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Abstract 

Results of an analytical solution to predict axial stresses at the 

transverse edge of a radial circular cross bore in thick walled 

cylinders were presented and analysed in this work. A total of 

35 analyses were conducted for different thickness ratios and 

cross bore sizes. The obtained analytical results were then 

validated on each analysis using Finite Element Analysis 

commercial software Abaqus. The developed solution was able 

to predict correctly axial stresses at the cross-bore intersection 

in 15 out of 35 models analysed. 

Keywords: Pressure vessels, cross bore, transverse edge, axial 

stresses,  

 

INTRODUCTION 

In the design of pressure vessels, different types of principal 

stresses such as hoop, radial and axial stresses are used to 

calculate various forms of working stresses (Nziu and Masu, 

2019a). he commonly used forms of working stresses are 

Tresca’s and Von Mises theories (Comlecki et al, 2007). 

Numerous techniques such as analytical, experimental and 

numerical have been used to develop formulae to predict the 

aforesaid principal stresses (Masu, 1989). Though, the former 

is preferred due to its low cost (Nziu and Masu, 2019a). 

A previous study by Nziu and Masu (2019b) had derived 

lengthy analytical solutions to predict stresses across the 

transverse edge of a radial circular cross bore. Because the 

stresses along the transverse edge of the cross bore are 

presumed to be critical (Ford and Alexander, 1977; Hearn, 

1999). The developed analytical solutions are able predict 

stresses in both small and large cross bores. However, only the 

hoop stress results computed by the hoop stress solution along 

the transverse edge of a small radial circular cross bore were 

presented and analysed. 

Therefore, this paper presents the analyses of the results 

predicted by axial stress solution as derived in Nziu and Masu 

(2019b) study.  

 

METHODOLOGY 

Cross bore configuration 

The configuration of the radial circular cross along the 

transverse edge A-A is illustrated in Figure 1. 

 

Figure 1: Configuration of the radial cross bore 

 

Solution to predict axial stresses along transverse edge A-A 

of a radial circular cross bore  

In the study by Nziu and Masu (2019b), the total stress 

distribution in the axial direction of the main cylinder was 

calculated by adding all the stresses acting in the axial 

direction. This summation was given by equations 3, 7, 8 and 

12 as indicated in Nziu and Masu (2019b) study. However, it 

was noted that the axial stress generated by the main cylinder 

at the cross-bore surface (computed using equation 3) was zero. 

Since this type of axial stress was being relieved by the cross 

bore. Hence, the total axial stress, 𝜎𝑧𝑇𝑜𝑡𝑎𝑙
 , along the transverse 

edge A-A of the cross bore was computed as shown in 

equations 1 and 2. 

𝜎𝑧𝑇𝑜𝑡𝑎𝑙
= 𝜎𝑟2

+ 𝜎𝑟3𝑎
+ 𝜎𝜃3𝑏

                                                   (1) 

𝜎𝑧𝑇𝑜𝑡𝑎𝑙
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Where 

r      Arbitrary radius measured from the cross bore bore centre 

𝑝𝑖  Internal pressure. 

𝜎𝑧 local longitudinal stress at the surface of the cross bore       

𝜃  Angle between the vertical axis and the small element. 
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K Cylinder thickness ratio 

𝑅𝑖  Internal radius of the main bore. 

𝑅𝑂 External radius of the main bore. 

𝑟𝑖,   Cross bore radius. 

R  Arbitrary radius measured from the main bore centre 

m           Ratio of  𝑅𝑂    and   𝑟𝑖, 

 

Studied Cases  

Seven cross bored thick-walled closed cylinders with thickness 

ratio of 1.4, 1.5, 1.75, 2.0, 2.25, 2.5 and 3.0 were studied. The 

analyses were done on five different cross bore sizes with bore 

ratios (cross bore to bore ratio) of 0.1, 0.3, 0.5, 0.7 and 1.0. A 

total of 35 analytical analyses was performed at this stage. 

 

Finite Element Analysis   

Finite Element Analyses (FEA) were performed using Abaqus 

software on 35 models of pressure vessels with similar 

geometric configuration to those given in the preceding section 

for purposes of validation.  

Due to the symmetrical configuration of the cross bore as 

shown in Figure 1, only an eighth of the structure was analysed.  

The cylinder was then loaded with internal pressure at both the 

main bore and the cross bore. Symmetrical boundary conditions 

were applied at the three cut sections of cylinder in X, Y and Z 

global axes to enforce the correct symmetric behaviour as well 

as restrict rigid body motions. While, the displacement in X 

axis at the far end of the cylinder was constrained in order to 

induce the effects of the end enclosures. A detailed modelling 

procedure followed in this research work is presented in an 

earlier study by Nziu and Masu (2018). 

