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Abstract

This paper presents the Galerkin-Vlasov variational method for
the elastic buckling analysis of SSCF and SSSS rectangular
plates. The thin plate problems studied are: (i) simply supported
along two opposite sides x = 0, and x = a, clamped along the
third side y = 0, and free along the fourth side y = b; (ii) simply
supported along the four sidesx =0, x=qa,y=0and y = 5. In
each case the edges x = 0 and x = a are subjected to uniform
compressive load. Mathematically, the considered stability
problem is a Boundary Value Problem (BVP) expressed by a
domain fourth order partial differential equation (PDE) whose
general solution should satisfy all the boundary conditions
determined by the edge support conditions. By the Galerkin-
Vlasov method, the unknown deflection shape function is
chosen as the product of the eigenfunctions of a vibrating thin
beam of identical span in the x direction and an unknown
function of y(G.(y)). The Galerkin-Vlasov variational integral
equation is simplified using the Leibnitz rule, integration by
parts and the orthogonality properties of the eigenfunctions of
simply supported thin beams to a system of fourth order
ordinary differential equations (ODESs). The general solution of
the system of ODEs is obtained using trial function methods in
terms of hyperbolic and trigonometric functions. The
imposition of boundary conditions is used in each of the two
cases to find the characteristic buckling equation. The buckling
equation is obtained in each case as a transcendental equation,
which is solved to obtain the eigenvalues from which the
buckling loads are determined. The results obtained in each
case for the buckling equation are identical to previous results
obtained by other scholars who used classical methods and
energy minimization methods. The results obtained for the
buckling loads are in agreement with previously obtained
solutions in the literature. The results obtained in each
presented case in this study are found to be exact because exact
shape functions were used in the x direction and the general
solution was obtained for the domain PDE at every point in the
plate domain. In addition, the solution obtained was made to
satisfy all the boundary conditions at all the edges of the plate.

Keywords: Galerkin-Vlasov variational method, characteristic
elastic buckling equation, critical elastic buckling load, elastic
buckling problem, elastic buckling load coefficient.
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I. INTRODUCTION

The elastic buckling analysis of plates subjected to various
distributions of compressive loads applied in their plane is an
important part of structural design of such members [1 — 10].
The plate may be assumed thin or thick, homogeneous or
inhomogeneous; and the loads may vary uniformly or non-
uniformly along the plate edges. The buckling problem may be
elastic or inelastic. One of the first studies of plate buckling was
conducted by Navier, who used the basic assumptions of
Kirchhoff thin plate theory to formulate the stability equation
of rectangular thin plates to include twisting. Saint Venant
modified the Navier formulation to incorporate the edge axial
and shear loads. Since the scholarly works of Navier and Saint
Venant, several other studies have contributed significantly to
the present day knowledge of buckling. Some of these works
are presented by: Ullah et al [11, 12, 13, 14], Timoshenko [2],
Timoshenko and Gere [3], Yu [8], Xiang et al [15], and Abodi
[16]. Oguaghamba [17] and Oguaghamba et al [18]
investigated the buckling and post-buckling loads of
rectangular plates assumed to be thin and with material
properties that are isotropic and homogeneous.

Various numerical and mathematical techniques have been
used for the plate buckling problem. They include: Finite
Difference Method (FDM), Differential Quadrature Method
(DQM), Discrete Singular Convolution (DSC) Method, Finite
Element Method (FEM), Ritz variational method, Finite Strip
Method (FSM), Galerkin variational method, single finite
Fourier sine transform method, double finite Fourier sine
transform method and Galerkin-Kantorovich method.

Ibearugbulem [19] and Nwadike [20] studied the elastic
buckling analysis of thin rectangular flat plates under uniform
compressive loads using Ritz variational technique. They
considered various boundary conditions and mostly presented
one unknown displacement parameter solutions for the critical
buckling loads. Osadebe et al [21] and Ibearugbulem et al [22]
presented the elastic buckling analysis of SSSS plates by the
Galerkin variational method that used the truncated Taylor-
Maclaurin’s series shape functions. Both studies considered
thin rectangular isotropic homogeneous plates subjected to
uniaxial uniform compressive load applied in-plane.
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Finite Difference method has been used for buckling problems
by Abodi [16]. Boundary element method was used by Shi [5],
and Shi and Bezine [6]. Finite Fourier sine integral transform
methods were used for elastic buckling analysis of plates by
Nwoji et al [23], and Onah et al [24].

