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IMAGE DENOISING METHODS FOR NEW TVL1 MODELS WITH IMPULSE NOISE'

JAE HEON YUN*

Abstract:

In this paper, we first propose two TVL1 variational problems
for restoring images degraded by impulse noise, and then
we propose two fixed-point-like methods for solving the
new proposed TVL1 problems. Numerical experiments
for several test images corrupted by impulse noise and
several damaged images overlying with texts are provided
to demonstrate the efficiency and reliability of the proposed
fixed-point-like methods. Numerical results show that two
fixed-point-like methods for solving the new TVL1 problems
perform significantly better in the image quality measured
by PSNR than a fixed-point method for solving an existing
TVLI1 problem.

1. INTRODUCTION

In this paper, we consider image denoising problems degraded
by impulse noise. Impulse noise is often generated by
malfunctioning pixels in camera senses, faulty memory
locations in hardware, or erroneous transmission. Two
common types of impulse noise are salt-and-pepper noise
and random-valued noise. Assume that an intensity range
of an image i8 [dyin, dmaz]- Salt-and-pepper noise corrupts
a portion of pixels with only two values of d,,;, O dimax
while keeping other pixels unaffected. For random-valued
noise, a portion of pixels is corrupted in the same manner as
salt-and-pepper noise except that the corrupted pixels can take
any random value between d,,;,, and d,qz-

We first introduce the operator vec which transforms a matrix
C € RM*N into a long vector ¢ € R’ by stacking the
columns of C' from left to right, that is,

¢ =vec(C) = (Cfp 0327 e 7C*TN)T eR

where c,; is the ith column of C'and ¢ = M N. Let us assume
that the true image U has an N x N square array. Then the
original image U is represented by a long vector u = vec(U)
of size m = N2. In this paper, we assume that a noisy image
f € R™ is represented by

f=u+n (1.1)
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where v € R™ is the original image and € R™ denotes
the impulse noise. Then for salt-and-pepper noise, the noisy
image f = (f;) € R™ is defined as

dmin  with probability 3
U with probability 1 — s

with probability 5 ,

where s is the noise level of the salt-and-pepper noise. Our
objective of this paper is to restore u from the noisy image f
as well as possible.

The classic TVL1 model for recovering a true image u from
a noisy image f with impulse noise is given by the following
variational problem with the /;-norm data fidelity term and
total variational regularization term

min {||u — flls + pllullrv s w € T}, (1.2)

where p > 0 is a regularization parameter, I" is a closed
convex subset of R™ and ||u||ryv denotes the total variation
(TV) of w. There are two possible definitions for ||u||ry; one
is the anisotropic TV, and the other is the isotropic TV. In this
paper, we only consider the isotropic TV of u € R™ which is
defined by

m m

lullry = 3 N(Vwill = 37

i=1

, (1.3)
2

where the discrete gradient operator V : R™ — R2?™ is
defined as follows:
(Vu); = ((Vou)s, (Vyu);)" foreachi=1,2,...,m

with
, iftmod N =1,

0
Vau); =
(Veu); {Ui —u;_q, ifimod N # 1,

0 , if i <N,
and (Vyu); =

Note that if ¢1-norm is used instead of ¢3-norm in Equation

u; — ui—n, if @ > N.

(1.3), then the resulting TV norm is anisotropic. The convex
subset I' of R™ associated with a given vector f € R™ and a

proper subset A of {1,2,...,m} is given by
I={yeR™|Myy=Myf}, (1.4)
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where My is an m X m diagonal matrix with diagonal entries
1 for indices in A and O otherwise.

In last decades, the problem of solving the classical TVL1
model (1.2) has been studied by many researchers (see [2, 3,
4,5,6,8, 10, 11, 12] and the references therein). It was shown
in [5, 8, 10, 11] that the TVL1 model works successfully
in recovering blurred images corrupted by impulse noise.
Notice that the TVL1 model has many difficulties in finding
its solutions both mathematically and numerically since both
the [;-norm data fidelity and regularization terms are not
differentiable.
Recently, Lu et al. [7] proposed a fixed-point method for
solving the following TVLI1 variational problem

. A
win {Ju— £l + ol + ey e ], @)

where \ and p are positive numbers. They showed that the
fixed point method performs remarkably better in the image
quality measured by PSNR and preserves more features than
FTVd (Fast total variation deconvolution) proposed in [11] at
the expense of much increase in computational time. This
approach motivates us to propose the following two TVLI

variational problems
. A
win { Ju = £l + FIDul} + ey e ], (16

min {||u — flls + Al Dullz + pllufrv : w € T'},
where D
operator. Under the reflexive boundary condition, the discrete

(1.7)

—A and A denotes a discrete Laplacian

Laplacian operator is represented by a singular matrix in
R™>*™ (see Section 6).

