݊)ݐ8 + ݊ − 1),  ݊݁ݒ݁ ݏ݅ ݊ ݂݅

௡
଼

(݊ଶ − 1)(1 + ଶ(ݐ + ݐ݊)ݐ8 + ݊ − 1), .݀݀݋ ݏ݅ ݊ ݂݅
 

 
Let {ܩ௜}௜ୀଵ௡  be a set of finite pairwise disjoint graphs with ݒ௜ ∈  The bridge .(௜ܩ)ܸ

graph ܩ}ܤଵ,ܩଶ, … ,ଵݒ;௡ܩ, ,ଶݒ … , ௜ୀଵ௡{௜ܩ} ݂݋ {௡ݒ  with respect to the vertices {ݒ௜}௜ୀଵ௡  is 
the graph obtained from the graphs ܩଵ,ܩଶ, …  ௜ andݒ ௡ by connecting the verticesܩ,
  .௜ାଵ by an edge for all i= 1, 2,…, n–1, see Fig. 4ݒ

 
We define ܩ௡(ܪ, (ݒ = ,ܪ,ܪ}ܤ  . . ᇣᇧᇧᇤᇧᇧᇥ;ܪ.

௡ ௧௜௠௘௦
,ݒ ,ݒ . . . , ,{ᇣᇧᇧᇤᇧᇧᇥݒ

௡ ௧௜௠௘௦
 (n times) which is the special  

 

case of bridge graph. For example, let ݌௡be the path on n vertices ݒଵ,ݒଶ, . . .  ௡, defineݒ,
௡ܤ = )௡ܩ  ଷܲ,ݒଶ), see Fig.5 (Polyethene when n = 4). As another example, let ܥ௞ be 
the cycle with k vertices and define ௡ܶ = ,௞ܥ)௡ܩ   = ଵ), see Fig. 6 (when k = 3 and nݒ
5). As a final example, define the bridge graph ܬ௡,௥ = )௡ܩ  ௥ܹ ଵ), where ௥ܹݒ,  is the 
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Wheel graph on r vertices ݒଵ,ݒଶ, . . . ௥ݒ, , such that deg(ݒଵ) = ݎ − 1 and deg(ݒ௜) =
3, ݅ = 1,2, . . . , ௡ܤ ,By the definition of cluster .ݎ = ௡ܲ{ܵଷ}, ௡ܶ,ଷ = ௡ܲ{ܭଷ}and  ܬ௡,௥ =
 ௡ܲ{ ௥ܹ}.  
 
 

 
 

 
 

 
 

Example 2.7. Using Theorem 2.1, we obtain the Wiener indices of the following 
graphs.  

(௡ܤ)ܹ .1 =  ௡
ଶ

(3݊ଶ + 12݊ − 7).  
 
2. ܹ( ௡ܲ{ܭ௥}) =  ௡௥

ଶ
ଶ݊ݎ) + ݎ6݊ − 6݊ − ݎ4 + 3).  

 
3. ܹ൫ ௡ܶ,ଷ൯ =  ଷ௡

ଶ
(݊ଶ + 4݊ − 3).  

 
4. ܹ൫ܬ௡,௥൯ =  ௡

଺
ଶ݊ଶݎ) + ଶݎ4 + ଶݎ݊ − ݎ݊  − ݎ17 − ݎ,(12 ≥ 4.  
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Let G be a connected graph. If we put two similar graphs G side by side, and any 
vertex of the first graph G is connected by edges with those vertices which are adjacent 
to the corresponding vertex of the second graph G and the resultant graph is denoted 
by ܭଶ • ଶܭ)ܸ then we have ,ܩ • (ܩ = ଶܭ)ܧ and (ܩ)2ܸ • (ܩ =  ,Moreover .(ܩ)ܧ4
ଶܭ • ଶܭ)ܸ ଶ and G with the vertex setܭ is the graph of ܩ • (ܩ = (ଶܭ)ܸ ×  and (ܩ)ܸ
൫ݑ௜ ,௞ݑ)௝൯ݒ, ଶܭ ௥) is an edge ofݒ • ௜ݑ whenever ܩ = ௞ݒ௝ݒ ௞andݑ  ∈ ௜ݑ ݎ݋(ܩ)ܧ ≠  ௞ݑ 
and ݒ௝ݒ௞ ∈  .(ܩ)ܧ

 
Theorem 2.8. Let G be a connected graph with n vertices. Then ܹ(ܭଶ • (ܩ =

(ܩ)4ܹ + 2݊. 
 
