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ABSTRACT

We study N(k)-contact metric manifolds admitting semi-symmetric metric
connection. We obtain the scalar curvature with respect to semi-symmetric
metric connection of N(k) —contact metric manifold by appyling certain
curvature conditions.
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1. INTRODUCTION

The notion of k —nullity distribution of Riemannian manifolds was introduced by S.
Tanno in 1988 [8]. The contact metric manifold where the characteristic vector field
¢ belongs to the k-nullity distribution is called N(k) —contact metric manifold. Blair
[5] and many others extensively studied N(k) —contact metric manifolds. Friedman
and Schouten [1] introduced the notion of semi-symmetric linear connection in a
differentiable manifold and a systematic study of semi-symmetric metric connection
on a Riemannian manifold was given by Yano[2] in 1970. Semi-symmetric metric
connections on Riemannian manifolds are studied by authors [3]. The semi-
symmetric metric connection plays an important role in the study of Riemannian
manifolds involving physical problems. This motivates us to study such connections
in N(k) —contact metric manifolds.
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This paper is organized as follows. We give some preliminary results in Section 2.
In section 3 we present a brief information of N(k) —contact metric manifolds
admitting semi-symmetric metric connection.

In sections 4 and 5, we study M-projective curvature tensor and concircular
curvature tensors on N(k) —contact metric manifolds with respect to semi-symmetric
metric connection by considering flat, Ricci-symmetry and ¢-recurrent conditions.
The following table summarizes the results proved in this paper.

Condition Result
W*(X,Y)Q;: 0 kziandf'=2n(n+1)
1-n

1-n
W*.S = 0. K = 4n%—4n+1 nd

2n(4n-3)
. —8n’+2n+1
" T (4n—3)

¢ — recurrent | x = ‘“21;1 andfF=2n-—1

2. PRELIMINARIES

In this section, some general definitions and basic formulas are presented which will
be used later. A (2n + 1) dimensional C*-differentiable manifold M is said to admit
an almost contact metric structure (¢, 1, g) if the following relations hold. [6].

¢? = 1+ 1 ®En(E)=1,1& = 0,n0¢ = 0. (2.1)
g(dX, dY) = g(X,Y) —n(Xn(Y) (2.2)
gX, dY) = —g(dX,Y),gX, dpX) = 0,g(X,&) = n(X) (2.3)

where ¢ is a tensor field of type (1, 1),& is a vector field,n is a 1-form and g is a
Riemannian metric on M. A manifold equipped with an almost contact metric
structure is called an almost contact metric manifold. An almost contact metric
manifold is called a contact metric manifold if it satisfies

gX, ¢Y) = dn(X,Y) (2.4)
for all vector fields X,Y. The (1, 1) tensor field h defined by h = iLgd), where L
denotes the Lie differentiation, is a symmetric operator and satisfies

h¢ = ¢h,trh = tr¢ph = 0,hé = 0. (2.5)
Further we have [5],
Vx& = —pX — dhX, (Vxn)Y = g(X + hX, dY) (2.6)

where r denotes the Riemannian connection of g.
The k-nullity distribution N(k) of a contact metric manifold M [4] is defined by
N(k):p - Np(kp) = {Z € T,(M): R(X, Y)Z = k[g(Y,2)X — g(X,Z) Y]} (2.7)
k being a constant. If the characteristic vector field & € N(k), then the contact
metric manifold is called a N(k)-contact metric manifold [7].
In a (Zn + 1)-dimensional N(k)-contact metric manifold, the following relations
hold. [8,9, 10]:
h?=(k—1)¢p3 k<1 (2.8)
(Vxd)(Y) = g(X + hX, Y)& —n(Y)(X + hX), (2.9)
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R(X, )& = k[n(V)X —n(X)Y] (2.10)
SX,Y)=2n—1)gX,Y) + 2(n— 1)g(hX,Y) +

[2(1 = n) + 2nkIn(n(Y) 2.11)
S(X,&) = 2nkn(X) (2.12)
r=2n(2n-2+Kk) (2.13)
S(X, dY) = S(X,Y) — 2nkn(X)n(Y) — 4(n — 1)g(hX, Y) (2.14)
(Vxn)(Y) = g(X + hX, ¢Y) (2.15)
NRX Y)Z) = k[g(Y,Z)n(X) — g(X, Z)n(Y) (2.16)

where Q,S and r are respectively the Ricci operator, the Ricci tensor and the scalar
curva-ture of M2*1,

The M-projective curvature tensor W* in M?"+1 is given by [12]

W* (X, Y)Z = R(X, )Z — —[S(Y, Z)X — S(X, Z)Y + g(¥, Z)QX — g(X, Z)QY] (2.17)

3. N(k)-CONTACT METRIC MANIFOLD M?"*1 ADMITTING SEMI-
SYMMETRIC METRIC CONNECTION
Let V be a linear connection on (2n + 1) — dimensional differential manifold M22+1,
The torsion tensor T is given by

TXY) = VyY — VyX - [X,Y].