 

RESULTS AND DISCUSSION 

Axial stress component in the direction of the main cylinder 

The axial stress per unit pressure along the transverse edge of 

the cross bore are presented under the following subheadings: 

Cross bore to main bore ratio of 0.1 

In this section, results of axial stresses in a thick-walled 

cylinder with a main bore to cross bore size ratio of 0.1 are 

presented in Figures 2-8 for K = 1.4, 1.5, 1.75, 2.0, 2.25, 2.5 

and 3.0. 

 

           

Figure 2: K = 1.4 CB = 0.1     Figure 3: K = 1.5 CB = 0.1 

 

            

Figure 4: K = 1.75 CB = 0.1                   Figure 1: K = 2.0 CB = 0.1 
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Figure 6: K = 2.25 CB = 0.1         Figure 2: K = 2.5 CB = 0.1 

 

 

Figure 8: K = 3.0 CB = 0.1 

Figures 2-8: Axial stress distribution per unit pressure for various thickness ratios along a radial circular cross bore, with 

a cross bore to main bore size ratio of 0.1. 

 

Generally, the disparity of stress distribution between the two 

methods was more pronounced in K = 1.4 as shown in Figure 

2, which reduced with an increase in thickness ratio. The axial 

stresses given by the two approaches along the cross bore were 

observed to change from a compressive state, at the 

intersection, to a tensile state along the cylinder thickness as 

illustrated in Figures 2 to 8. The lowest compressive axial stress 

per unit pressure at the intersection was given by the FEA 

approach. This occurred at K = 2.0 with a magnitude of -0.968, 

while the lowest stress from the analytical approach was at -

0.079 for K = 1.4. Only in K = 2.25, 2.5 and 3.0 were the stress 

predictions at the intersection by the two methods in good 

agreement as shown in Figures 6, 7 and 8.  

On the other hand, the highest tensile axial stress was given by 

the analytical method at K = 1.4 on the outside surface of the 

cylinder with a magnitude of 0.901. The FEA data produced a 

concave curve with a maximum turning point as shown in 

Figures 2 to 8. The position of this turning point was noted to 

be skewed towards the outside surface of the cylinder. The 

maximum turning point occurred on K = 1.4 at 0.395, whereas 

the minimum was on K = 3.0 at 0.0679 as illustrated by Figures 

2 and 8, respectively. Except for K = 1.4 and 1.5, the axial 

stresses predicted by the FEA data at the outside surface of the 

cylinder was zero. Contrary to the plain cylinder, where axial 

stress is constant across the cylinder thickness, it was found to 

vary along the surface of the cross bore in all the studied cases.  

 

Cross bore to main bore ratio of 0.3 

Results of axial stresses in pressure vessels with a main bore to 

cross bore size ratio of 0.3 are presented in Figures 9 to 15 for 

K = 1.4, 1.5, 1.75, 2.0, 2.25, 2.5 and 3.0. 
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Figure 9: K = 1.4 CB = 0.3         Figure 10: K = 1.5 CB = 0.3 

 

            

Figure 11: K = 1.75 CB =0.3                 Figure 12: K = 2.0 CB = 0.3 

 

             

Figure 13: K = 2.25 CB = 0.3       Figure 14: K = 2.5 CB = 0.3 
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Figure 15: K = 3.0 CB = 0.3 

Figures 9 - 15: Axial stress distribution per unit pressure for various thickness ratios along a radial circular cross bore, 

with a cross bore to main bore size ratio of 0.3. 

 

The axial stress distribution pattern observed in this section was 

similar to the one discussed in preceding section of bore ratio 

of 0.1. The disparity in stress distribution given by the two 

methods at the intersection was higher in K = 1.4 and 1.5 as 

shown in Figures 9 and 10. However, this disparity in stress 

distribution reduced as the thickness ratio increased as seen in 

Figures 14 and 15. The compressive axial stresses at the 

intersection given by the FEA method ranged from -0.85 to -

0.976, with the maximum stress occurring on K = 1.4. These 

stresses determined by FEA were close to those predicted by a 

similar study by Ford and Alexander (1977). The study by Ford 

and Alexander had predicted a constant axial stress along the 

cross bore of magnitude of -1.  