Proof. By the definition of the Wiener index, we have  

 
∑ ݀௄మ•ீ(൫ݑ௜ , ,௝൯ݒ ,௞ݑ) ௥))൫௨೔,௩ೕ൯,(௨ೖ,௩ೝ)∈௏(௄మ•ீ),൫௨೔,௩ೕ൯ஷ(௨ೖ,௩ೝ)ݒ   
 
= ∑ ݀௄మ•ீ(൫ݑ௜ , ,௝൯ݒ ௜ݑ) , ௥))൫௨೔ݒ ,௩ೕ൯,(௨ೖ,௩ೝ)∈௏(௄మ•ீ),௝ஷ௥   
 
+∑ ݀௄మ•ீ(൫ݑ௜ , ,௝൯ݒ ,௞ݑ) ௥))൫௨೔ݒ ,௩ೕ൯,(௨ೖ,௩ೝ)∈௏(௄మ•ீ),௜ஷ௞   
 
 =

 ∑ ∑ ݀ீ൫ݒ௝ , ௥൯௩ೖ∈௏(ீ),௝ஷ௥௨೔∈௏(௄మ),௩ೕݒ +
 ∑ ൫2 + ∑ ݀ீ൫ݒ௝ , ௥൯௩ೝ∈௏(ீ),௝ஷ௥ݒ ൯௩ೕ∈௏(ீ)   
 

=  2 ∑ ݀ீ൫ݒ௝ , ௥൯ݒ + ∑ ∑ ݀ீ൫ݒ௝ , ௥൯௩ೝ∈௏(ீ),௝ஷ௥௩ೕ∈௏(ீ),௩ೕ௩ೖ∈௏(ீ),௝ஷ௥ݒ +  2݊  
 
 = (ܩ)4ܹ  + 2݊.∎  

 
Let G be a connected graph. If we put two similar graphs G side by side, and any 

vertex of the first graph G is connected by edges with those vertices which are 
nonadjacent to the corresponding vertex (including the corresponding vertex itself) of 
the second graph G and the resultant graph is denoted by ܭଶ ⋆  then we have ,ܩ
ଶܭ)ܸ ⋆ (ܩ = ଶܭ)ܧ and (ܩ)2ܸ ⋆ (ܩ = ଶܭ ,ଶ. Moreover|(ܩ)ܸ| ⋆  ଶܭ is the graph of ܩ
and G with the vertex set ܸ(ܭଶ ⋆ (ܩ = (ଶܭ)ܸ × ,௜ݑand ൫ (ܩ)ܸ ,௞ݑ)௝൯ݒ  ௥) is an edgeݒ
of ܭଶ ⋆ ௜wheneverݑ ܩ = ௞ݒ௝ݒ ௞andݑ  ∈ ௜ݑ ݎ݋(ܩ)ܧ ≠ ௞ݒ௝ݒ ௞ andݑ  ∈  .(ܩ)ܧ

 
Theorem 2.9. Let G be a connected graph with n vertices. Then ܹ(ܭଶ ⋆ (ܩ =

݊(3݊ − 2). 
Proof. By the definition of the Wiener index, we have  

ଶܭ)ܹ • (ܩ = 
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∑ ݀௄మ⋆ீ(൫ݑ௜ , ,௝൯ݒ ,௞ݑ) ௥))൫௨೔ݒ ,௩ೕ൯,(௨ೖ,௩ೝ)∈௏(௄మ⋆ீ),൫௨೔ ,௩ೕ൯ஷ(௨ೖ,௩ೝ)   
 

 =  ଵ
ଶ
∑ ∑ ൫݀௄మ⋆ீ൫ݑ௜ , ௝൯ݒ + 2(2݊ −  ݀௄మ⋆ீ൫ݑ௜, ௝൯ݒ − 1൯௩ೕ∈௏(ீ)௨೔∈௏(௄మ)   

 
since for very vertex ൫ݑ௜, ௝൯ݒ ∈ ଶܭ)ܸ ⋆ ௝൯ݒthere are݀ீ൫ ,(ܩ + ݊ − 1 − ݀ீ൫ݒ௝൯ +

1 = ݊ neighbors, and  ݀ீ൫ݒ௝൯ + ݊ − 1 − ݀ீ൫ݒ௝൯ = ݊ − 1 vertices with the distance 2 
from itself  

=  ଵ
ଶ
∑ ∑ (݊ + 2(݊ − 1))௩ೕ∈௏(ீ)௨೔∈௏(௄మ)  = ݊(3݊ − 2).  