Notice that the TVLI problem (1.5) has a unique solution
since its objective function is strictly convex, while the TVL1
problems (1.6) and (1.7) may not have a unique solution since
its objective functions are just convex, not strictly convex.

By using the indicated function of the convex set I' which
ifuel

is defined by
tr(u) = ,
r(v) {m ifug T

the constrained minimization problems (1.5), (1.6) and
(1.7) can be transformed into the following equivalent

unconstrained minimization problems

. A
win {7+ Sl + il +ox(a) s w € R

(1.8)
mm@mﬂh+gwmﬁ+mmhv+wwwueRm,
(19)
min {[lu — flly + Al Dullz + pllulry + () : u € R7).
(1.10)

This paper is organized as follows. In Section 2, we provide
some definitions and useful properties which are fundamental
tools for developing numerical algorithms for solving the
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image denoising problems (1.6) and (1.7). In Section 3,
we briefly review the fixed-point method for the TVLI1
problem (1.5) proposed by Lu et al. [7]. In Section 4, we
propose a fixed-point-like method, using proximal operators,
for solving the new proposed TVL1 problem (1.6). In Section
5, we propose a fixed-point-like method, using proximal
operators, for solving the new proposed TVLI problem
(1.7). In Section 6, we provide numerical experiments for
several test images corrupted by salt-and-pepper impulse
noise and several damaged images overlying with texts in
order to demonstrate the efficiency and reliability of two
fixed-point-like methods for solving the TVL1 problems (1.6)
and (1.7). Lastly we provide some concluding remarks.

2. PRELIMINARIES

Some definitions and useful results which we refer to later in
this paper are provided below. We first provide the proximal
operator introduced by Moreau [9].

Definition 2.1. Let ) : R™ — RU{+o00} be a proper, convex
and lower semi-continuous (l.s.c) function.
operator of i at v € R™ is defined by

The proximal

prox,, (v) = argmin{; | w—ov|34+Y(u):ue Rm} .
2.1

Definition 2.2. Let ¢ : R™ — RU{+o0} be a proper, convex
and Ls.c function. The subdifferential of ¢ at v € R™ is
defined by

0Yp(v) ={y e R™ : ¢(z) > Y(v)+ < y,z—v >, Vz € R"}.
2.2)
Elements in 0 (v) are called subgradeients.

It is well-known that subdifferential of a convex function
is a set-valued mapping from R™ into a nonempty convex
compact set in R™ [1]. We now present three examples for
which we can explicitly calculate the proximal operators.

Example 2.3. Let||-||; and || - ||2 be the {;-norm and l2-norm
defined on R™, respectively. For any A > 0 and v € R™

}wﬁg@)

b 0} b
A V]2

where |v| denotes elementwise absolute value of the vector v

1
=0

prox%“_‘ll(v) = max{|v| — b\

1

v
proxy 1, (0) = max { ol -

and .x denotes the elementwise multiplication.

Example 2.4. Let I' be the convex subset of R™ which is
defined by (1.4). Forany A > 0 and v € R™

pI‘OX%LF (U) = MAf + (I - MA)(”);

where ¢ denotes the indicated function of the convex set I'
and I denotes an identity matrix of order m.
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Notice that the isotropic TV of u € R™ defined by (1.3) can

be expressed as

[ullrv = (¢ o B)(w), (2.3)

where ¢ : R?™ — R is a convex function defined by

m

o) =

=1

[
Um+i

and B is a d x m matrix which represents a discrete gradient
N? and d = 2m (see Section 6).

The next example gives the proximal operator of the convex

for each v = (v;) € R®™
2

operator V with m

function ¢ = %(p on R?™ which is called the generalized
shrinkage formula, where A > 0.

Example 2.5. If ) = $p and v = (v;) € R*™, then

m
H Pproxi vi
e X“H2 Um+i ’

where [] denotes Cartesian product of vector spaces.

proxigo(v)

The following theorem outlines a relationship between
the proximal operator and the subdifferential of a convex
function.

Theorem 2.6 ([7, 9]). If ¢ is a proper, convex and Ls.c.

function on R™ and v € R™, then

y € 0Y(v) & v=prox,(vty) < y= (I-prox,)(v+y),
2.4)
where I denotes an identity operator on R™.