The connection V is symmetric if its torsion tensor vanishes. If Vg = 0, where g is
a Riemannian metric on M?™*1, then connection V is called a metric connection[2]. A
linear connection is said to be a semi-symmetric connection in a Riemannian manifold
if its torsion tensor

TXY) = n(V)X —z(X)Y, (3.1)
where 1 is a 1-form defined by m(X) = g(X, p) and p is a vector field.
A semi-symmetric metric connection in an almost contact metric manifold is defined
by

T, Y) = n(NX —nX)Y
where n(Y) = g(Y, &).

A relation between the semi-symmetric connection V and Levi-Civita connection
V of M2%+1 i given by [3].

VxY = VxY +1(Y) — g(X, Y)En(Y) = (Y, 9. ~

Further a relation between the curvature tensor R and R of type (1, 3) of the
connections V and V respectively [3] is given by

RXY)Z = RXX,Y)Z — L(Y,Z)X + L(X, 2)Y — g(Y, Z)FX + g(X, Z)FY, (3.2)
where L is a tensor field of type (0; 2) given by
L(Y,Z) = (Vyn)(2) = n(Y)n(2) +58(Y,2) = (Fyn)(Z) —8(Y,2), (3.3)

and F is a tensor field of type (1, 1) given by g(FY,Z) = L(Y,Z) for any vector fields
Y, Z.
R(X,Y)Z) =R (X, Y)Z — g(Y + hY, dZ)X + g(X + hX, dZ)Y + g(Y, Z)(dX + dhX) —
gX, 2)(9Y + ohY) + n(V)n(Z)X — nX)n(Z2)Y +n(X)g(Y,Z)
c—n(NgX, 2)¢ — g(Y, D)X + g(X, 2)Y. (34))
From (2.10) and (3.4), we have
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R(X, V)€ = k(DX — n(OY] + n(N(@X + $hX) —n(X) (@Y +hY)  (3.5)

RX, ©)Y = k[n()X — gX,Y)§] + g(X + hX, $Y)§ + n(Y) (X + ¢hX),  (3.6)

R(§X)§ = k[n(Y)§ — Y] — (Y + $hY), (3.7)

On contracting (3.4), we get

S(Y,2) = S(Y,2) — (2n - D[g(Y +hY,¢2) —n(Yn@ +gX, D] (38)
where S and S are Ricci tensors of the connections V and V respectively.

Q(Y) = QY — (2n — D[-($Y + ¢hY) —n(V)§+ Y], (3.9)
whwhere Q and Q are Ricci operators of the connections V and V respectively.

S(Y, ) = 2nkn(Y). (3.10)

Again contracting (3.8) over Y, Z, we get

r=r—(2n-1)2n, (3.11)

By virtue of (2.15), (3.11) yields

r=2n(k—1). (3.12)

where T and r are scalar curvatures of the connections V and V respectively

4. M —PROJECTIVE CURVATURE TENSOR IN ANN(k)-CONTACT
METRIC

MANIFOLD ADMITTING SEMI-SYMMETRIC METRIC CONNECTION

The M —Projective curvature tensor in an N (k) —contact metric manifold M"(2n +
1) with respect to semi-symmetric metric connection is given by

W*X,Y)Z = RX,Y)Z — ﬁ [S(Y,Z)X — S(X, 2)Y + g(Y, Z)QX — g(X, Z)QY] 4.1)
From(3.5), (3.6), (3.8) and (4.1), we have

W (X, V)E =2 [(NX = (Y] + (V) (X + bphX) — n(X)

(@Y + ¢hY) — - (N — n(X) (4.2)
W*(§ Y)Z = —k[n(2)Y — g(Y,2)§] — g(Y + hY, $Z)

&= n(2D(Y + dhY) + —[2nkn(2)Y — S(Y, 2)E + n(Z)QY — 2nkg(Y, 2)], (4.3)
NW*(E Y)Z) = —k[n(Z)n(Y) — g(Y,2)] — g(Y + hY, ¢Z)

+ - [4nkn(Z)n(Y) - 3(Y,2) — 2nkg(Y,2)] (4.4)
and

n(W*(X,Y)z) = Z[g(¥, n(X) — gX, 2] — .- [SY, Z)n(X) — SX, Z)n(V)]

—g(Y + hY, $Z)n(X) + g(X + hX, $Z)n(Y) (4.5)

Definition 1. An N (k) —contact metric manifold M?"*1 is
(1)M-projectively flat with respect to semi-symmetric metric connection if
W*(X,Y,Z, U) = 0.
(2)§€ — M-projectively flat with respect to semi-symmetric metric connection if
W (X, Y)E = 0.
(3) M-projectively Ricci-symmetric with respect to semi-symmetric metric connection
if
w=.S=0.
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(4) M - projective ¢ — recurrent with respect to semi-symmetric metric connection if
and only if there exists a 1- form A such that

(VW) (X, Y)Z) = A(U)W* (X, Y)Z.