In a recent study, Onyia et al [25] presented the Galerkin-
Kantorovich method for solving the elastic stability problem of
thin rectangular plate with two opposite simply supported sides
and the remaining two edges clamped. Onyia et al [25] assumed
the simply supported sides carry uniaxial uniform compressive
load, and considered isotropic, homogeneous material
properties. They obtained exact solutions for both the stability
equation and the buckling loads. Other recent studies on plate
buckling include: Lopatin and Morozov [26], Jafari and Azhari
[27], Zureick [28], Seifi et al [29], Li et al [30], Wang et al [31],
Mandal and Mishra [32] and Bouazza et al [33].

In the present study, the Galerkin-Vlasov method is presented
for solving the elastic buckling problems of rectangular SSCF
and SSSS plates subjected to uniform compressive loads acting
on the simply supported edges.

I.THEORETICAL FRAMEWORK

The governing partial differential equation for the elastic
buckling of rectangular thin plate (of dimensions axb) is
generally given by:

4 4 4 2
D@zv 82W2+62V +Nx_6v2v+
Ox ox“oy. oy ox
o%w o%w
Nyy+2ny%=p(x,y) (1) The

origin is assumed to be at a corner of the plate. Equation (1) is
also expressed in more compact form as:

DV*w+ N Wy +Nyw,,, +2N w,, = p(x, ») (2)
4

where V* = 8—4 +
Oox

ot ot
w2 ot
_Ow _ w

=—, W = —
6)12 xy axay
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6x2 »w

V* is the biharmonic operator, w(x, y) is the deflection, x, y are
the in-plane Cartesian coordinates, N, N, are the in-plane
normal compressive loads on the edges, N,, is the in-plane shear
force D is the flexural rigidity of the plate.

3
DB
12(1-p*)

E is the Young’s modulus of elasticity, # is the plate thickness,
uis the Poisson’s ratio of the plate material, p(x, y) is the

distributed transverse force on the plate domain.

The SSCF plate considered is shown in Figure 1.
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Figure 1: Rectangular thin plate simply supported on two
opposite edges, clamped on the third edge and free on the fourth
with the simply supported edges under uniform axial
compressive load

The governing domain equation for the elastic buckling
problem simplifies to:
DV*w(x, »+Nw, =0 3)

Since ]vy =0, va = O'P(x: y) =0

N azw(x »)

Thus, Viw(x, y) + -2 =22 =0 4

W)+ @)
The boundary conditions are:
For the simply supported edges, x =0, and x = a,
wx=0,y)=w(x=4a,y)=0 (5)
wo(x=0,)=w,(x=a,y)=0 (6)
At the clamped edge, y = 0,
w(x,y=0)=0 (7
ow
—(xy=0)=0 (8)
oy
At the free edge, y=b,

Pw  *w
M, (x,y=b)=-D — th— =0 9)
oy Ox
x,y=b
3 3
V,=-D 6—V3V+(2—u) 62w =0 (10)
Oy ox“oy rymb

where M,, is the bending moment, ¥, is the shear force.

I11. METHODOLOGY

By the Galerkin-VlIasov methodology, the shape function is

chosen for the x-coordinate direction as the eigenfunctions of a

vibrating thin beam of equivalent span and support conditions.

Thus, the shape function in the x direction is assumed as

Equation (11).

Fy(x) =Y sin ™= (11)
m=1 a

m=1,2,3,..., ©
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We observe that F,(x) satisfies the Dirichlet boundary
conditions at the simply supported edges. Hence it is an
appropriate shape function for the considered problem. The
deflection function is thus given by Equation (12) as follows:

W) = 33, (96,00 = 336,095 (12)

The Galerkin-Vlasov variational integral equation for the
problem is given by Equation (13).

