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Abstract:

A right near - ring N is called weak Commutative, ( Definition 9.4 Pilz [7] ) if
xyz = xzy for every x,y,z € N. A right near - ring N is called pseudo
commutative  ( Definition 2.1, S.Uma and others [8] ) if xyz = zyx for all
x,y,Z € N.It is quite natural to investigate the properties of N if xyz = yxz for
every Xx,y,z € N.We call such a near - ring as quasi weak commutative. We
obtain some interesting results on Quasi weak commutative near - ring.

1.Introduction:

Throughout this paper, N denotes a right near — ring ( N,+, .) with atleast two
elements . For any non-empty subset A of N,we denote A — {0} = A" The following
definitions and results are well known.

Definition: 1.1
An element a &N is said to be
1. Idempotent if a*= a.
2. Nilpotent, if there exists a positive integer k such that a“=0.

Result : 1.2 ( Theorem 1.62 Pilz [7] )
Each near — ring N is isomorphic to a subdirect product of subdirectly irreducible

near — rings.
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Definition : 1.3
A near — ring N is said to be zero symmetric if ab = 0 implies ba = 0,where a,b € N.

Result : 1.4
If N is zero symmetric, then
1. Every left ideal A of N is an N — subgroup of N.
2. every ideal I of N satisfies the condition NIN < I. (i.e) every ideal is an N
— subgroup.

k kK

3. NIN'c T,

Result :1.5
Let N be a near — ring.Then the following are true
1. If Ais anideal of N and B is any subset of N, then ( A: B )= { n € N such
that nB < A } is always a left ideal.
2. If Ais anideal of N and B is an N - subgroup, then (A: B) is an ideal. In
particular if A and B are ideals of a zero - symmetric near - ring,then (A : B)
is an ideal.

Result : 1.6
1. Let N be a regular near - ring, a € N and a = axa, then ax,xa are idempotents
and so the set of idempotent elements of N is non — empty.
2. axN=aN and Nxa = Na.
3. N isSandS' near - rings.

Result : 1.7 (Lemma4 Dheena|[1])
Let N be a zero - symmetric reduced near - ring.For any a,b € N and for any
idempotent element e € N, abe = aeb.

Result: 1.8 ( Gratzer [4] and Fain [3])
A near - ring N is sub - directly irreducible if and only if the intersection of all non -
zero ideals of N is not zero.

Result: 1.9 (Gratzer [4])
Each simple near — ring is sub directly irreducible.

Result : 1.10 (Pilz[7])
A non - zero symmetric near — ring N has [ F P ifand only if (O :S) is an ideal for
any subset S of N.

Result : 1.11 ( Oswald [6] )
An N - subgroup A of N is essential if AN B = {0},where B is any N subgroup of N,
implies B = {0}.
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Definition : 1.12
A near - ring N is said to be reduced if N has no non-zero nilpotent elements.

Definition : 1.13
A near - ring N is said to be an integral near — ring, if N has no non — zero divisors.

Lemma: 1.14
Let N be a near-ring. If for all a € N, a? = 0 => a =0, then N has no non-zero nilpotent
elements.

Definition : 1.15
Let N be a near-ring. N is said to satisfy intersection of factors property (IFP) if ab =
0 =>anb =0 for all n € N, where a,b € N.

Definition : 1.16
1. Anideal I of N is called a prime ideal if for all ideals A,B of N, AB is subset
of I => A is subset of I or B is subset of L.
2. 1is called a semi-prime ideal if for all ideals A of N, A% is subset of I implies
A is subset of L.
I is called a completely semi — prime ideal, if for any x e N, x> e [=>x € L.
A completely prime ideal, if for any x,y e N, xye[=xelorye I
5. N is said to have strong IFP, if for all ideals I of N, ab € I implies anb € I for
alln e N.

W

Result: 1.17 ( Proposition 2.4 [8] )
Let N be a Pseudo commutative near — ring. Then every idempotent element is
central.

2. Definition and Basic Properties
In this section we introduce the concept of quasi weak commutative near — rings.

Definition :2.1
A near — ring N is said to be quasi weak commutative near — ring if xyz = yxz for all
X,y,Zé€N.

Every commutative near — ring is quasi weak commutative.

Proposition: 2.2
Every quasi weak commutative near — ring is zero symmetric.