3. REVIEW OF FIXED-POINT ALGORITHM FOR
1.5)

In this section, we briefly review the fixed-point method
proposed in [7] for solving the TVL1 problem (1.5). The
problem (1.5), which is equivalent to (1.8), can be expressed
as

. A
win {lu = £l + 513 + plo0 BYw) + er(w) s u € R”
3.1
where A > 0, p > 0, and ¢ and B are defined the same as

in (2.3). Using Fermat rule in convex analysis for model (3.1)
and relation d(p o B) = BT o (0¢) o B, we have

0€e (3;\” . ||1) (u—f)+pBT <5‘igp) (Bu)+u+%8bp(u).
(3.2)

From relation (3.2), for any «, 5, v > 0 we can choose a

vector a € (x| [1)(u— f), a vector b € 9( g5 p)(Bu) and

a vector ¢ € J(5er)(u) satisfying

7, _

A

By Theorem 2.6, the inclusions a € (| - [l1)(u — f),

be 8(5@)(31&) and c € a(%LF)(U) lead to

aa+ pBBTb+u + 0. (3.3)

a=(I=prox ) (w=F+a), G4
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b= (I—proxﬁ%\w) (Bu +b),

u = prox1, (u+c).
Y

(3.5)
(3.6)

Note that ¢p(-) = d¢p(+) for any 6 > 0. Setting v = A in
Equation (3.3) yields

c=—u—aa—pBBTh. (3.7

Substituting (3.7) into (3.6) and then applying Example 2.4 to

Equation (3.6), one obtains

w=Mxf+ (I —Mp)(—aa—pBBTb).  (3.8)

From Equations (3.4), (3.5) and (3.8), Lu et al. [7] proposed
the following fixed point method, called Algorithm 1, for
solving the TVL1 problem (1.5).

Algorithm 1
(1.5)
1: Given degraded image f, choose positive parameters «, 5, A, p
2: Initialization : u° = 0,a° = 0and ° = 0
3: for k = 0 to maxit do

Fixed-point method for the TVL1 problem

. k+1 __ k k
4: a —(prrOXﬁMl) (u* = f+a")
. k41 _ k| 1k
5: b 7(I—proxﬁ%w)(3u —|—b)
6: uFtt = Maf+ (I — MA)( — aabtt — pBBTka)
7. it 1wl g then
’ [luFF1T]2
8: Stop
9: end if
10: end for

For all algorithms considered in this paper, maxit denotes the
maximum number of iterations and tol denotes the tolerance

value of the stopping criterion.

4. FIXED-POINT-LIKE METHOD FOR THE TVL1
PROBLEM (1.6)

In this section, we propose a fixed-point-like method, using
the proximal operators, for solving the new proposed TVLI1
The problem (1.6), which is
equivalent to (1.9), can be expressed as

variational problem (1.6).

win { Ju = 7l + 31003 + pl0 BYw) + ex(a) s w € R™

4.1)
where A > 0, p > 0, and ¢ and B are defined the same
as in (2.3). Using Theorem 2.6, we can obtain the following
property for a solution to the TVL1 problem (4.1).

Theorem 4.1. If ¢ is a real-valued convex function on R%, B
is an d X m matrix, and u is a solution to the TVLI problem
(4.1), then for any «, 8 > 0 there exist vectors a € R™ and
b € R such that

a= (I—proxiuiul) (u—f+a),
b= (I—prOX%W) (Bu+b),

4.2)
4.3)
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w=Mrf+(I—Mpy)(u—a— é()\DTDu + BB™Y)).
(4.4)

Conversely, if there exist positive numbers o, 5, a € R™ b €
R? and w € R™ satisfying Equations (4.2) to (4.4), then u is
a solution to the TVLI problem (4.1).

Proof. We assume that u € R™ is a solution to the TVL1
problem (4.1).
problem (4.1) and using the relations (¢ o B) = BT o () o

B, we have

By the Fermat rule in convex analysis for

0 € (DIl 1) (u— f)+ ADT Du+ pBT (9)(Bu) + dur- (1),

4.5)

From relation (4.5), for any «, 5,7 > 0 we can choose a

vector a € O(L| - [l1)(u — f), a vector b € 9(5#)(Bu)
and a vector ¢ € 8(%“1) (u) satisfying

aa+ ADTDu+ BBTb +yc=0. (4.6)

By Theorem 2.6, the inclusions a € 9(% |- ||1)(u— f) and b €

8(%@)(Bu) lead to Equations (4.2) and (4.3), respectively.
The inclusion ¢ € 9(¢r)(u) means

U= proxi,, (u+ c). 4.7)
Setting v = « in Equation (4.6) yields
1
c=—a——M\DTDu+ BBTb). (4.8)
o

Substituting (4.8) into (4.7) and then applying Example 2.4 to
Equation (4.7), Equation (4.4) is obtained.