“(V“ZZG (y)sm—+

o0

>G, (y)sm—

m n

sm—dd 0 13
D -z J xdy = (13)

where m assume integer values.

Explicitly, Equation (13) can be expressed as Equation (14).

e

a_zzan (»)sin @Jsin M xdy=0 (14
m n a a

64

& & . mux
— G, (y)sin— +
eSS a0

b|2

Simplification of Equation (14) yields the integral equation as
Equation (15).

N

2
j &Gnmsm@}sm@dw: o s
D a a

o 0]
n

E
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&

Further simplification of Equation (15) gives the integral
equation as Equation (16).

w o ba 2

ZZH{["’“] G, ()~ 2( j G (y)+G”(y)J

m n 00

(mnjz N, J} MTX . IMTX

— | —=G,(») |sin——sin——dxdy =0 (16)
a D a a

Simplifying Equation (16) further yields the Galerkin-Vlasov
integral equation for the considered problem as Equation (17).

Thus,
4
{le(y) 2( ) G”( )_,r_((mn] —
m n (Q a

2 a _
N . .
() _xJGn(y)}dy Fin ™0 P o
a D 0 a a

OO(XJb
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Simplifying again, Equation (17) becomes Equation (18).

o]

N

OOOOb

B

m n Q

in which,

a —
. MY . mmnX
I = Ism—sm—dx
0 a a

(19)

The orthogonality properties of the sinusoidal functions in the
integrand for/; are used to obtain the following results for the
integration problem described by Equation (19):

For m=#m, I; =0

m:I;l, 11¢O

Hence, Equation (18) simplifies to Equation (20).

8] cror-sz oo (2] -

2
mn\) N
20 g dy=0
( p ) D J n(y)J ly
This Equation (20) is true if the integrand vanishes for all, m, n.
This leads to the system of homogeneous fourth order ordinary

differential equations (ODESs) in G,(y) expressed by Equation
(212).

4
612" jG"( )+[[ 2= -
a
mn ZNx _
(7) 3JGn(y)_0

(20)

(1)

Let o, = (22)

Then, Equation (21) is expressed in terms of a,, as Equation
(23).

G ()~ 2a G"(y)+[ o %jc ()=0  (23)

IV. GENERAL SOLUTION FOR Gn(y)

The general solution for G,(y) is assumed in exponential form
as Equation (24):
G,(y) = AexpQ,y (24)

where 4 and Q, are parameters to be found.
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Then, the fourth order ODE becomes the algebraic problem
given by Equation (25).

N
(Q;; 2002 + af a2 2

For nontrivial solutions, 4 exp Q,y is not equal to 0, and the
auxillary equation results from Equation (25) as Equation (26).

j]A expQ,y =0 (25)

N
QF —2a202 vt —a? —=0 (26)

Solving Equation (26), we obtain by completing the squares:

ZN

Q2 -02) =d? (27)

D

Taking the square root of both sides of the Equation (27), we
obtain Equation (28).

N
2_ 2 2
Q) —ap, = .oy, 3" (28)
Hence, solving for 2, we obtain:
N
2 2 2
Qn =0, (0, Ex (29)
Hence the two possibilities for Q, are:
N
2_ 2, |2
Q, =a, + m?x (30)

or, Q2 =o? —.|d2 Ne _ —[—0‘51 + ’a,zn &J (31)
D D
% 1/2
Q, = [afn +,/afn FXJ =By (32)

1/2
Q, = ii( o, —= — afnj =+if,,, (33)

2

where By, = (1 ,ai N—Dx + oc,z,lJ (34)
¥ 2

Baw = (./afn - afnJ (35)

The general solution for G,(y) is:

G, (y) = 1, COSA By, y + ¢, SINN By, v +
C3m cos BZmy +Cap sin BZmy (36)

where cim, cam, canm and ca,, are the integration constants.