Proof:
Let N be a quasi weak commutative near — ring.

For every a e N,
a.0 = a(00) =(0a)0 =00=0.
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This proves N is zero symmetric.

Proposition:2.3
Let N be both weak commutative and quasi weak commutative right near — ring. Then
N is pseudo commutative.

Proof:
For all x, y, z € N, we have
xyz = yxz ( N is quasi weak commutative)
=yzx (N is weak commutative )
=zyx (N is quasi weak commutative )

This proves N is pseudo commutative.

Proposition:2.4
Homomorphic image of a quasi weak commutative near — ring is also right pseudo
commutative near — ring.

Proof:
Let N be a quasi weak commutative near — ring and f: N = M be an Endomorphism
of near — rings.
For all x,y, z € N.
fOf(y)f(2) = f(xyz)
= f(yxz)
= f(y)f(x)f(z)

This proves M is quasi weak commutative.

Corollary:2.5
Let N be a quasi weak commutative near — ring. If I is any ideal of N, then N/I is also
quasi commutative.

Theorem:2.6
Every quasi weak commutative near — ring N is isomorphic to a sub-direct product of
sub-directly irreducible quasi weak commutative near — rings.

Proof:

By Result 1.2, N is isomorphic to a sub-direct product of sub-directly irreducible near
— rings Ny, and each Ny is a homomorphic image of N, under the projection map my :
N = Ny. The desired result follows from Proposition 2.7.

Proposition:2.7
Any weak commutative near ring with left identity is a quasi weak commutative near
— ring.
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Proof:
Let e € N be a left identity.

For any a,b,c e N

abc = e(abc)
= (eab)c
= (eba)c
= bac

So N is quasi weak commutative near — ring.

Proposition: 2.8

435

Any quasi weak commutative near — ring with right identity is weak commutative.

Proof:
Leta, b, c € N and e € N be a right identity.

Then
(abc) = (abc)e
= a(bce)
= a(cbe) (quasi weak commutative)
= (acb)e
= acb

This proves N is weak commutative.

Theorem:2.9

Let N be a regular quasi weak commutative near — ring. Then
1. A=A, for every N sub-group A of N
2. Nisreduced
3. N has (*IFP)

Proof:

Since N is regular, for every a € N, there exists b € N such that
a = aba

Now a = aba (ba)a (quasi weak commutative)
a = ba’

1. Let A be a N-subgroupof Nand ae JA _
Then a“e A for some positive integer k.

Now from (2)
a = ba’ = b(a)a
= b(bad)a

(1)
)
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= b*Va*s NA which is a subset of A.
Therefore /A isa subset of A.
Obviously A is a subset of \/K
This completes the proof of (i).

1. If a®=0,thenby (2) a = ba’> = b0 = 0.
This completes the proof of (ii).

2. Letab=0.
Then (ba)® = (ba)(ba) = b(ab)a = b(0a) = b.0 = 0 (Proposition 2.2)
So, by (ii) ba= 0

Now for anyn & N,

(anb)2 = (anb)(anb)
= an(ba)nb
= (an)0(nb)

0

Again by (ii) anb =0

This proves (iii).

Theorem:2.10

Let N be a regular quasi weak commutative near — ring. Then every N subgroup is an
ideal

1. N =Na = Na’ = aN = aNa

2. forall aeN

Proof:
Let aeN.
Since N is regular a = aba for some b & N.
By Result 1.6 ba is an idempotent element. Let ba = e
Then Ne = Nba = Na (by Result 1.6) (1)
Let S= { n-ne/ n e N}. We Claim that (O:S) = Ne.
Now (n-ne)e = ne-ne” = ne-ne = 0 forallneN.

So, (n-ne)Ne = 0 (by (ii) of Theorem 2.9).
This implies Ne < (O:S). (2)
Now let y € (O:S). Then sy =0 for all s € S.
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Since N is regular, y = yxy for some x € N.

Since yx —(yx)e € S, (yx —(yx)e)y =0 (by (1))

(ie) yxy —yxey = 0
y—y(xey) =0
y—y(xye) =
y—yxye =0
y—ye =0

(ie) y = ye € Ne.

It follows that (O:S) & Ne

From (1), (2) and (3) we get (O:S) = Ne = Na.
By Result 1.10, Na is an ideal of N.

