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Abstract 
 

We obtain infinitey many non-zero integer quadruples (x,y,z,w) satisfying the 
biquadratic equation with four unknowns wzkyx 3233 )31()(8  .. Various 
interesting relations between the solutions and special numbers, namely, 
polygonal numbers, pyramidal numbers, Jacobsthal numbers, Jacobsthal-
Lucas numbers are obtained. 
Keywords: bi-quadratic equation with four unknowns,integral solution, 
special numbers. 
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Introduction 
The biquadratic diophntine(homogeneous or non-homogeneous) equation offer an 
unlimited field for research due to their variety[1-3]. In particular, one may refer [4-
15] for ternary non-honogenous biquadratic equations. This communication concerns 
with yet another interesting ternary non-homogenous biquadratic equation given by 

wzkyx 3233 )31()(8  . A few interesting relations between special polygonal 
numbers, pyramidal numbers and special number patterns are exhibited. 

Method of Analysis 
The non-homogeneous biquadratic Diophantine equation with four unknowns to be 
solved for getting non-zero integral solutions is 

wzkyx 3233 )31()(8   (1) 
To start with, the substitution of the linear transformations 

uwvuyvux 16,,   (2) 
in (1), leads to 

3222 )31(3 zkvu n  (3) 
The above equation (3) is solved through three different patterns and thus, one can 

obtain three distinct sets of solutions to (1). 

Pattern 1 
Let 22 3baz   (4) 
Taking n=0 in (3), we have 

322 3 zvu   (5) 
whose solution is given by 

23
0 9abau   

32
0 33 bbav   

Again taking n=1 in (3), we have 
3222 )31(3 zkvu   (6) 

whose solution is represented by 
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001 3
vkuv
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The general form of integral solutions to (3) is given by 
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Thus in view of (2), the following quadruple (xs,y s,z,ws) of integers based on 
(x0,y0,z0,w0) also satisfy (1) 
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  22 3, babaz     )3(16, 00 sss BviAubaw   
The above values of xs,ys,ws satisfy the following recurrence relations 

respectively. 
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Properties 
1)        saaasss BitPPTAayaxa 33623681,1, ,41

3
1    

2)       aaassass tPPTBiAPayaxa ,41
3

11
3 81224321081,1,3    

3)      9296329143431,6 ,4,31
3

,4
5   aaaasaaass ttPRPBitSPAax  

4)     23310932)12( 426
42  

 jiBjJAw sss  

5)       aaasaaass ttPRiBGnotPAaw ,7,4,51
3 253310226161,1    

Pattern 2 
Substituting (4) in (3) and using the method of factorization, define 

     33313 biaikviu
n
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Expanding binomially and equating real and imaginary parts, we have 
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where 
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In view of (2) and (7) the corresponding integer solution (x,y,z,w) to (1) is 
obtained as 

     )(93)9))(()(( 3223 bbakgkfabakgkfx   
          )(93)9( 3223 bbakgkfabakgkfy   

22 3baz   
)])((9)9)(([16 3223 bbakgabakfw   

Pattern 3 
Substituting (4) in (3) and using the method of factorization, define 

   33313 biaikviu
n

  
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where 13 2  kr , 3tan 1 k  (8) 
Equating real and imaginary parts in (8), we get 
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In view of (2) and (4), the corresponding values of x,y,z and w are represented by 

      









3
sin999cos339, 32233223 


nbbaabanbbaabarbax n  

      









3
sin999cos339, 32233223 


nbbaabanbbaabarbay n

  22 3, babaz   
       nbbanabarbaw n sin333cos9, 3223   

Properties 
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2)       0,,8,8  bawbaybax  

3)   n
n jz 21,23   is a nasty number. 

4)   n
n Jz 231,22   is a cubical integer. 

 
Conclusion 
One may search for other patterns of solutions and their corresponding properties. 
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