 
 
3. Hyper–Wiener index  

In this section, first we compute the hyper Wiener index of G{H}.  
Theorem 3.1. Let G and H be graphs with ݊ଵ and ݊ଶ vertices and let the copies of H 
used in the construction of G{H} be rooted in vertex h. Then ܹܹ({ܪ}ܩ) =
݊ଶଶܹܹ(ܩ) + ݊ଵܹܹ(ܪ) + 2݊ଶܹ(ܩ)ܦு(ℎ) + ௡భ(௡భିଵ)

ଶ
(݊ଶܦுଶ(ℎ) +   ,(ଶ(ு(ℎ)ܦ)

Where 

ு(ℎ)ܦ = ෍ ݀ு(ݑ, ℎ) ܽ݊݀ 
௨∈௏(ு)

ுଶ(ℎ)ܦ = ෍ (݀ு(ݑ, ℎ) + ݀ுଶ ((ℎ,ݑ)
௨∈௏(ு)

. 

 
Proof. WW(G{H})  = ଵ

ଶ
(ܩ)ܹ + ଵ

ସ
∑ ݀ீ{ு}

ଶ
௨,௩ఢ௏(ீ{ு}) ,ݑ)  (ݒ

 

=
1
2
ቌ ෍ ෍ ෍ (݀ு(ݒ,ݑ) + ݀ுଶ ,ݑ) ((ݒ

௩ఢ௏(ுೣ)௨ఢ௩(ுೣ)௫ఢ௏(ீ)

 

 

+ ෍ ෍ ෍ ෍ (݀ு(ݑ,ℎ) + ,ݔ)ீ݀ (ݕ + ݀ு(ℎ,ݒ)
௩ఢ௏(ு೤)௨ఢ௩(ுೣ)(ܩ)ܸ߳ݔݔ−(ܩ)ܸ߳ݕ

 

 

+ (݀ு(ݑ,ℎ) + (ݕ,ݔ)ீ݀ + ݀ு(ℎ,   ଶ((ݒ
 

=  
݊ଵ
2

෍ ෍ (݀ு(ݑ, (ݒ
௩∈௏(ݔܪ)

+
௨∈௏(ݔܪ)

݀ுଶ   ((ݒ,ݑ)

 

 +
1
2
෍ ෍ ෍ ෍ (݀ு(ݑ,ℎ) + ݀ுଶ (ℎ,ݑ) + (ݕ,ݔ)ீ݀

௩ఢ௏(ு೤)௨ఢ௩(ுೣ)௬ఢ௏(ீ)ି௫௫ఢ௏(ீ)

 

ଶܭ)ܹ  ⋆ (ܩ = 
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+ ݀ீଶ(ݕ,ݔ) + ݀ு(ℎ, (ݒ + ݀ுଶ (ℎ, (ݕ,ݔ)ீ݀(ℎ,ݑ)2݀ு(ݒ  + 
 

2݀ு(ݑ, ℎ)݀ு(ℎ, ,ு(ℎ݀(ݕ,ݔ)2݀ீ+(ݒ   ((ݒ
݊ଶଶ(ܩ)ݓݓ + ݊ଵܹܹ(ܪ) + 2݊ଶܹ(ܩ)ܦு(ℎ) + 

 

 ௡భ(௡భିଵ)
ଶ

(݊ଶܦுଶ(ℎ) +  .(ଶ(ு(ℎ)ܦ)
 
Using above theorem we have the following corollary. 
 

Corollary 3.2. Let G be a graph of n vertex and let the copies of G used in the 
construction of G{G} be rooted in vertex h. Then  

WW(G{G})=n(n+1)WW(G)+2nீܦ(ℎ)ܹ(ܩ) + ௡(௡ିଵ)
ଶ

ଶ(ℎ)ீܦ݊) +

൫ீܦ(ℎ)൯ଶ,ݓℎ݁ீܦ ݁ݎ(ℎ) = ∑ ,ݑ)ீ݀ ℎ) ܽ݊݀ ௨ఢ௏(ீ) ଶ(ℎ)ீܦ =

∑ ,ݑ)ீ݀) ℎ) +௨ఢ௏(ீ) ݀ீଶ(ݑ, ℎ)). 
 
For our reference we quote the following lemma from[5]. 
 

Lemma 3.3. (1) For t 1, WW ( ௧ܵାଵ) = ௧(ଷ௧ିଵ)
ଶ

. 
 

(2) For n 2, WW( ௡ܲ) = ଵ
ଶସ

(݊ସ + 2݊ଷ − ݊ଶ − 2݊). 
 

