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ABSTRACT

A generalised common fixed point theorem for Presic Type
Hybrid Contraction involving two maps f : X — X and
T : X* — CB(X) in metric space is proved. The result
generalises many known results.
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1. INTRODUCTION

Nadler[11] introuced set valued contractive mappings in metric
spaces and proved existence of fixed points for such mappings.
Later many authors extended and generalised the work of
Nadler in different directions.

Considering the convergence of certain sequences, Presic [13]
proved the following :

Theorem 1.1. Let (X,d) be a metric space, k a positive
integer, T : X¥ — X be a mapping satisfying the following
condition :

d(T (w1, 22, . . s Tht1))
< qud(xy, x2) + qo.d(w2, x3) + - - + qr.d(Tk, Ty1)
(1.1)

. ,.Z‘k),T(JZQ,xg, .

where x1,Ta,...,Txy1 are arbitrary elements in X and

q1,92,---,q, are non-negative constants such that q1 +
G2 + -+ qx < 1. Then, there exists some v € X
such that x = T(z,x,...,x). Moreover if x1,2a,...,Tk

are arbitrary points in X and for n € N x4 =
T(TpyTpi1y -y Tntk—1), then the sequence < x, > is

convergent and lim x,, = T (lim zp, lim x,,, ..., lim x,).

Note that for k¥ = 1, the above theorem reduces to the
well-known Banach Contraction Principle.
Ciric and Presic [5] generalising the above theorem proved the

following:

Theorem 1.2. Let (X,d) be a metric space, k a positive
integer, T : X* — X be a mapping satisfying the following
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condition :

d(T (w1, 29, .. s Tht1))
< Amaz{d(zy, x2),d(x2, x3), ... d(Tk, Trpi1)

k), T(xg, x3, .. (12)

where x1,To,...,Tiy1 are arbitrary elements in X and
A € (0,1). Then, there exists some v € X such that
x=T(x,z,...,x). Moreover if x1,%a,...,xy are arbitrary
pointsin X and forn € N,k = T(Tn, Trg1s- - Tntk—1)s
then the sequence < x, > is convergent and lim x,
T(lim xp, lim x,, ..., limx,). If in addition T satisfies
D(T(u,u,...u),T(v,v,...v)) < d(u,v), forall u,v € X
then x is the unique point satisfying x = T'(x,x, ..., x).

The above theorems have been generalised by Pacurar [12],
Reny George et al [9]. Nadler [11] generalised the Banach
Contraction to set valued functions and proved the following:

Theorem 1.3. Ler (X, d) be a complete metric space and T
be a mapping from X into C B(X) where C B(X) denotes all
closed bounded subsets of X such that forall x, y € X,

H(Tz,Ty) < Md(z,y) (1.3)

where 0 < A < 1. Then T has a fixed point.

Several fixed point theorems have been established in various
topological spaces using Set Valued / hybrid contractions. (see
[1-4],[6-8],10,15,17). The present paper is aimed at proving
fixed point theorems for set valued mappings of Presic Type
there by generalising the above theorems and other proven
results.

2. PRELIMINARIES
The following definitions are needed in the sequel:

Definition 2.1. Let (X,d) be a metric space, k a positive
integer, T : X* — X and f : X — X be mappings.

(a) An element x € X is said to be a coincidence point of
fand T if and only if f(z) € T(x,x,.....,z). fz € f(z) =
T(z,x,....,x) then we say that x is a common fixed point of
fandT.
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(b) Mappings f and 7T are said to be commuting if and only
if f(T(x,z,..x)) =T(fx, fa,...fr) forall z € X.

(c) Mappings f and T are said to be weakly compatible if
fxeT(x,x,.....x) implies T'(f(x,z,...) CT(fz, fx...fx).

Remark 2.2. for k = 1, the above definitions reduces to
the usual definition of commuting and weakly compatible
mappings in a metric space.

The set of coincidence points of f and 7' is denoted by
C(f.7).