Definition 2. A contact metric manifold is said to be (i) Einstein if S(X,Y) =
Ag(X,Y),where Ais a constant, (ii)n -Einstein ifSX,Y)=ag(X,Y)+
BNn(X) n(Y ), where a and 3 are smooth functions.

Suppose is M?"+1 is £&-M- projectively flat. i.e.

WX, Y)E=0 (4.6)
Then in view of (4.1), we have
R(X,Y)E = — [S(Y, DX = S, DY + (V)T X — n(X)QY] (4.7)

By virtue of (3.5), (3.10) and (4.2), above equation reduces to
~INX =Y + (V) (GX + $hX) = n(X)

(Y + bhY) = —~[n(NQX — n(X)QY]. (4.8)
Putting Y = € and using (3.12), (4.17) reduces to
QX = 2nk[X — n(X)&] + 4n($X + $hX) + 2nkn(X)E. (4.9)

Contracting the above equation with W, we get

S(X, W) = 2nk[g(X, W) —n(X)n(W)]

+4ng(pX + dhX, W) + 2nkn(X)n(W). (4.10)
Let {e;} be an orthonormal basis of the tangent space at any point. Putting

X = W = ¢; in the above equation and summing over i, 1 <i < 2n + 1, we get
2

k=2 4.11)
Then from (3.11), we obtain
P20 (4.12)
Since k = 1 in (4.20) leads ton = —1, M?**1 must be non-Sasakian. Thus we can
state that

Theorem 4.1 In a &-M-projectively flat non-Sasakian N(k)-contact metric manifold
o . . . . 2 — 2n(n+1)

admitting semi-symmetric metric connection, we have k = - and T = -

Since a M-projectively flat N(k)-contact metric manifold is always &-M-

projectively flat, we have

Corollary 4.1. In an M-projectively flat non-Sasakian N(k)-contact metric manifold

admitting semi-symmetric metric connection, we have k = %n and T = %::1)
Suppose M?"*1is M-projectively Ricci-symme tric. i.e.
w*.S=0. (4.13)
In this case, we can write
S(W*(U,X)Y, Z) + S(Y,W*(U,X)Z) = 0. (4.14)

Taking U = Z = € in (4.14) and using (3.10), (3.12) and (4.3), we have
nk2g(X,Y) +=EEn(Om(Y) - ZEES(X,Y)
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+ ZEUS(@X + phX, V) + 2225 (hx,v) = 0. (4.15)
Replacing Y by ¢Y in (4.15), we obtain

nk?g(X, pY) — ZE25(X, Y) — 22 5(¢X + phX, §Y)

+22U5(0x, ¢Y) = 0. (4.16)

Let {e;} be an orthonormal basis of the tangent space at any point. Setting X =

Y = e; in the above equation and summing over, 1 < i < 2n + 1, we obtain
4n%-4n+1

= ) (4.17)
2n(4n-3)
Then from (3.11), we obtain
_ 2
F= 8n“+2n+1 (418)
4n-3

Thus we have

Theorem 4.2. In an M —projectively Ricci-symmetric N (k)-contact metric manifold
admitting semi-symmetric metric connection, k and 7 are given by (4.17) and (4.18)
respectively.

Suppose M2%+1 ig ¢-recurrent, then we have

—(VyWH)XYZ+n((VgWH) (X Y)Z) = AU)W*(X, Y)Z. (4.19)
Contracting (4.19) with &, we obtain

A(UNW*(X,Y)Z) = 0. (4.20)
Since A is a non-zero 1-form, we have

n(W*(X,Y)Z) = 0. (4.21)

Using (4.5), the above equation yields
~[8(Y, Dn(X) — g(X, Zn(N] — =[S, Z)n(X) — SX, Zn(Y)]

—g(Y+ hY, pZ)m(X) + gX + hX, dZ)n(Y) =0 (4.22)
Taking X = € in (4.22) and using (3.10), we get
S(Y,Z) = 2nkg(Y,Z) — 4ng(Y + Y, ¢pZ). (4.23)

Let {e;} be an orthonormal basis of the tangent space at any point. Taking
Y = Z = e; in the above equation and summing overi,1 < i < 2n + 1, we get

Kk = ‘“21;1 (4.24)
Plugging this in (3.11), we obtain
r=2n-1 (4.25)

Thus we state that

Theorem 4.3. In an M-projectively ¢-recurrent N(k)-contact metric manifold with
. . . . 4n-1 —
respect to semi-symmetric metric connection, we have k = > andr = 2n — 1.
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