(3) For n 3, WW (ܥ௡) = ቐ
௡మ(௡ାଵ)(௡ାଶ)

ସ଼
,  ݊݁ݒ݁ ݏ݅ ݊ ݂݅

௡(௡మିଵ)(௡ାଷ)
ସ଼

, .݀݀݋ ݏ݅ ݊ ݂݅
 

 
Now using corollary 3.2 and Lemma 3.3, we obtain the hyper Wiener 

index of the square comb lattice ݍܥ(ܰ). 
 
Example 3.4. WW (ݍܥ(ܰ))= ௡

మ(௡ିଵ)
ଶସ

(12݊ଷ − 2݊ଶ + 2). 
 
By using Theorem 3.1 and Lemma 3.3, we obtain the hyper Wiener index of the t- 

fold bristled graph Brst(G). 
Example3.5. WW(Brst(G))=(1+ݐ)ଶܹܹ(ܩ) + ݐ)ݐ2 + (ܩ)ܹ(1 + ௡௧

ଶ
ݐ3݊) + 2݊ − 3).  

 
From the above formula and Lemma 3.3, the exact hyper–Wiener indices of the t-

fold bristled graph of Pn and Cn are computed. 
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Example 3.6 1. WW(Brst( ௡ܲ)) = ௡(௡మିଵ)(௧ାଵ)
ଶସ

ݐ݊) + ݊ + ݐ10 + 2) + ௡௧
ଶ

ݐ3݊) + 2݊ −
3). 

2. WW(Brst(ܥ௡))= 
 

⎩
⎨

⎧݊
ଶ(ݐ + 1)

48
(݊ଶݐ + ݐ15݊ + ݐ2 + ݊ଶ + 3݊ + 2) +

ݐ݊
2

ݐ3݊) + 2݊ − 3), ݊݁ݒ݁ ݏ݅ ݊ ݂݅

݊(݊ଶ − ݐ)(1 + 1)
48

ݐ݊) + ݐ15 + ݊ + 3) +
ݐ݊
2

ݐ3݊) + 2݊ − 3), .݀݀݋ ݏ݅ ݊ ݂݅
 

 
3. WW(࢔ࡼ{ࡿ૜}) =࢔

ૡ
(૜࢔૜ + ૛૛࢔૛ + ૟૚࢔ − ૝૟). 

 

4. WW({࢘ࡷ}࢔ࡼ) = ࢔
૛૝

૛࢔)࢘) − ૚)(࢘࢔+ ૚૙࢘ − ૡ) + ૚૛(࢘ − ૚)(૜࢘࢔ − ࢔ −
૛࢘ + ૚)). 

 

5. WW(࢔ࡼ{ࡷ૜}) =࢔
ૡ

(૜࢔૜ + ૛૛࢔૛ + ૟૚࢔ − ૟૛). 
 
Theorem 3.7. Let G be a connected graph with n vertices. Then WW(ܭଶ • (ܩ =

(ܩ)4ܹܹ + 3݊. 
Proof. By the definition of the hyper–Wiener index, we haveܹܹ(ܭଶ •

(ܩ = ௐ(௄మ•ீ)
ଶ

+ ଵ
ଶ
∑ ݀(௄మ•ீ)

ଶ
(௨೔,௩ೕ),(௨ೖ,௩ೝ)ఢ௏(௄మ•ீ),(௨೔,௩ೕ)ஷ(௨ೖ,௩ೝ) ,(௝ݒ,௜ݑ))  ((௥ݒ,௞ݑ)

 

=
ଶܭ)ܹ • (ܩ

2
+

1
2

( ෍ ݀(௄మ•ீ)
ଶ ,(௝ݒ,௜ݑ)) (௥ݒ,௜ݑ)

(௨೔,௩ೕ),(௨೔,௩ೝ)ఢ௏(௄మ•ீ),௝ஷ௥

) 

 

+∑ ݀(௄మ•ீ)
ଶ ,(௝ݒ,௜ݑ)) ఢ௏(௄మ•ீ),௜ஷ௞(௨ೖ,௩ೝ)(௨೔,௩ೕ)((௥ݒ,௞ݑ) )  

 

=
ଶܭ)ܹ • (ܩ

2
+

1
2
ቌ ෍ ෍ ݀ீଶ(ݒ௝,

௩ೕ௩ೖఢ௏(ீ),௝ஷ௥௨೔ఢ௏(௄మ)

(௥ݒ

+ ෍ (
௩ೕఢ௏(ீ)

4 + ෍ ݀ீଶ(ݒ௝,ݒ௥))
௩ೝ∈௏(ீ),௝ஷ௥

ቍ 

= 2W(G) + n 

+
1
2
ቌ2 ෍ ݀ீଶ(ݒ௝ ,

௩ೕ௩ೖ∈௏(ீ),௝ஷ௥

௥ݒ ) + ෍ ෍ ݀ீଶ൫ݒ௝,ݒ௥൯ + 4݊
௩ೝ∈௏(ீ),௝ஷ௥௩ೕఢ௏(ீ)

ቍ 
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= 4WW(G) +3n. 
 