The stress distribution given by the two methods, in the current 

study, along the surface of the cross bore was in close 

agreement in K = 2.0, 2.5 and 3.0 as illustrated by Figures 13, 

14 and 15. The maximum tensile stresses given by the FEA 

occurred on K = 1.75 at 0.231. Except for K = 1.5, the axial 

stresses at the outer surface of the cylinder wrer zero. The 

analytical approach gave the highest compression stress at the 

intersection as -0.878 at K = 3.0, whereas, the highest tensile 

stress occurred at the outside surface of the cylinder reaching a 

value of 0.1 in all the thickness ratios. 

 

Cross bore to main bore ratio of 0.5 

Results of axial stresses in a thick-walled cylinder with a main 

bore to cross bore size ratio of 0.5 are presented in figures 16 - 

22 for K = 1.4, 1.5, 1.75, 2.0, 2.25, 2.5 and 3.0. 

 

  

Figure 16: K = 1.4 CB = 0.5      Figure 17: K = 1.5 CB = 0.5 
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Figure 18: K = 1.75 CB = 0.5                   Figure 19: K = 2.0 CB = 0.5 

 

  

Figure 20: K = 2.25 CB = 0.5                        Figure 21: K = 2.5 CB = 0.5 

 

Figure 22: K = 3.0 CB = 0.5 

Figures 16-22: Axial stress distribution per unit pressure for various thickness ratios along a radial circular cross bore, 

with a cross bore to main bore size ratio of 0.5. 

 

As illustrated in Figures 16 to 22, the stress distribution had 

similar patterns as observed in the preceding sections of bore 

ratios of 0.1 and 0.3. The FEA method gave the highest 

compressive axial stresses at the intersection. The stresses 

ranged between -0.963 to -0.984, being close to -1. Moreover, 

for K = 2.25, 2.5 and 3.0 the results from the analytical and 

FEA at the intersection were in close agreement. 

Furthermore, a good agreement in the prediction of stress 

distribution results by the two methods was seen in thickness 

ratios of K = 1.75, 2.0, 2.25, 2.5 and 3.0. As shown in Figures 

16 to 22.  The closest agreement in results between the two 

methods occurred only at the cross bore intersection, after 
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which, there were large inconsistencies in the stress 

distributions between these two methods. These 

inconsistencies may be as a result of some of the assumptions 

made during the derivation of the analytical solution. For 

instance, large cross bores may introduce varying magnitudes 

of bending and shearing stresses along curved surface of the 

cylinder which is contrary to the assumptions made in the 

development of the analytical solution. 

Except for K = 1.5, the data given by the FEA approach gave 

small values of tensile axial stresses. The highest stress value 

was reported at 0.0886 on K = 3. From the FEA results, it was 

noted that there were no axial stresses at the outside surfaces of 

the cylinders in all the thickness ratios. In contrast, the 

analytical method predicted high tensile stresses at the cross-

bore surfaces. The highest analytical stress had a magnitude of 

0.0375 occurring at K = 1.5. 

 

Cross bore to main bore ratio of 0.7 

Results of axial stresses in a thick-walled cylinder for cross 

bore size ratio of 0.7 are presented in Figures 23- 29 for K = 

1.4, 1.5, 1.75, 2.0, 2.25, 2.5 and 3.0. 

 

  
Figure 23: K = 1.4 CB = 0.7    Figure 24 : K = 1.5 CB = 0.7 

 

  
Figure 25: K = 1.75 CB = 0.7     Figure 26 : K = 2.0 CB = 0.7 

 

  
Figure 27: K = 2.25 CB =0.7                  Figure 28 : K = 2.5 CB = 0.7 
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Figure 29: K = 3.0 CB = 0.7 

Figures 23 - 29: Axial stress distribution per unit pressure for various thickness ratios along a radial circular cross bore, 

with a cross bore to main bore size ratio of 0.7. 

 

Inconsistencies in stress distributions predicted by the two 

methods on this cross-bore size were more pronounced in this 

cross-bore ratio than in the previous three ratios. These stress 

distribution inconsistencies are shown in Figures 25 to 29. The 

disparity between the two methods was seen to increase away 

from the intersection of the cross bore. From these illustrations, 

it was evident that there was no meaningful correlation between 

the results given by the two methods.  

The FEA approach predicted compressive axial stresses at the 

intersection which ranged from -0.957 to -0.983. In contrast, 

the analytical method gave lower stresses ranging from -0.382 

at K = 1.4 to -0.68 at K = 2.0. 

At the outside surface of the cylinders, the analytical method 

gave higher values of tensile axial stress than FEA approach in 

all the thickness ratios. The stresses given by the analytical 

method were constant at 0.96 for all the thickness ratios. 