IV.I Imposition of boundary conditions on w(x, y) along
theedgesy=0andy=b

Case of SSCF plate

Using Equations (12) and (36), the general solution for w(x, y)
is found as the expression given by Equation (37).

m
. . mnx
Cam COS P2,y + Cqp SIN By, ) SIN — (37)

The boundary condition for w(x, y) at the edge y = 0 is given
by:

w(x,y=0)= ZG (y)SIn— =0 (38)
m=1 x,y=0

Hence, the boundary condition Equation (38) simplifies to:

~G,(y=0)=0 (39)

Similarly, the boundary condition on (Z—W aty =0 is given by:
y

ow 0 . mmx

—(xy=0)=—)> G,(y)sin——=0 40
% (x,y % >.G,(») ; (40)
Hence,

G,(y=0)=0 (41)

The boundary condition at the free edge y = b is:
" . MY
M, (x,y=b)= _D(Gn (v)sin B

mT

2
(7] HG, (y)sin%] -0 (4

Hence,
2
[G”( )— u( J G (y)} sin% =0 (43)
y=b
or, (Gy(v =b)=pop G, (v = b)) = 0 (44)

The boundary condition on V;, at the free edge y = b is:

V| =
Yly=b

0= —D(G,:’(y)sin e
a
(2 - )G} (»)sin @) —0 @)
a
Hence, Equation (45) becomes:
Gy =b)~(2-WobGy(y=b)=0 (46)

Taking the derivatives of G,(y) with respect to y, we have:

Gl; (y) = clmBlm sinh Blmy + CZmBlm cosh Blmy -
C3mB2m sin BZmy + C4mBZm Cos [32my (47)
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Gy () =y, COS By, v + ¢, B, SINN By, v —

CamBm COSPBom ~ CamBim SINBoyy (48)
() = 1Py SN By, + o BF, COSN By +

CamBm SN Boynd = CaB3y COSPoyy (49)
Hence from Equation (39), we have:
G,(y=0)=cy, +c3, =0 (50)
So, ¢, =1, (51)
From Equation (41), we have:
G, (v =0) = ¢, By + CamPom =0 (52)
Hence, ¢y, = _ ComPum (53)

Bom

From Equation (44), we obtain

2 2 2
1Bl €OSN By, b + ¢, B, SINN By, b — 3,85, COS Py, b —

c4mB%m sin BZmb - uarzn (clm cosh Blmb T Com sinh Blmb +

€3y COSP,,, b + 4y, SINPy,,0) =0 (54)
Simplifying, Equation (54) gives Equation (55):
1 (BS,, — notd, ) cosh By, b + ¢z, (B3, —
potl, )sinh By, b — 3, (B3, + poth, ) CosPB,,, b
~Can (B3, + 110t )SiNB,,,b =0 (55)

Further simplification, of Equation (55) using Equations (51)
and (53) gives Equation (56).

Cm (Bfm - Hagn ) cosh Blmb + Com (Bfm -
102 )SiNh By, b + cy (B3 + RS, ) COSPy,, b+

ol (g2 + o2, )sinB,b = 0

BZm

Using Equation (46) we obtain:

(56)

3 3 3
C1uPBim SINN By, b + 2,1, COSN By, b + 3,82, SIN B2, b —

CamPBam C03Boyb — (2~ W02 (1B SINN Bryb + €2,Brm COSN B —

C3nBam SIN B2y + €4, B2, COSP3,,0) =0 (57)

Simplifying, Equation (57) gives Equation (58):

i (BYy — (2= 0)0h By )SinN By, b+ ¢, (B, —

(2= W)&2By,,) COSN By + 3 (B + (2 — W) B2, 51N By —
Cam (B3 + (2~ W)atsBa,, ) COSPy,, b =0 (58)
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Further simplification of Equation (58) gives Equation (59) as
follows:

ComBum By — (2= 10)03,)SINN By b + 5, B (BE —
(2~ )oi2,) COSh B,y + CaBom (B, + (2~ W)a2,)sin By, —

CamBam (B3m + (2~ W)ots, ) COSPBy,,b =0 (59)
It can be shown that Equation (60) is true.