Definition 2.3. Let A be a non-empty subset of a metric space

(X, d). For x € X, define
d(X, A) = inf{d(x,y) : y € A} @1

Let CB(X) denote the set of all nonempty closed bounded
subsets of X. For A, B € CB(X), define

0(A, B) = sup{d(z,B) : z € A}
H(A, B) = max{§(4, B),§(B,A)} (2.3)
Then H is a metric on C B(X) and is called Hausdorff metric.

Remark 24. Let (X,d) be a metric space and A,B €
CB(X). Then for all ¢ > 0 and a € A, there exists a point
b € B such that d(a,b) < H(A, B) + «.

2.2)

3. MAIN RESULTS

Consider a function ¢ : R* — R such that
(a) ¢ is an increasing function,i.e 1 < y1, 22 < Yo, ....0x <

yi, implies ¢(x1, za,....xx) < @(y1, Y2, ... Yk)-

(b) P(t, t,t,...) <t forallt € X

(c) ¢ is continuous in all variables (d) ¢(t1, ta,....tx < Max
(t1,ta, ....ty)

Now we present our main results as follows :

Theorem 3.1. Let (X, d) be a metric space. For any positive
integerk, letT : X* — CB(X)and f : X — X be mappings
satsifying,
T(XE) C f(X) (3.1)

H(T(x1,x2,..2), T (x2,23, ...Xk+1))

< Ao(d(fxy, fa), d(frz, f3),...(fr, frei))
where x1,%2,...Xk41are arbitrary elements in X and \ €
(0,1) and

(3.2)

f(X) is complete 3.3)
then f and T have a coincidence point, i.e., i.e. C(f,T) # )

Proof. Let R > 0 where,
d(fx17f$2) d(fxlafm2)

R = maz{ 2 , 02 , o
d(fx1, fz2) d(fa1, fzz) '
7 I o
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with & = A% {e} C X be a sequence satisfying

0 < e, ande; < ROFH (3.5)

Let x1, x9, ...z, be arbitary elements in X. By (3.1), (3.4)
and remark (2.4), there exist zyy1, Tpyo in X, such that
Yrr1 = farpr € T(w1,29...0) and ypio = [rpeo €

T(xzg,23.....x541) such that
d(Yk+1, Ykv2) = d(fTry1, frrre)
< H(T(l‘l,xg, ..... LC]C)7T(CL'2,£L‘37 ..... xk+1) + €1

S )\(rb(d(fxlv f:EQ)ad(foa fl’g), "'(kav ka-‘rl)) +e

< AG(RO, RO?, ... RO¥) + e

< \G(RO, R, ....RO) + &

< ARO) + €1 < RO + ¢

< 2ROFH

Also,

d(Yr+2,Yr+3) = d(frrq2, freis)

< H(T(z2,x3,.c..k+1), T (T3, Tq,....Tpt2) + €2

< A(d(fxo, fo3),d(fxs, fra), ..(frrer, frrqe)) + €
< AG(RO?, RO?,.... 2ROF) + o

< A\G(RO?, RO?,.....RO?) + €3

< ARO?) + €3 < A2ROFH + ¢

< 3RHF+2

Continuing this process we can form the sequence < y,, >
such that yn+k=fxn+k S T(In, Tpn41, mn+2....xn+k_1) with

d(Yns Yn+1) < (n+ 1)RO"
for all n. Now, for p, n € N, we have
A(Yns Yn+p) < A(Yns Ynt1)s A(Ynt1,
d(yn+p71a yner)
< (n+1)RO™ + (n+ 2)RO™H +
=nRO" P01+ ROT P 6
As, n — oo, we have d(yn, Yntp) = 0

(3.6)

(n + p)RO™P-1

Clearly {y,,} is Cauchy sequence and since f(X) is complete,
we have some u, v € X such that lim,, o¥yn =v = fu. Now,

d(fu, T(u,u,..w)) < d(fu, frnir)
+d(frntik, T(u,u,...u))
=d(fu, fepir)+ HT(Tn, Tng1, - -Tnpr—1), T(u, u, ... u))