Conversely, suppose that there exist a, 3, a € R™, b € R?
and v € R™ satisfying Equations (4.2) to (4.4). Again, by
Theorem 2.6, Equations (4.2) and (4.3) ensure that a € 8(% II-
1)(w — f) and b € 9(5p)(Bu), respectively. In addition,
Equation (4.4) means u = prox, (v —a — =(ADTDu +
BBTb)). Then Theorem 2.6 impﬁes

—a— é()\DTDu + BBTb) € a(ébp)(u). (4.9)

From relation (4.9), it can be easily seen that relation (4.5)

holds. Hence u € R™ is a solution to the TVLI problem
4.1). O

From Equations (4.2) to (4.4) of Theorem 4.1, we can obtain
a fixed-point-like method, called Algorithm 2, using the
proximal operators for the TVL1 problem (1.6).
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Algorithm 2
problem (1.6)

Fixed-point-like method for the TVLI1

1: Given degraded image f, choose positive parameters «, 3, A, p
2: Initialization : u® = 0, a® = 0 and b° = 0

3: for k = 0 to maxit do

4 okt = (I—prox%”wll)(uk—f—l—ak)

5 pEtt = (I — pI‘OX%(p) (Buk + bk)

6:  uftt = Maf+ (I — Ma)(u* — " — L(AD"Du* +
BBTkarl) )

7 il metle < o) then

8: Stop

9: end if

10: end for

The following theorem provides a convergence analysis for
Algorithm 2.

Theorem 4.2. Let {a"}, {b"} and {u"™} be sequences
generated by Algorithm 2. If we can find two consecutive

k+1 k+1

vectors u* and u such that u = uF for some positive

1

values of o, B, \ and p, then u*+1 is a solution to the TVLI

problem (1.6).

Proof. Substituting Equations (4.2) and (4.3) into Equation
(4.4), one obtains

u=Mrf+ (I—My) (uf (I—prOXé‘Hh)(ufera)

1
- ()\DTDu +BBT (I - proxs,)(Bu +) )) .
(4.10)

From Theorem 4.1, it can be easily seen that if u, a and b
satisfy (4.10) for some positive values of «, 3, A and p, then

u is a solution to the TVL1 problem (1.6). In Algorithm 2, if
k+1

U = " for some positive values of v, 3, X and p, then we
have
okt = (I- prox(%”_Hl) (ukJrl —f+ ak), 4.11)
b = (I —proxg, ) (Bu"* +b*). (4.12)

Substituting Equations (4.11) and (4.12) into line 6 of
Algorithm 2, one obtains

R = Mpf + (I — My) (uk“ _ (I*proxiu-lh)(ukﬂ —f+ad")

1
- ()\DTDuk+1 +8BT(I - prox%w)(BulH'l + bk)) .
(4.13)
From Equation (4.13), it can be seen that uF*1, oF and b*
satisfy (4.10) for some positive values of a, 3, A and p. Hence

u**1 is a solution to the TVLI problem (1.6). (]

Theorem 4.2 gives an idea of how to stop Algorithm 2. In

practical applications, we do not have to find «**! which is
equal to u¥. Instead, we need to find ¢*+!

close to u*.

which is reasonably
Hence we have used the following stopping
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criterion in Algorithm 2
[ P
[uk 2

where tol is a suitably chosen small tolerance value.

< tol,

5. FIXED-POINT-LIKE METHOD FOR THE TVL1
PROBLEM (1.7)

In this section, we propose a fixed-point-like method, using
the proximal operators, for solving the new proposed TVL1
The problem (1.7), which is
equivalent to (1.10), can be expressed as

variational problem (1.7).

min {[lu — [l + Al Dulla + p( 0 B)(w) + er(w) : u € R™Y,
(5.1)

where A > 0, p > 0, and ¢ and B are defined the same

as in (2.3). Using Theorem 2.6, we can obtain the following

property for a solution to the TVL1 problem (5.1).

Theorem 5.1. If ¢ is a real-valued convex function on R%, B
is an d X m matrix, and v is a solution to the TVLI problem
(5.1), then for any «, B, > 0 there exist vectors a,c € R™
and b € R? such that

a:(I—prox%H,”l)(u—f—i—a), (5.2)
b= (I- prox%@) (Bu+b), (5.3)
c=(I- pI‘OX%H,HQ) (Du+c¢), (5.4)

u=Mprf+ I —M)(u—a-— é()\vDTc—i- BBTD)).
(5.5)

Conversely, if there exist positive numbers «, 3,y and vectors
a,c € R™, b e RY and u € R™ satisfying Equations (5.2) to
(5.5), then w is a solution to the TVLI problem (5.1).