Bim —hoiy, = B3, +(2-n)as, (60)
From Equation (60), we have

Bom —PBin = —hoy, —(2-w)af, =20, (61)

Also from the expressions for 1, and B2, (Equations (34) and
(35)) we have:

N

sém-sfm:[ w2 x

[4 f(xfn Ny + 0‘;211] =202 (62)
D

Hence, Bf, —po, =B5,, +(2—waj = (63)

Similarly,

B3, +nad, =P5, — (2-pad =1, (64)

Then, the boundary conditions become:

J-o
and,

i (Bunz Sinh By, b — By, A SIN By, 0) +
Com (Brm2 €OSh By, b + By, A4 €OS By, b) = 0 (66)

As a matrix, the system of Equations (65) and (66) becomes:
Ay sinh By, + Bﬂxz sinBo,,b
P2

gl )

(B2 Sinh Bypb —B2phg SinB2mb) - (Brmha cosh Bryd + Prmhy €0S P2, b)
...(67)

£ infl, b (65)

2m

0
(Aq cosh By, b + Ao cosPo,,b)

|

0

The stability equation is obtained for nontrivial solutions as the
equation:

(BlmA'Z sinh Blmb - B2m7"1 sin BZmb) (B1n77‘2 cosh Blmb + Blm}"l COSBZmb)
...(68)

(7\,1 cosh Blmb + )\,2 COSBzmb) }\.1 sinh Blmb + EM}\.Z sin BZmb

2m

=0
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Expansion of the determinant yields:
(A cosh By, b + Ay COSPB,,, H) (B, Ao COS By, b +

Pun

BinM COSPy,,0) — Lxl sinh By,,b + 5 Aq Sin Bzme X

(BunAz sinh By, b — By, A SIN B3, b) = 0

Hence, simplification of Equation (69) gives Equation (70).

2m

(69)

BuuAhy COsh? By, b+ A3Py,, Cosh By, bCOSP,,, b +

AL By COSN By, bCOSBy,, b+ MhoPy, COS” By, b —
2

~AZBy,, SN By, bSin By, b — EﬂA‘Z}“lBZm sin® By,

2m

By, M, Sinh? By, b +Bl—'"xzﬁlmx2 sinh By, bsinp,,,b —
B

2m
JZO

...(70)
Simplification of Equation (70) gives:
MAoBr,, (COSh? By, b —sinh? By, b) + Aoy, (COS By, b +
sin? By,,b) + (A3By,, + AZBy,, ) COSh By, 5COSBy,,b —
kz Zm
ﬂ - xfBZm

{ BZm

From trigonometric and hyperbolic identities, Equation (71)
can be simplified using Equations (72) and (73)

Jsinh Bi,bsinB,,,b=0 (71)

cosh? By,,b —sinh? B, b =1 (72)

cos? By, b +sin?B,, b =1 (73)

Hence, the simplification of Equation (71) using the
trigonometric and hyperbolic identities gives Equation (74).

20 AoBpy + (A5 + AL By, COS By, bCOS Py, b —
.
ZBlm - x’fBZm

{ BZm

Division of Equation (74) by B, gives Equation (75).

Jsinh Bi,,bsinB,,,b=0  (74)

204hy + (A5 +A2)cosh By, bCosP,,, b —
1 (2385,
Blm BZm

Further simplification of Equation (75) yields Equation (76).

_kaZmJSinh BlmbSinBZmb =0 (75)

204k, + (A2 +A3)cosh By, bCosB,,, b —

#(}“gﬁfm - }“fBgm )Sinh Blmbsin BZmb =0
BlmBZm

The characteristic buckling equation — Equation (76) — which
has been derived and observed to be a transcendental equation
is solved by computational software tools to find the
eigenvalues (roots). The obtained eigenvalues are used to find

(76)
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the buckling loads for different varying plate aspect ratios and
for a Poisson’s ratio u = 0.25. The critical buckling load
coefficients K(a/b) of SSCF plates obtained in this study using
the Galerkin-Vlasov method for p= 0.25, and varying aspect
ratios are presented in Table 1 for uniform compressive load
applied at the simply supported edges x = 0, and x = a.