<  d(fu, fepsr) + H(T(u,u,...w), T(u,u,..x,)) +
H(T(u,w,....xp), T (U 0y ..y, Tppp1) )+
Feoverenn H(T(uy Ty Ty 1y oo kie2)y T Ty T 1y ve e T k—1))

The above reduces to,

d(fu, T(u,u,...u) < d(fu, Yntk)

+AM{d(fu, fu),d(fu, fu),...,d(fu, fzn)}

AN d(fu, fu),d(fu, fu),...,d(fu, fen), d(fon, fenia)}+

+)‘¢{d(fu7 frn),d(fon, froe), .. d(fenir—2, fxn-i-k—l)}'
= d(fu,Yn+x) + A8(0,0, ..., d(fu, fzn))
+26(0,0,....d(fu, fx,),d(frn, fTani1)) + -

FA0(d(fu, fon),d(fen, fens1), - - d(fTnik—2, [Tnir—1))-
= d(fu7 Yntk) + Ao(d(fu, fr,),
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d(f:En, fxn+1), ...d

(f$n+k—27 fl"n.:,.k_l)).

Taking, lim,_~ in RHS, we get,
d(fu,T(u,u,..u)) =0.

As, T(u,u,..u) € CB(X
T(u,u,u, ...u)

), we have, v = fu €

i.e., u is coincidence point and v is point of coincidence of f
and 7.

Thus C(f,T) # 0

O

Theorem 3.2. Let (X, d) be a metric space. For any positive
integer k, let T : X* — X and f : X — X be two mappings
satisfying all conditions of Theorem (3.1), with

ue C(f,T) = T(u,u,u,..u) = {fu} 3.7
with A € (0,%). Then T and f have unique point of
coincidence. Further if f and T are weakly compatible, then

f and T have a unique common fixed point.

Proof. From Theorem 3.1, C(f,T) # 0 with u € C(f,T).
ie. f(u) = T(u,u,u....u) = v for some v € X. Sowv
is a point of coincidence of f and 7. We claim the point of

coincidence is unique. If not, let there exist u’ in X such that
{v} ={fu} =T(u,u,..u)and

WYy={fu'} =T u,..u)

d(v',v) = H({v'}, {v})

d(v/,v) = H(T(u/,u/,u/, ..... ul),T(u,u,u,...u))
< H(T(ful,u,7 ....u/),T(ul,ul,u/, ) +

H(T(u/,ul7 ...fu,u),T(u/,u/,u/,...u,u))+

....... H(T(u/,u, Uy oty ), T(u,u, ....u))

< Ap{d(fu', fu), d(fu', fu), ooy d(fu, fu)}
FAG{d(fu, fu), d(fu', fu'), d(fu', fu),d(fu, fu)} +
FAS{d(fu', fu),d(fu, fu),...d(fu, ffu)}.

= Ap(0,0, ..., d(fu, fu))

+26(0,0, .....d(fu', fu),0) + ...
+A(d(fu', fu),0,0,0,...0)).

= kM(fu', fu).

= kM0, v)

Repeating n times, we get, d(v',v) < k"A"d(v’, v)
As n — 00, k" A" — 0 and hence d(v’, v) — 0.

Sov = v, ie. point of coincidence of f and 7' is unique.
Since f and T' are weakly compatible, we have,

fo=ffu= f(T(uu,...w) € T(fu, fu,...fu)
ie, fveT(v,v,..v) =w
Since Point of Coincidence is unique, w = v.

Therefore, fv =T (v,v,v,...v) =v
So v is unique common fixed point of f and 7. 0
Remark 3.3. For k = 1 and f = Id (identity mapping),

Theorem 3.2 becomes set valued contraction of Nadler type.

Example 34. Let X = R, X =[0,2]andd : X x X - R
such that d(xz,y) =| x —y | . Then d is a metric on X Let
A be the collection of all non empty subsets of X of the form
A = {[0,z] : * € X}. Denote H : A x A — X with
respect to d as follows: H(A,B) =| z —y | for A = [0,2]

and B = [0,y]. T : X?> = X and f : X — Xbe defined as

follows.