Proof. We assume that v € R™ is a solution to the TVLI1
problem (5.1). By the Fermat rule in convex analysis for

problem (5.1), we can obtain

0 € (9I|-l1)(u—f)+B" (9pp) (Bu)+ADT (9|-]|2) (D) +0ur (u)

(5.6)
From relation (5.6), for any a,3,7 > 0 we can choose
avector a € (L[ - l)(u— f), b € 9(5p)(Bu), ¢ €
8(%” “|l2)(Du) and d € 9(3ur)(u) satisfying

aa+ BBTo+~yADTc+6d=0. (5.7)

Hence Equation (5.5) holds. By Theorem 2.6, the inclusions
a € 05|l [h)(Ku— f).b € d(§¢)(Bu) and c € d(5 | -
|l2) (D) lead to Equations (5.2), (5.3) and (5.4), respectively.
The inclusion d € d(5¢r)(u) means

U= proxi, (u+c). (5.8)
Setting § = « in Equation (5.7) yields
1
d=—a——(\yDTc+ BBTD). (5.9)
e
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Substituting (5.9) into (5.8) and then applying Example 2.4 to
Equation (5.8), Equation (5.5) is obtained.

Conversely, suppose that there exist a, 3,7 > 0, a,c,u €
R™, and b € R? satisfying Equations (5.2) to (5.5). By
Theorem 2.6, Equations (5.2) to (5.4) ensure that a €
AL - ) = f). b € d(5e)(Bu) and ¢ € AL -
l2)(Du), respectively. In addition, Equation (5.5) means
u=proxi, (u—a—L1(AMyDTc+ BBTb)). Then Theorem
2.6 implies

a— (0D et BBTY) € o)) (510

From relation (5.10), it can be easily seen that relation (5.6)
holds. Hence u € R™ is a solution to the TVLI problem
5.1). Il
From Equations (5.2) to (5.5) of Theorem 5.1, we can obtain

a fixed-point-like method, called Algorithm 3, using the
proximal operators for the TVL1 problem (1.7).

Algorithm 3

problem (1.7)

1: Given degraded
@ B,7, A p

Fixed-point-like method for the TVLI

image

s

choose positive parameters

2: Initialization : u® = 0,a° = 0,5° = 0and ® = 0

3: for k = 0 to maxit do

4: ak“:(I—prOXé||“‘l)(uk—f+ak)

5: bl = (1 — prox,éw)(Buk +b%)

6: =1 - prox%H‘HQ)(Duk +c¥)

7: uFT = Maf + (I — My) (ub —a* ™' — L(yDT M +

/BBTbk+1))
i llu -
if “———"2 < tol then

8 TaFFT]
9: Stop
10: end if
11: end for

The following theorem provides a convergence analysis for
Algorithm 3.

Theorem 5.2. Let {a™}, {b™}, {c"} and {u"} be sequences
generated by Algorithm 3. If we can find two consecutive

k1 such that uF+1

vectors u* and u = u¥ for some positive
values of o, 3,7, X and p, then u** is a solution to the TVLI
problem (1.7).

Proof. Substituting Equations (5.2) to (5.4) into Equation
(5.5), one obtains

u=Maf+ (I — My) (u— ([—proxiu,”l)(u—f—i—a)
_ é ()\’yDT([—prox%‘Hb) (Du+c)

+ﬂBT(I — prOX%W)(Bu+ b))) .
(5.11)
Theorem 5.1 implies that if u, a, b and c satisfy (5.11) for
some positive values of «, 3,7, A and p, then u is a solution
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to the TVL1 problem (1.7). In Algorithm 3, if u*+! = u* for

some positive values of a, 3,7y, A and p, then we have

aktl = (prrOX%H,Hl)(u]Hl ferak), (5.12)
b = (I - prox[%w) (BuFt! 4+ b%), (5.13)
FH = (I = proxa ) (Duf !+ F). (5.14)

Substituting Equations (5.12) to (5.14) into line 7 of
Algorithm 3, one obtains

W= My T+ (1 — M) (uk“ _ (prrox%u'”l)(ulwrl —f+ad")
1 T k+1 k
- ()\'yD (prrox%”,lb) (Du +c )

+8BT (I- prox%AP)(Buk'H + ") )) .

(5.15)

Equation (5.15) implies that u**1, a*, b* and c* satisfy (5.11)
for some positive values of «, 3,7, A and p. Hence u**' is a

solution to the TVL1 problem (1.7). O

Theorem 5.2 also gives an idea of how to stop Algorithm
3. Thus Algorithm 3 has the same stopping criterion as
Algorithm 2.