Theorem 3.8. Let G be a connected graph with n vertices. Then  

 
WW (ܭଶ ∗ ௡(଼௡ିହ)= (ܩ

ଶ
. 

 
 

4. Reverse–Wiener index 
By definition it is easy to see that D(G{H})=D(G) +2e(h), then by Theorem 2.1 and by 
a simple calculation, we have the following theorem on the reverse wiener index of the 
cluster of two graphs. 

 
Theorem 4.1. Let G and H be graphs with n1 and n2 vertices and let the copies of 

H used in the construction of G{H} be rooted in vertex h. Then 
⋀(G{H})=௡భ௡మ

ଶ
ቀ(݊ଵ݊ଶ − 1)൫2݁(ℎ) + ൯(ܩ)ܦ −  2(݊ଵ − ு(ℎ)ቁܦ(1 − ݊ଶଶܹ(ܩ) −

݊ଵܹ(ܪ),ݓℎ݁ܦ ݁ݎு(ℎ) = ∑ ݀ு௨ఢ௏(ு) ,ݑ) ℎ). 
 
Corollary 4.2. Let G be graph of n vertex and let the copies of G used in the 

construction of G{G} be rooted in vertex h.Then ⋀(G{G})=௡మ(௡ିଵ)
ଶ

ቀ(݊ + 1)൫2݁(ℎ) +

൯(ܩ)ܦ − ቁ(ℎ)ீܦ2 − ݊(݊ + (ℎ)ீܦ ݁ݎℎ݁ݓ,(ܩ)ܹ(1 = ∑ ݀ு(ݑ, ℎ)௨ఢ௏(ீ) . 
 

By using Theorem 4.1, we obtain the reverse Wiener index of the t-fold bristled 
graph Brst(G). 

 
Example 4.3.⋀(Brst(G)) =௡

ଶ
൫(ݐ + ݐ݊)(1 + 3݊ + ݐ2 − 3)− ଶ൯ݐ2 − ݐ) +

1)ଶ ܹ(ܩ). 
 
Example 4.4. 1. ⋀(ݍܥ(ܰ)) = ௡మ(௡ିଵ)

଺
(5݊ଶ + ݊ − 10). 

 
2. ⋀(Brst( ௡ܲ)) = ௡

଺
൫(ݐ + ݐ3݊)(1 + 9݊ + ݐ7 − ݊ଶ − ଶ݊ݐ − 8) −  .ଶ൯ݐ6

 

3. ⋀(Brst(ܥ௡)) = ൝
௡
଼
൫(ݐ + ݐ4݊)(1 + 12݊ + ݐ8 − ݊ଶ − ଶ݊ݐ − 12) − ,ଶ൯ݐ8 ݊݁ݒ݁ ݏ݅ ݊ ݂݅

௡
଼
൫(ݐ + ݐ4݊)(1 + 12݊ + ݐ9 − ݊ଶ − ଶ݊ݐ − 11) − ,ଶ൯ݐ8 .݀݀݋ ݏ݅ ݊ ݂݅

 

 

4. ⋀( ௡ܲ{ܵଷ}) = ௡
ଶ

(15݊ − 3݊ଶ − 2). 
 

5. ⋀( ௡ܲ{ܭ௥}) = ௡௥
଺

ଶ݊ݎ2) − ݎ3݊ + 3݊ + ݎ4 − 6). 
 

6. ⋀( ௡ܲ{ܭଷ}) = 3݊(݊ଶ − ݊ + 1). 
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7. ⋀( ௡ܲ{ ௥ܹ}) = ௡

଺
ଶ݊ଶݎ2) − ଶݎ3݊ + ݎ3݊ + ଶݎ13 − ݎ27 + 12), ݎ ≥ 4. 

 
Using theorem 2.1, D(ܭଶ • (ܩ = ଶܭ)ܦ ݀݊ܽ (ܩ)ܦ ∗  we have the following ,2=(ܩ

theorems. 
 
Theorem 4.5. Let G be a connected graph with n vertices. Then ⋀ (ܭଶ • -n(2n=(ܩ

1)D(G)-4W(G)-2n. 
 
Theorem 4.6. Let G be a connected graph with n vertices. Then ⋀(ܭଶ ∗ (ܩ = ݊ଶ. 
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