T(w,y)= [°<””2+“2) +1]if (z,y) € 0,1] % [0,1]

T, y)=[ 25+ 1Jif (2, y) € [1,2) x [1,2]

T, )= +y>+ 3 Jif (2,y) € [0,1] x [1,2]

T, )= ) € [1,2] % 0,1

f(x) = 22 zf:c € [0,1]

fx)=zifz € [1,2]

Case 1. x,y,z € [0,1]

H(T(z,y), T(y, ))= | T(z,y) = T(y,2) |
|(w21y2)+( + )|

=| (9132*242 _|_( 2?) |

< gmaz{d(fz, fy) d(fy, f=)}

Case 2. x,y € [0,1] and z € [1,2]
H(T (), T(y,2)= | 00
W2 |< fomax{d(fr, fy). d(fy. f2))

2 2 2
(y4+2) |=| @"—y7) 4

4

Case 3. z € [0,1] and y, z € [1, 2]

12 z 12— —z
H(T (@), T(y, 2))= | 52 = Wz =) L 4 02 |<
§ma$c{(fx7fy),d(fy7fz)}

Case 4. x,y,z € [1,2]
H(T(x,y),T(y, 2))= | ) —
Lmaz{(fz, fy),d(fy, fz)}

Similarly in all other cases we see that d(T (z,y),T(y, z)) <
Umaz{(fz, fy), d(fy, )}

and f and T satisfy the condition (3.2) with ¢(x1,z2) =
max(xy,22). It can be seen that C(T, f) = {0,1}, f and
T commute at 0 and 1 and so are weakly compatible. Finally,
Fix(f,T) = {0,1}. f and T do not satisfy condition (3.6).

Hence the Fixed point is not unique.

(yIZ) =| (xzy) + (yZZ) <

Example 3.5. Let X = R, X =[0,2]andd : X x X — R
such that d(x,y) =| v —y | . Then d is a metric on X.
Let A be the collection of all non empty subsets of X of the
form A = {[0,z] : = € X} U{{z} : = € X}. Denote
H : Ax A— X with respect to d as follows:

|z —y| forA =10,zlandB = [0, y].

|z —y | forA ={z}andB = {y}.

maz{y, |z —y |} forA =[0,z]andB = {y}
maz{z,| x —y |} forA = {z}andB = [0, y]

H(A,B) =

T:X? = Xand f: X — Xbe defined as follows.
T, y)= 0 if (2,) € 0,1] x [0,1]

T, y)=[2 Jif (2,) € [1,2] x [1,2]

T, y)=[2EH2 if (2, ) € [0,1] x [1,2]
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T2, y) =20 1 if (2,y) € [1,2] x [0,1]

[ Zifee0,1]
J(@) = {xif:): e [1,2]

As in previous example we can show that f and T satisfy all the
conditions of Theorem (3.1) with ¢(x1,22) = max(z1,z2)
and *ZL. Clearly C(f,t) = {0} and T(0,0) = 0. Thus all the
conditions of Theorem 3.2 are satisfied and Fix(f,t) = {0}.

Corollary 3.6. Ler (X, d) be a metric space. For any positive
integer k, let T : X*¥ — CB(X)and f : X — X be
mappings such that f(X) is a closed subspace of X and
T(z1,22,.....xx) C f(X) for all xq, xa,....xx, satisfying the
following conditions:

f(X) is complete 3.8)

k
H(T (21, %3, ), T(2, 23, wx11)) < Y cid(fi, fign)
=1

3.9
where x1, X3, ...Xx1are arbitrary elements in X and «; are
non negative constants such that Zle a; < 1. Then f and
T have a point of coincidence, v € X. and Further if f and
T are weakly compatible, then f and T have a common fixed
point.

Proof. Proof follows from Theorem 3.1 and 3.2 by taking
¢(t17t2~mtk) S Maac((tl,tg....tk). O

Taking f = Iz in the above Corollary and proceeding as before,
we get the following :

Corollary 3.7. Let (X,d) be any complete metric space, k a
positive integer. Let T : X* — CB(X) be a set valued Presic
Type contraction, with Zle a; < 1, Then T has a fixed point
veX.