Conversely, the FEA method predicted zero axial stress at the 

same point. The highest tensile stress given by the FEA method 

occurred in K = 1.4 at 0.168, whereas, the lowest was at K = 

1.75 at 0.0143. 

 

Cross bore to main bore ratio of 1.0 

Results of axial stresses in a thick-walled cylinder with cross 

bore size ratio of 1.0 are presented in figures 30 to 36 for K = 

1.4, 1.5, 1.75, 2.0, 2.25, 2.5 and 3.0. 

 

  

Figure 30: K = 1.4 CB =1.0                              Figure 31 : K = 1.5 CB = 1.0 
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Figure 32: K = 1.75 CB =1.0                 Figure 33: K = 2.0 CB = 1.0 

 

  

Figure 34: K = 2.25 CB =1.0               Figure 35: K = 2.25 CB =1.0 

 

 

Figure 36: K = 3.0 CB = 1.0 

Figures 30 - 36: Axial stress distribution per unit pressure for various thickness ratios along a radial circular cross bore 

with a cross bore to main bore size ratio of 1.0. 
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exception of K = 1.4 for the FEA method, the axial stresses 

predicted by the two approaches at the outside surfaces of the 

cylinders were zero. The FEA approach at K = 1.4 predicted an 

axial stress per unit pressure of magnitude -0.803 at the same 

point. Therefore, no tensile axial stresses occurred in this cross-

bore ratio as predicted by the analytical method.  

FEA method predicted a gradual change in stress distribution 

along the cylinder thickness, except for K = 1.4 where the stress 

varied sharply as shown in Figure 30. The tensile axial stresses 

resulting from the FEA method ranged from 0.0346 at K = 2.25 

to 0.318 at K = 1.4. 

 

General discussion on the correlation of analytical and FEA 

solutions 

In general, the axial stresses were found to vary along the cross-

bore depth in all the studied cases. This observation 

contradicted the earlier studies by Faupel and Harris (1957) and 

Ford and Alexander (1977) which had indicated that the axial 

stress is constant along the cross bore. Usually, the total axial 

stress along the cross bore is the summation of the axial stresses 

generated by the main cylinder with a bore and the 

corresponding radial stresses produced by the pressurised cross 

bore when acting alone. Thus, the sum of these stresses varies 

along the transverse edge of the cross-bore. In addition, the 

presence of varying magnitudes of bending moments and 

shearing stresses along the transverse edge of the cross bore. 

This occurrence results to non-uniform stress field around the 

cross bore. 

From the results presented in the preceding sections, it was 

evident that the developed analytical solution predicted 

correctly some of the axial stresses along the cross bore. In this 

study, the focus was mainly on the cross-bore intersection, 

where stresses were high. A summary of the cylinder sizes and 

their corresponding cross bore size ratios, where the analytical 

axial stresses’ magnitudes were in agreement with FEA at the 

cross-bore intersection, is shown in Table 1.  

 

Table 1: Axial stress at cross bore intersection where the 

analytical and FEA results were in good agreement. 

Cylinder thickness ratio (K) Cross bore size ratio 

2.25, 2.5 and 3.0 0.1 

2.5 and 3.0 0.3 

2.25, 2.5 and 3.0 0.5 

None 0.7 

All 1.0 

 

Out of 35 models studied, the analytical solution predicted 

correctly the magnitude of the axial stresses in 15 models.  

In brief, for small cross bores, the total axial stress is the 

summation of the axial stresses generated by the main cylinder 

with a bore and the corresponding radial stresses produced by 

the pressurised cross bore when acting alone.   

Contrary to the assumption made in the derivation of the 

analytical solution, it was revealed that despite the magnitude 

of the axial stress being small it was not necessarily zero. 

Hence, the disparities in the analytical and numerical results. 

Moreover, the disparities in results resulting from the two 

approaches were attributed to some of the assumptions made 

during the solution development and the limitations of the 

Abaqus software. For instance, in the development of the 

analytical solution it was assumed that the cylinder curvature 

has no effect on stress distribution. In addition, it was assumed 

that the axial stress was constant along the cross bore. This 

assumption of constant axial stress was contrary to the axial 

results presented by this study. Nevertheless, the ability of the 

Abaqus software in predicting the stresses correctly at the 

surface was not confirmed. Therefore, this study recommends 

the use of a numerical software suitable for surface stresses. 

 

CONCLUSION 

The developed solution was able to predict correctly axial 

stresses at the cross-bore intersection in 15 out of 35 models 

analysed. 
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