Table 1. Critical buckling load factors (coefficients) K(a/b) for
SSCF rectangular thin plates under uniform axial compression

2
Ve, =K%
Aspect | Corresponding | Presentstudy | Wang et al
ratio, a/b | buckling mode, K(alb) [1]
m K(alb)
0.5 m=1 4.518 4518
1.0 m=1 1.698 1.698
15 m=1 1.339 1.339
2.0 m=1 1.386 1.386
25 m=2 1.432 1.432
3.0 m=2 1.339 1.339
35 m=2 1.336 1.336
4.0 m=3 1.386 1.386
4.5 m=3 1.339 1.339
5.0 m=3 1.329 1.329
55 m=3 1.347 1.347
6.0 m=3 1.339 1.339
IV.11 Imposition of boundary conditions alongy =0, and y

= b for case of SSSS plates

For simply supported plates, the boundary conditions along the
y=0,and y = b edges are given by:

wx,y=0)=0
2
Zy—;v(x,y=0)=0

wx,y=5b)=0 (77)

o*w
_z(xvy = b) = O
oy

These boundary conditions imply that:
G.(y=0)=0

G,(y=0)=0

G.(y=b)=0

G,(y=b)=0

(78)
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Thus,
G,(yv=0)=¢,, +c3, =0 (79)
G(y=0) = c1,,B5, — 3,85, =0 (80)
Gn (y = b) =y, COSh Blmb + Com Sinh Blmb +

Cayy COSPo,, b+ 4y, SINPo,, b =0 (81)
Gr,l' (y = b) = clmem cosh Blmb + chB]?m sinh Blmb -
CamBSm COSBoyb = €45y SINBoyub = O (82)

Solving Equations (79) and (80) simultaneously, we have:

cim=c3n=0 (83)
Then the system of homogeneous equations become
Cop SINN By, b+ ¢4, SINP,,, b =0 (84)
ComPBEy SINN BB — C4,uB3,, SN By = O (85)
As a matrix, Equations (84) and (85) become:

sinhBy,,,b sinB,,,b Com 0
(B%m sinilélmb B sﬁnrin;szmb](imj i (0] )

The determinant of the coefficient matrix is required to vanish
for nontrivial solutions. Hence the elastic buckling equation is
given by Equation (87).

sinh By,,6
Bfm sinh Blmb _Bgm sin BZmb

Expansion of the determinant in Equation (87) yields:

sinBy,,b

-0 87)

—B3,,5in By, bsinh By, b—BZ, sinh By, bsinp,,, b = 0(88)

Simplifying,

—(BZ,, +PB3,,)sinBy,,bsinh By,,b =0 (89)
For nontrivial solutions,

sinf,,,b=0 (90)
Boyb=sint0=nt, n=123.. (91)

nt
Bom = > (92)
From Equation (35), we have
2 N 2 V2 nm
Pom = Ham 3" - Oﬂmj = (93)

Squaring both sides of Equation (93) gives Equation (94) as
follows:

2 N
chxmgx—oc

2 _
m

(94)
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Hence, simplifying Equation (94) gives:
(5] () (5 e
b
Hence, squaring both sides of Equation (95) gives:
2 2 22
GE= GRG)

Then, Equation (96) is expressed such that N, is the subject as

P (=]

Simplifying Equation (97) gives:
J

GE

2 4
() Jm)
Further simplification gives:

N GEGESICIE

Further simplification of Equation (99) gives Equation (100) as

follows:
2
nT
—] N J

(]

Let a/b = r, then a = br, and Equation (100) becomes in terms
of rand b;

2
Ay

nrt

b

mt

a

mT

a

nrt

b

Ny

X

2 Ny
" D

D

i (96)
a

a

mTm

mT

a

nr

jZJ{b

N, = D( — (97)

a2

(mm)?

mT

a

mTm

a

nrm

b

nm

b

N,=D

X

mTt

a

nm

b

a nr
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Simplifying Equation (101) gives:
D2 ( m? , 2t
Nx =b—2[r—2+21’l +7 (102)

Equation (102) is expressed in terms of buckling coefficients,
K(r, m, n) as:

2
Nsz(r,m,n)DZ (103)
b
2 2 4
where, K(r,m,n) = m—2+2n2+% (104)
r m
Form=n=1,
_ o1 2\ _rfa
K(r,m—n—l)—(r—2+2+r ]—K(A) (105)
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K(r) is evaluated for SSSS plates for different values of the
aspect ratio and presented in Table 2 which also shows the
agreement of the obtained results with results by lyengar [4]
and Nwoji et al [23].