Now if M is any subgroup of N, then M = z Na
agM

Thus M becomes an ideal of N.
(2) Since N is regular, for every a € N, there exists b € N such that
a = aba

(ba)a (R is quasi weak commutative)

a = ba’ € Na’
So, N S Na’
Now

Na SN S Na’ S(Naja SNa SN
implies Na = Na’> = N

Now, we shall prove Na’=aNa

Let x & Na’.
Then X = na’ for somene N
= naa
ana ( Since R is quasi weak commutative)
So, X € aNa.
(ie) Na’ S aNa
Let y € aNa.
Then y = ana for some n e N
= (na)a (Since R is quasi weak commutative)
na’ € Na’

(ie) aNa S Na’

Hence
aNa = Na?

437

3)

(4)

)

(6)

(7)

(8)
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We claim that aN = aNa.
Since Na is an ideal (by (i) ), for every ae N, (Na)N & Na 9)

Also for every neN,
an = (aba)n = a(ban) € a(NaN) & aNa (using (9))

Thus aN & aNa (10)
Obviously aNa & aN (11)
Hence aN =aNa (12)

Thus from (5), (8) and (12) we get
N = Na = Na? = aN = aNa forallaeN.

Definition:2.11
A near — ring N is said to have property P,, if ab e I = ba € I, where I is any ideal of

N

Theorem:2.12
Let N be a regular quasi weak commutative near — ring. Then

1. Every ideal of N is completely semi — prime
2. N has property P4

Pr oof:
Let I be an ideal of N.

1. Leta’el.

Since N is regular,

a = aba for some b € N
baa (since N is quasi weak commutative)
= ba’ e NIC 1
= a’el = ael

So every ideal of N is completely prime.
2. Letabel.

Then (ba)* = (ba)(ba) = b(ab)Jae NIN S 1 (byresult 1.4)
Then by (i) bael.

Thus abel = ba € L

Thus N has prtoperty Pa.

Theorem:2.13

Let N be a quasi weak commutative near — ring.For every ideal I of N, (I:S) is an

ideal of N where S is any subset of N.
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Proof:
Let I be an ideal of N and S be any subset of N.
By Result 1.5 (ii), (I:S) = {neN/nS < I} is a left ideal of N
Lets €S, and ae (I:S), thenas € L.
Since N has proprty P4, sa € I.
Then foranyn e N, (sa)nel
(ie) s(na)el
This implies (an)s € I ( N has property P.)
(ie)an € (I:S) for any n € N and hence (I:S) is a right ideal.
Consequently (I:S) is an ideal.
This completes the proof.

Proposition:2.14
Let N be a quasi weak commutative near — ring. For any ideal I of N, and
X1,X2,X3,.....Xn € N, If X1 .Xp X3 ....X, € I, then <x;> <xo> <x3>...... x> S 1.

Pr oof:
Letx; X2 X3....Xp€ L
= x1€(l: X2 X3 ....Xy)
= <x> S (1:X2 .X3....Xp)
= <X|> X3 X3 ...Xy &1 (By proposition2.12)
= xe(l: X3 ...X,<X>)
= <x> S (I X3...%,<X>)
= <Xo>X3X4 .. Xn<X > & ]
= X3X4 .. Xn<K > <xp> & ]
Continuing like this we get <x;> <xp>.....<x,> & |

Proposition:2.15

Let N be a quasi weak commutative near — ring. Then
1. N has strong IFP
2. N is semi — prime near - ring

Pr oof:

1. LetI be anideal of N. Since N is zero symmetric, NI & T,
By Theorem 2.10 (ii), aN = Na’.
Hence an = ma’ for some m, n € N.
Hence, if ab € I, then for everyn € N, anb = ma’b
= (ma)abe NI < I
(ie)abe I = anb el forallneN.

This proves N has strong IFP.

2. Let M be an N subgroup of N. Then M is an ideal by Theorem 2.10 (i)
Let I be any ideal of N such that I* € M.
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Then by Result 1.4 NI & L.
If ael,then a = aba for some b € N ( N is regular)
= a=abae IN)EP? EM

So, any N- subgroup M of N is a semi — prime ideal. In particular {0} is a semi —
prime ideal and hence N is a semi — prime near — ring
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