6. NUMERICAL EXPERIMENTS

In this section, we provide numerical performance results for
Algorithms 1 to 3. In Section 2, it was shown that the isotropic
TV of u € R™ can be represented by ||u||rv = (¢ o B)(u),
where ¢ and B are defined the same asin (2.3). Let D, = D,
be the first order backward finite difference matrix of order N
defined by

0 0 0
-1 1 0

D, =D, = Do
0 -~ =1 10

0 -~ 0 -1 1

Then B can be expressed as a d X m matrix given by

B = ,
D, ® Iy

where ® denotes the Kronecker product, In denotes the
identity matrix of order N, m = N2 and d = 2m. Under the
reflexive boundary condition, the discrete negative Laplacian
operator D = —A can be represented by a singular m x m
matrix (In ® Dgy + Dyy ® In), where Dy, = D,y is the
second order finite difference matrix of order /N defined by

1 =1 e ... 0

-1 2 -1 .- 0

Day = Dyy = : - . - :
o --- -1 2 -1

o --- 0 -1 1
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In order to illustrate the efficiency and reliability of two
fixed-point-like methods, called Algorithms 2 and 3, for
solving the new proposed TVL1 problems (1.6) and (1.7),
we provide numerical results for four test images such as
Cameraman, Lena, House and Boat (see Figure 1). The pixel
size of four test images is 256 x 256. All numerical tests have
been performed using Matlab R2019a on a personal computer
with 3.2GHz CPU and 8GB RAM. maxzit is set to 500 for
all algorithms, and tol is set to 1 x 10~ (for Algorithm 1),
1 x 10~* (for Algorithm 2) or 2 x 103 (for Algorithm 3).
To evaluate the quality of the restored images, we use the peak
signal-to-noise ratio (PSNR) between the restored image and
original image which is defined by

N2-ma_x\ul-j|2
PSNR = 10log;y | ——2——
IU = Ull3

where || - || refers to the Frobenius norm, U and U are the
original and restored images with size N x N, respectively.
Also u;; stands for the value of original image U at the pixel
point (4, j) and N is the total number of pixels. It is generally
true that the larger PSNR value stands for the better quality of
restored image.

For all numerical experiments, we have used the test images
with an intensity range of [0,1]. For all test problems, we
choose the degraded test images which are corrupted by
salt-and-pepper impulse noise with noise levels 60% or 80%.
In Tables 1 to 4, P, represents the PSNR values for the noisy
images f, Alg denotes the algorithm to be used, Cam denotes
the Cameraman image, PSNR represents the PSNR value for
the restored image, Iter denotes the number of iterations,
and CPU denotes the elapsed CPU time in seconds. All
parameters «, 3, v, A and p are chosen as the best one by
numerical tries. The convex set I' is generated from an index
set A which contains indices corresponding to the intact part
of the original image u = vec(U).

Tables 1 and 2 contain numerical results of Algorithms 1
to 3 for noisy images with 60% and 80% salt-and-pepper
noises, respectively. Tables 3 and 4 contain numerical results
of Algorithms 1 to 3 for two different types of overlying
images. Figure 1 shows the true images for Cameraman,
Lena, House and Boat. Figures 2 and 3 show the images
restored by Algorithms 1 to 3 for noisy images with 60%
and 80% salt-and-pepper noise, respectively. Figures 4 and
5 show the images inpainted by Algorithms 1 to 3 for two

different types of overlying images, respectively.
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TABLE 1. Numerical results for image denoising problems with 60% salt-and-pepper noise

Image Py Alg «a B ¥ A p tol PSNR Iter CPU
1 | 0.0001 0.0001 0.001 2500 1x 1075  26.08 55 0.81
Cam 721 2 150 35 49 20 1x107* 2670 167  3.86
3 600 250 125 04 30 2x1073 2678 208  5.19
1 0.0001  0.0001 0.001 2500 1x10~° 2791 54 0.81
Lena 720 2 150 3.5 49 20 1x107% 2851 155  3.58
3 600 250 125 04 30 2x1073 2856 148  3.65
1 | 0.0001 0.0001 0.001 2500 1x 1075  31.62 55 0.82
House 7.13 2 150 3.5 49 20 1x107* 3318 180  4.15
3 600 250 1.25 0.4 30 2x 1073 33.42 237 5.88
1 | 0.0001 0.0001 0.001 2500 1x1075  26.87 55 0.82
Boat 6.85 2 150 35 49 20 1x107% 2749 159  3.66

3 600 250 125 04 30 2x1073 27.70 175 4.36

TABLE 2. Numerical results for image denoising problems with 80% salt-and-pepper noise