Table 2. Elastic buckling load coefficients K(a/b) for simply
supported rectangular thin plate under uniaxial uniform
compressive load applied at the two opposite simply supported
edges for varying values of the aspect ratio, r.

= alb Present study | lyengar [4] | Nwoji et al [23]
K(alb) K(alb) K(alb)
0.1 102.01 102.01 102.01
0.2 27.04 27.04 27.04
0.3 13.201111 13.2011 13.2011
0.4 8.41 8.41 8.41
0.5 6.25 6.25 6.25
0.6 5.137778 5.1378 5.1378
0.7 4.530816 4.5308 4.5308
0.8 4.2025 4.2025 4.2025
0.9 4.044568 4.0446 4.0446
1.0 4 4 4

V. DISCUSSION

This study has presented the Galerkin-Vlasov method for the
elastic buckling analysis of SSCF and SSSS rectangular thin
plates subjected to uniform axial compression at the two
opposite simply supported edges (x = 0, and x = a). The
governing domain equation is a simplification of the general
domain equation for thin plate buckling under a general state of
in-plane loads and distributed transverse loads given by
Equation (1). The governing domain equation is obtained from
Equation (1) for the case when N, =0, Ny, = 0, and p(x, y) = 0,
and is given by Equation (4). The boundary conditions for
SSCF plates are given by Equations (5 — 10). Using the
Galerkin-Vlasov methodology, the shape function in the x
coordinate direction F,(x) is chosen as the eigenfunctions of a
vibrating Euler-Bernoulli beam of equivalent span and support
conditions, as Equation (11). The deflection function used is
thus given as the product of unknown function in the y-
coordinate G,(y) and F,(x) as Equation (12). The Galerkin-
Vlasov variational integral equation for the considered problem
for both SSCF and SSSS plates was thus found as Equation (13)
expressed explicitly as Equation (14). Simplification of the
Galerkin-Vlasov integral equation resulted in Equation (18)
which further reduced to Equation (20). Ultimately the
condition for the validity of equation (20) was found to be the
vanishing of the integrand, resulting in the system of ODEs in
G.(y) given by Equation (21), or more compactly as Equation
(23). A trial function solution assuming the exponential trial
function in Equation (24) led to the algebraic problem in
Equation (25). The condition for nontrivial solutions of
Equation (25) resulted in the homogeneous algebraic equation
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— Equation (26). The four roots of Equation (26) were found as
Equations (32) and (33). The four roots were used to establish
the solution basis of linearly independent solutions resulting in
the general equation presented in Equation (36) which contains
integration constants ciu, ¢am, cam and ca,. The general solution
for w(x, y) was thus obtained as Equation (37).

V.l Discussion on SSCF plates

The boundary conditions equations for SSCF plates were
expressed in terms of G,(v) and its derivatives as Equations (39),
(41), (44) and (46). The boundary conditions Equations (39),
(41), (44) and (46) were used to set up a set of four
homogeneous equations — Equations (50), (52), (56) and (59).
The set of homogeneous equations was further reduced with the
aid of relations between two constants given by Equations (51)
and (53). The resulting simplification is a set of two
homogeneous equations expressed by Equations (65) and (66)
and presented as the matrix in Equation (67). The stability
equation, obtained from the condition for nontrivial solutions
was found as Equation (68). The simplification and use of
trigonometric and hyperbolic identities of mathematics resulted
in the transcendental equation given as Equation (76).
Transcendental equations are usually difficult to solve in closed
form. The eigenvalues of the transcendental equation were
found using computational software tools that deploy iteration,
and the buckling loads obtained from the eigenvalues. The
buckling loads computed for various buckling modes and
varying aspect ratios, and for Poisson’s ratio p =0.25 are
presented in Table 1. Table 1 shows that the present results are
identical with previous results obtained by Wang et al [1] thus
validating the present study.

