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ABSTRACT

In this paper, we study oscillatory behavior of the fractional difference
equations of the following form

t-l+a
A(p(D)g(A"x()+q(0) f [ D (t=s —1)(“)X(S)J=0, LEN, o
5=ty
where A” denotes the Riemann-Liouville difference operator of order a, 0 < o
< 1. We establish some oscillation criteria for the equation using Riccati
transformation technique and Hardy inequality. Examples are provided to
illustrate our main results.

1. INTRODUCTION

Oscillatory behavior of fractional differential equations have been investigated by few
authors, see papers [2]-[8] and the theory of fractional differential equations are
presented in the books, see [13]-[15]. But the fractional difference equations are
studied by very few authors, see [9]-[12]. Motivated by [3] and [8], we study the
following fractional difference equation of the form

A(p(t)g(A“x(t)))w(t)f[ > (- —1)(“’x(s>}=o, teN, .. 1)

s=t,
where A" denotes the Riemann-Liouville difference operator of order 0 <o < 1.
In this paper, we make the following assumptions.
(H1). p(¢#) and ¢(¢)are positive sequences and f,g:R — R are continuous functions

with xf(x) >0, xg(x)>0 for x # 0 and there exist positive constantsk,, k, such that

S (x) >k, al >k, forall x#0.
x g(x)

(Hy). g'eC(R,R) is a continuous function withxg'(x)>0 for x#0 and there
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exists some positive constant v, such thatg™ (xy)=v, g (x)g”' ().

A solution x(?) of (1) is said to be oscillatory if it is neither eventually positive nor
eventually negative; otherwise, it is nonoscillatory. Equation (1) is said to be
oscillatory if all its solutions are oscillatory.

2. PRELIMINARIES AND BASIC LEMMAS
In this section, we introduce some preliminary results of discrete fractional calculus,
which will be used throughout this paper.

Definition 2.1. (see [11]) Let v>0. The v - th fractional sum of f is defined by

A (O =3 (=5-1)" f(s),

I'v)e
where f is defined for s = @ mod (1) andA™ f'is defined fort =(a+v)mod (1) and
t __fe+h The fractional sumA™ fmaps functions defined on N, to

TT(-v+l)
functions defined on N, .

Definition 2.2. (see [11]) Let x>0 and m-1<u<m,wheremdenotes a positive
integer, mZ( y—|. Set v=m—pu. The u -th fractional difference is defined as

A" f(O)=A"" f(O)=A" AT [ (D).

Lemma 2.3. Let x(2) be a solution of (1) and let

t—l+a

G()= D (t=s=1)" x(s) (2)

Then 0

AG@)=T(1-a)A%(x(2)). 3)
Proof:

t—1+a

G(= D (t—s=1)"" x(s)

s=t,
—(I-a)

= Z (t—s=D" " x(s)

=T(1-a)A™" x(¢),
which implies
AG@)=T(1-a)AA" " x(t)=T'(1—a)A“x(¢).
In order to discuss our results in Section 3, now, we state the following lemma.

Lemma 2.4. (Hardy et al. see [1]) If X and Y are nonnegative, then
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mXY""' = X" <(m-1)Y" for m>1 (4)
where equality holds if and only if X =Y.

3. MAIN RESULTS
Theorem 3.1. Suppose that (H;) — (H;) and

igl( j=oo )

s=t,

p(s)

hold. Furthermore, assume that there exists a positive sequence b(?) such that

' -1 _M
hrtlliul) ;; (klb(s)q(S) 4D (s+ l)R(S)j

b

(6)

4 p+1) B
kv,g ( o0 jb(t)l"(l Q)

b (t+1)p(t+1)
solution of (1) is oscillatory.