Image FPp Alg « B ol A P tol PSNR Iter CPU
1 0.0001  0.0001 0.001 2500 1x 1075 23.30 120 1.82
Cam 595 2 150 35 4.7 20 1x107% 2371 315 7.20
3 600 250 125 04 30 2x107% 2378 260 638
1 0.0001  0.0001 0.001 2500 1x 1075 25.10 116 1.74
Lena 593 2 150 35 4.7 20 1x107* 2557 291 6.65
3 600 250 125 04 30 2x1073 2584 186 454
1 0.0001  0.0001 0.001 2500 1x 1075 27.96 123 1.87
House 584 2 150 35 4.7 20 1x107% 2898 363 8.27
3 600 250 125 04 30 2x1073  29.62 329 817
1 0.0001  0.0001 0.001 2500 1x 1075 23.80 119 1.80
Boat 559 2 150 3.5 4.7 20 1x107* 2399 291 6.67

3 600 250 125 04 30 2x1073 24.28 206 5.15

TABLE 3. Numerical results for image inpainting problems with overlying images beginning with words “The term”

Image Py Alg a B ol A p tol PSNR Iter CPU
1 | 0.0001 0.0001 0.001 2500 1x10°  36.77 52 0.72
Cam 1850 2 150 50 2.0 16 1x10* 37.14 200 4.24
3 150 50 0.12 2.0 135 2x1073 37.84 237 5.47
1 | 0.0001 0.0001 0.001 2500 1x 105  37.49 52 0.68
Lena 1686 2 150 50 2.0 16 1x107% 38.11 163 3.44
3 150 50 012 2.0 135 2x1073  39.14 173 3.98
1 0.0001  0.0001 0.001 2500 1x 1075  40.32 52 0.67
House 16.89 2 150 50 2.0 16 1x107* 4034 244 517
3 150 50 012 20 135 2x1073  40.62 286 6.59
1 | 0.0001 0.0001 0.001 2500 1x 1075  35.62 51 0.67
Boat 1574 2 150 50 2.0 16 1x107% 3558 189  3.99
3 150 50 012 2.0 135 2x1073  36.44 185  4.27
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TABLE 4. Numerical results for image inpainting problems with overlying images beginning with words

“Cross-Correlation”

Image Py Alg « B o' A p tol PSNR Iter CPU
1 | 0.0001 0.0001 0.001 2500 1x 1075 3435 30 0.38
Cam 1681 2 150 50 2.0 16 1x107* 3447 153 328
3 150 50 0.12 20 135 2x1073 3513 188 433
1 | 0.0001 0.0001 0.001 2500 1x 1075 3895 30 0.38
Lena 1726 2 150 50 2.0 16 1x10~* 3943 121 257
3 150 50 012 20 135 2x1073 3957 133 3.08
1 | 0.0001 0.0001 0.001 2500 1x 1075 41.26 30 0.37
House 1846 2 150 50 2.0 16 1x10~* 4277 168 3.58
3 150 50 012 20 135 2x1073  42.88 227 524
1 | 0.0001 0.0001 0.001 2500 1x 1075  37.57 30 0.37
Boat 1742 2 150 50 2.0 16 1x10~* 3726 146  3.11
3 150 50 012 20 135 2x1073 3859 163 3.76

As can be seen in Tables 1 to 4, Algorithm 3 for the TVLI1
problem (1.7) restores the true image best, and Algorithm 1
for the TVLI problem (1.5) restores the true image worst in
almost all cases. That is, Algorithm 3 yields the highest PSNR
values, and Algorithm 1 yields the lowest PSNR values in
almost all cases. Algorithm 3 for the TVLI problem (1.7)
restores the true image significantly better than Algorithm 2

Cameraman image

Lena image

for the TVL1 problem (1.6), but Algorithm 3 takes more CPU
time than Algorithm 2 except for 80% salt-and-pepper noise.
Also observe that Algorithm 1 restores the true image worse
than Algorithms 2 and 3, but it takes much less CPU time than
Algorithms 2 and 3. Based on numerical results, Algorithm
3 for solving the new TVLI1 problem (1.7) is preferred over
Algorithms 1 and 2.

Boat image

House image

FIGURE 1. True images for Cameraman, Lena, House and Boat
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60% noisy image Denoising by Algorithm 1 Denoising by Algorithm 2 Denoising by Algorithm 3

B b
Denoising by Algorithm 2 Denoising by Algorithm 3

/ /
ﬁ ﬁ
4 4

60% noisy image Denoising by Algorithm 1 Denoising by Algorithm 2 Denoising by Algorithm 3

60% noisy image Denoising by Algorithm 1 Denoising by Algorithm 2 Denoising by Algorithm 3

FIGURE 2. Image denoising for noisy images with 60% salt-and-pepper noise
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Denoising by Algorithm 2 Denoising by Algorithm 3