V.11

For the case of SSSS plates considered, the boundary
conditions for the edges y = 0 and y = b, expressed as the system
of four equations in Equation (77) are given as the system of
equations in terms of G,(y) and its second derivative with
respect to y as Equation (78). Explicitly, the imposition of
boundary conditions results in the system of four equations —
Equations (79), (80), (81) and (82). Equations (79) and (80) are
solved simultaneously yielding the solutions for two constants
as Equation (83). The vanishing of two integration constants as
expressed by Equation (83) reduce the resulting equations to a
set of two equations — Equations (84) and (85). The equations
are expressed as the matrix equation in Equation (86). The
condition for nontrivial solutions requires the vanishing of the
determinant of the coefficient matrix yielding the equation
given by Equation (87). Expansion of the determinant and
further simplification gave the elastic buckling equation as the
transcendental equation expressed by Equation (89). The
eigenvalues are found by seeking closed form solutions to
Equation (90), and are obtained as Equation (92). The
expressions for the buckling loads for any buckling mode are
then obtained from the eigenvalues as Equation (102) after
some algebraic simplifications. Critical buckling loads are
associated with the first buckling modes for which m = n = 1.
The expression for the critical buckling load coefficient is
obtained as Equation (105). The critical buckling load

Discussion on simply supported plates
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coefficient is calculated for varying values of the plate aspect
ratio and presented in Table 2, together with previous results
obtained by lyengar [4] and Nwoji et al [23]. Table 2 illustrates
the agreement of the present results with previous results
obtained by lyengar [4] and Nwoji et al [23] where Nwoji et al

[23]

used the double finite Fourier sine integral transform

method.

V1. CONCLUSION

(i)

(i)

(iii)

(iv)

v)

(vi)

(vii)

The Galerkin-Vlasov method has been proved to be
effective for solving the elastic buckling problem of SSCF
and SSSS rectangular thin plates subjected to uniform
compressive load along the simply supported edges x = 0,
and x = a.

The displacement function chosen using the Vlasov
procedure as the eigenfunctions of a vibrating Euler-
Bernoulli beam of equivalent span and support conditions
in the x-coordinate direction ensured the satisfaction of all
Dirichlet boundary conditions along the simply supported
edges (x =0, and x = a).

The Galerkin-Vlasov methodology converts the BVP of
elastic stability to an integral equation using the Galerkin-
Vlasov variational integral formulation of the problem.

The Galerkin-Vlasov variational statement (equation),
simplifies to a system of homogeneous ordinary
differential equations (ODEs) in the unknown function
Gu(y).

The system of ODEs is solved by assuming an
exponential function as trial function, and this leads to
obtaining the basis for linearly independent solutions and
the general solution.

The application of boundary conditions along the edges y
= 0, and y = b results in a system of homogeneous
equations in terms of the integration constants.

The condition for nontrivial solutions is used on the
homogeneous equation to find the elastic stability
equation in determinant form.

(viii) The characteristic buckling equation is obtained from

(ix)

)

(xi)

expansion and simplification of the determinant as a
transcendental equation.

The eigenvalues of the transcendental equation are
obtained using the computational software tools based on
iterations, since closed form solutions of some
transcendental equations are difficult to obtain, and in
most cases have not yet been found.

The expressions found for the elastic stability equation for
the considered SSCF and SSSS rectangular thin plates are
exact, and identical with previous exact expressions in the
literature, thus validating the study results.

The critical elastic buckling loads found for the
considered SSCF and SSSS rectangular thin plates are
also exact, since the governing equations were solved for
all points in the plate domain, and all boundary conditions
are also satisfied by the solution.
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(xii) The exact buckling loads obtained are in agreement with

results from the literature.
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