R(t)= and Ab, (s)=max[Ab(s),0]. Then every

where

Proof. Suppose the contrary that x(z) is a nonoscillatory solution of (1). Without loss
of generality, we may assume that x(?) is an eventually positive solution of (1). Then
there exists ¢;> ¢y such that

x(1)>0 and G(¢)>0 for ¢2¢, (7)
where G is defined as in (2). Therefore, it follows from (1) that
A(p(Dg(A“x(1)=—q(t) f(G(D) <0 for t21,. @®)

Thus p(t)g(A“x(t))is an eventually non increasing sequence. First we show that
p(t)g(A“x(t)) is eventually positive. Suppose there is an integer ;> fy such that
p(t)g(A“x(t))=c<0 for t>¢, so that

p(OE(A"x()) < p(t)g(A"x(4))=c<0

Ax()<g” {L}w

p(1)
which implies that

ﬁ(t):A"‘x(t)évlg"l(c)g_l {L} for t>1¢.

I'd-a) p(1)

Summing both sides of the last inequality from #; to  — 1, we get
t—1

GG+ (1-a)g (O g {%}%—w as 1>, ©)
s= pLs

which contradicts the fact that G(#)>0. Hence p(¢)g(A“x(z))>0 eventually. Define
the function w(¢) by the Riccati substitution
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oy —b(oy PO D)
G(1)
Then we have w(¢) >0 for t>t,. It follows that

Aat)=Ah(?) ot +1)  HOAPOA"XO)GE+1) ~b(6)pt +Dg(A"X(t +1)AG()

for t=t,. (10)

b(t+1) G(t+DG(@)
Ab (¢ )a>(t+1) b(H)q@®)f(G(@)) b)) p(t +Dg(A"x(t +1)AG(r)
b(t+1) G(?) G (t+1)

We have
p(1)g(A%x(2))= p(t+1)g(A%x(t +1))

Ax(t)>v,g™ [p(t—Jrl)J A“x(t+1).
p()

Using the above inequality

AG(D)<AD, (1) Z’((t . 1)) ~kb(ng(n -2 ”gi@ fg L
b.(1) o(t+1) —kb(1)q () b)) p(t+1)g(A“x(t +1))AG(t)
b(t+1) B*(t+1)p*(t +1)g(A“x(t + 1))’

ot +1)°
af pie+1)) ..
b(t)C(1-a)v,g (p]A xX(t+1)
w(t+1) p(t)
<860 ) I e r De (A A D)
ot +1)
kv T(1-a)g ‘l(p(Hl)jb(t)
<Ab (t)w—k b(t)q(t)— ® o(t+1)* (11)
T b+ b(t+1)p(t+1)
b, (1) “’((’ * 1)) — kb(1)g(t) - R(O)o(t +17
Where
L p(t+1)
kvig (p]b@r(l—a)
) p) . X0
R(t)= TR . Take m=2, X=\[R(\)a(t+1) and Y

26(t+11R()

Using the inequality (4), we have
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(2-1)
2(«/R(t)a)(t+l))(2b(t%)(\t/%J ~(VR®a(t+1)

) Abt) )
=@~ ( 2b(t+ 1)/ R(¢) J
(b
4p° (t+1)R(t)
From (11), we conclude that
B (Ab,(1))*
Ao(t)<—kb(t)q(t)+ I DRD)

Summing the above inequality from ¢, to  — 1, we have
-1

Z(klb(s)q(s) —#”S])‘m} <o(t)-o(t)<o(t) <o, for t2t

Letting t — o, we get

limsup i[klb(s)q(s) —

t—o0 s=t

s=t

2
% < a)(l‘l ) < 0,
4b" (s +1)R(s)
which contradicts (6). The proof is complete.

Theorem 3.2. Suppose that (H;) to (H;) and Z p "7 (s)=0hold. Furthermore, assume

s=t,

that there exists a positive sequence b(t) such that
H(t,t)=0 for t>0 H(t,5)>0 t>52>0
AH(t,s)=H(t,s+1)-H(t,5)<0 for t=s>0.
If

=

. R )
msup- ) ;}[b(smsm(t’ e S)R(s)j

12)

HE)A() 404 Ab (s)=max[Ab(s),0]. Then every

here & (¢,8)=AH(¢,s)+
w L (2,8)=A,H(1,5) b5 11

solution of (1) is oscillatory.