Denoising by Algorithm 1 Denoising by Algorithm 2 Denoising by Algorithm 3

80% noisy image Denoising by Algorithm 1 Denoising by Algorithm 2 Denoising by Algorithm 3

80% noisy image Denoising by Algorithm 1 Denoising by Algorithm 2 Denoising by Algorithm 3

FIGURE 3. Image denoising for noisy images with 80% salt-and-pepper noise
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Inpainting by Algorithm 1 Inpainting by Algorithm 2 Inpainting by Algorithm 3

Inpainting by Algorithm 1 Inpainting by Algorithm 2 Inpainting by Algorithm 3

Inpainting by Algorithm 1 Inpainting by Algorithm 2 Inpainting by Algorithm 3
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Overlying image Inpainting by Algorithm 1 Inpainting by Algorithm 2 Inpainting by Algorithm 3

FIGURE 4. Image inpainting for damaged images overlying with texts
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Inpainting by Algorithm 1

Inpainting by Algorithm 1

Inpainting by Algorithm 1

Overlying image

Inpainting by Algorithm 1

Inpainting by Algorithm 2 Inpainting by Algorithm 3

Inpainting by Algorithm 2 Inpainting by Algorithm 3

Inpainting by Algorithm 2 Inpainting by Algorithm 3

FIGURE 5. Image inpainting for damaged images overlying with texts

7. CONCLUSION

In this paper, we proposed two new TVLI variational
problems (1.6) and (1.7) for restoring images degraded by
impulse noise, and then we proposed two fixed-point-like
methods, called Algorithms 2 and 3, for solving the new
TVL1 problems (1.6) and (1.7).
showed that Algorithms 2 and 3 for solving the new proposed
TVLI1 problems (1.6) and (1.7) perform better in the image
quality measured by PSNR than Algorithm 1 for solving
the existing TVL1 problem (1.5). In addition, Algorithm 3
restores the true image significantly better than Algorithm

Numerical experiments
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2, but Algorithm 3 takes more CPU time than Algorithm 2
for most cases. Hence, it can be concluded that Algorithm
3 for solving the new TVLI1 problem (1.7) is preferred over
Algorithms 1 and 2.

REFERENCES

[1] A. Beck, First-order methods in optimization, SIAM,
Philadelphia PA, 2017.

[2] T.F. Chan and S. Esedoglu, Aspects of total variation
regularized LI function approximation, SIAM J. Appl.
Math., 65 (2005), 1817-1837.



International Journal of Engineering Research and Technology. ISSN 0974-3154 Vol.13, No.4 (2020), pp. 686-698
(© International Research Publication House. https://dx.doi.org/10.37624/IJERT/13.4.2020.686-698

[3] Y. Dong, M. Hintermiiller and M. Neri, An efficient
primal-dual method for L1-TV image restoration, SIAM
J. Imag. Sci., 2 (2009), 1168-1189.

[4] V. Duval, J.-F. Aujol and Y. Gousseau, The TVLI model:
A geometric point of view, SIAM J. Multiscale Model.
Simul., 8 (2009), 154-189.

[5] Y.D. Han and J.H. Yun, Performance of Fixed-point-like
Methods for a TVLI Problem with Impulse Noise,
International Journal of Engineering Research and
Technology, 12 (2019), 2431-2439.

[6] Q. Li, C.A. Micchelli, L. Shen and Y. Xu, A proximity
algorithm accelerated by Gauss—Seidel iterations for
L1/TV denoising models, Inverse Problems, 28 (2012),
Article ID 095003, p. 20.

[7]1J. Lu, K. Qiao, L. Shen and Y. Zou, Fixed-point
algorithms for a TVLI image restoration model, Inte. J.
Comp. Math., 95 (2018), 1829-1844.

698

[8] C.A. Micchelli, L. Shen, Y. Xu and X. Zeng, Proximity
algorithms for the L1/TV image denoising model, Adv.
Comput. Math. 38 (2013), 401-426.

[9] J.J. Moreau, Proximité et dualité dans un espace
Hilbertien, Bull. Soc. Math. Fr. Mém., 93 (1965),
273-299.

[10] M. Nikolova, A variational approach to remove outliers
and impulse noise, J. Math. Imaging and Vision, 20
(2004), 99-120.

[11] J.F. Yang, Y. Zhang and W.T. Yin, An efficient TVLI
algorithm for deblurring multichannel images corrupted
by impulsive noise, SIAM J. Sci. Comput., 31 (2008),
2842-2865.

[12] W. Yin, D. Goldfarb and S. Osher, The total variation
regularized L1 model for multiscale decomposition,
STIAM J. Multiscale Model. Simul., 6 (2007), 190-211.