Remark 3.8. Cor (3.6) and (3.7) are the main theorems 3
and 4 of Sukhla et al [16]. Corollary (3.6) is an extension
of the theorem of Nadler [11] in product spaces which also
generalises Theorem 1 for set valued mappings.

Let us consider the following:
Let ¢ : R — R such that
(a) ¢ is an increasing function,i.e 1 K y1,To K Yo, ....TF K

yi implies ¢(x1, To, ....Tx) K A(Y1, Y2, Yk )-
(b) P(t, t,t,...) <t ,forallt € X

(c) ¢ is continuous in all variables.

Theorem 3.9. Ler (X, d) be any metric space, A a positive
integer, Let T : X* — CB(X) and f : X — X be two
mappings such that T(x1,xa,....x;) C f(X) for all x4,
Ta,....Tk, satisfying the following conditions:
H(T(x1,22,...x;), T(x2, 23, ... Tk11))
< Ap(d(fzi, frivr)), fori = 1tok
where x1, s, ...T1are arbitrary elements in X. Suppose
there exists u € X such that
d(fu, T(u,u,u, u..u) < d(fz,T(z,z,...x)forallr € X
(3.11)

(3.10)

Then [ and T have a point of coincidence, v € X and
Further if f and T are weakly compatible, then f and T have
a common fixed point.

Proof. Let G(z) =d(fz,T(x,x,....x)), forall z € X. Then
we have,

G(u) < G(x)forallx € X (3.12)

If v = fu € T(u,u,....), then u is a coincidence point and v
is point of coincidence of f and 7T'. If not,

G(u) = d(fu,T(u,u,..w)) > 0. Since T(u,u,.....u) €
CB(X)and T (u,u...u) C f(X),lety = fz=T(u,u,...u) be
aribitary.

From (3.11) we have, G(u) < G(2) = d(fz,T(z, 2, ...2)

< H(T(u,u,...u),T(z,2,....2)

< H(T(u,u, ..w), T(u, w...u, 2))
+H(T(u,u,...;u, z), T(u,u...u, z, 2))
+H(T(u,2,...,2,2), T(2, 2...2, 2))

< Apd(fu, fz) + Apd(fu, fz) + oo Aod(fu, fz)

< Md(fu, fz)

= G(u) < Md(fu,y), forally € T(u,u, ...u)

= G(u) < Md(fu, T(u,u,..u))

Since 0 < A < 1, we have G(u) < AG(u), which is a
contradiction.

= G(u) =0,ie., d(fu,T(u,u,..u) =0.
=v=fueT(uu,..u)

Thus w is a coincidence point and v is point of coincidence of
fandT.ie., C(f,T) # 0.

The rest of the proof follows from Theorem 3.2. U

Corollary 3.10. Let (X, d) any metric space. For any positive
integer k, let T : X¥ — CB(X)and f : X — X be
mappings such that f(X) is a closed subspace of X and
T(x1,22,.....xx) C f(X) for all xq, xa,....xx, satisfying the
following conditions:

k
H(T (21, 22, ...xx), T (02, T3, .. tp41)) < Y oid(fai, foig1)
i=1
(3.13)

where x1,x2, ... y1are arbitrary elements in X and o; are
non negative constants such that Zle a; < 1. Suppose there
exists u € X such that

d(fu, T(u,u,..u) <d(fz,T(x,z,..z))forallx € X,
(3.14)

then f and T have a point of coincidence, v € X. Further if
f and T are weakly compatible, then f and T have a common

fixed point.

Proof. Proof follows from Theorems (3.9) and (3.2). O

Remark 3.11. The above corollary corresponds to Theorem 5
and 6 of Sukhla et al [16].

Corollary 3.12. Let (X,d) be any metric space, k a positive
integer. Let T : X* — CB(X) be a set valued Presic Type
contraction, with Ele a; < 1. Suppose there exists u € X
such that
d(u, T(u,u,...w) < d(z,T(x,x,..x)) foralz e X,
(3.15)
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Then T has a fixed point v € X.

Proof. Taking f = Ix in the above Corollary and proceeding
as before, the result will follow. O
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