Proof. Suppose the contrary that x(z) is a non oscillatory solution of (1). Without loss
of generality, we may assume that x(?) is an eventually positive solution of (1). We

proceed as in the proof of Theorem (3.1). Multiplying (11) by H(t, s) and summing
from ¢, to ¢t — 1, we obtain
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Zkb(s)q(s)H(t §)<— ZH(t $)Aa(s) +ZH(t S)Ab, (1) “’((”11))

—ZH(t,s)R(s)af (s+1)

s=t,

Using the summation by parts formula, we obtain

—Z H(t,s)Aax(s)=—[H(t,8)a(s)] _ Lt Zw(s +1)A,H(t,s)

s=t s=t,

(13)

(14)

—H(1, tl)a)(tl)+ia)(s +DA,H (1, 5)

s=t,

where A,H (t,s)=H(t,s +1)—H(t,s). For t >t, wehave

3 B H () SHE L)kt + 3 s +DAH(E.5)+ 3 HL5)Ab, 1) Z)((j " 11))

—iH (t,8)R(s)’ (s +1)

s=1,

k, i b(s)q(s)H (t,s)<H(t,t)o(t,)+ i (AZH(t, s)+

s=t; s=t

H(t,5)Ab, (t)

b(s+1) jm(ﬁl)

—i H(t,s)R(s)o’ (s +1)

s=1,

< H(t,tl)a)(tl)+i(h+ (t.5)@(s +1)~ H(t,5)R(s)a’ (s +1)) (15)

) H(t,5)Ab (1) .
b(s+1)

=JH({,s)R(s)o(s+1) and Y=

whereh, (¢,5)=A,H(t,s)+ is defined as in Theorem 3.2. Take m=2,

h (t,s) )
————=———— and using the Lemma 2.4 see [1
2 H(t,s)R(s) s :

-1y
2(JHES)REo(s +1))(L‘“))] —(JH(t,s)R(s)w(Hl))z

2\ H(t,5)R(s
s(z—l)(—“t’s) J
2\ H(t,s)R(s)
_ h(2,5)
4, H(t,s)R(s)

From equation (14), we have
AH(t,s)<0 for t>s>t,, 0<H(t,4)<H(t,t,)) for t>t 2>t



Oscillatory Behavior of Fractional Difference Equations 55

S -1 < hf (f,S)
;b(s)q(s)l-l(t,s)ékl H(t,tl)a)(tl)+§—4le(t’S)R(S)

R GO N PP
;(b(s)q(s)H 9= H (t,s)R(s)jSkl H(t,t)o(t,)

<k H(t,t,)(t).
Since0< H(¢,s)<H (t,t,) for t>s>t,, wehave0 <#’;)£l forz>s>t,. Hence it
sbo
follows from that
1 11

Ry
H(t,to)g:j(b(s)q(s)H(t’S) 4k1H(t,s)R(s)j

= Ry
“H) ;[”SM(S)HU’S) 4le(t,s)R(s)J
;e R
TH) ;(b(S)Q(S)H(t’S) 4k1H(t,s)R(s)]
= 1 L
SH(t,to);b(S)Q(S)H(t’S)JFH(t,tO)kl H(t,t)o(t))

= Eb(S)Q(S) +k1710)(t1)

s=t,
Letting t — oo, we have

t—1

. ~ K (t,s) =
fimsup H(t,to)g;(b(s)q(s) () 4k1H(t,s)R(s)J )

which is a contradiction to (11). The proof is complete.

b(s)q(s)+k " o(t)< oo

s=t,

Example 3.3. Consider the following fractional difference equation
t=1+a

A<tl/3 (Al/z (x(t))))+t( Z (t_s_l)(—a)x(s)}:o, t>0 (16)

5=ty

where a=1/2, p(t)=t"", q(t)=t and f(x)=g(x)=x. Takek,=k, =1, v,=1.Since

o0

=1
LT 17
Fz%p(s) Z ! (17)

S3

we find that (H;) — (H) and (5) hold. We will apply Theorem (3.1) and it remains to
show that condition (6) is satisfied. Taking b(s) = s, we obtain

) t—1 ~ Ab+(S) L -1 2 S1/3 o
limsup g(klb(S)Q(s) 4b2(s+1)R(s))_hmsup Z(S 45z J_ 1%

which implies that (6) holds. Therefore, by Theorem (3.1) every solution of (16) is
oscillatory.

—o s=t,
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