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Abstract:
In this paper, A-Szasz-
1, 1]. The Korovkin

type approximation theorem will be investigated.

we construct a new kind of
Mirakian operators with parameter A € [—
Finally,
the Voronovskaja-type asymptotic formula and the Griiss-
Voronovskaja type theorem for the class of A-Szadsz-Mirakian
operators are obtained.
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1. INTRODUCTION

The famous Szdasz-Mirakian operators are defined by

Z FEY s (1)
k=0
where z € [0,00),n =1,2,---,
na (n2)"
spp(x) =e o (2)
The classical Szdsz-Mirakian operators have many

approximation properties, we mention here the papers[1 ~ 5].

Recently, Ye etallfl, Cai etall”, Acu etal’® introduced and
considered a new type Bézier-Bernstein operators. The authors
In this
paper, we introduce a new generalization of Szdsz polynomials

have established a local approximation theorem.

depending on the parameter A as follows:

o0

nx\f? Z

—)8n.k (A ), (3)

where \ € [—1,1],

A

?5%1,1(1:),

—2k+1
2-1

Sn0(Ax) = spo() —

SN z) = spp(x) + )\(
B n—2k—1
n?—1

Sn+1,k($) (4)

Sntkt1(7) (1 <k <o0),

when \=0, they reduce to (2).

Through the study and discussion of A-Szdsz-Mirakian
operators, we will estimate the moments and central moments
of these operators(3). We investigate a Korovkin approximation
theorem, establish a local approximation theorem, give a
convergence theorem for the Lipschitz continuous functions. In
Sect. 4, we give a quantitative Voronovskaja type theorem and
a Griiss-Voronovskaja type theorem for the A-Szdsz-Mirakian
operators.

2. LEMMAS

In this section, we give the estimate of moments of the A-Szdsz-
Mirakian operators.

Lemma 2.1 For A-Szdsz-Mirakian operators, we have the

following equalities:

Spa(lix) =1; (5)

1—e (= 2
Saa(t;x) = —
Altz) =z { nin—1)

)} X0

2 4 1
Sn,,\(t2;ff)=$2+£+ r— (n+ )x2

n n(n—1) n%(n—1)
e—(n+1):1c -1
1) ] ; (7)
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3 T —2 (3n—9)(n+1) 6(n +1)2 1 —e (e
S t3, — 3 2.2 e 2 — 3 A 8
nA(t57) ATt et n3(n—1)x+ n3(n—1) v n3(n—1)x + n3(n—1) ’ ®)
4 4 3, 0 o, %
Spathz) = 2"+ —2"+ a7+ —
n n
2n (n +1)(6n — 22) 22 (4n — 32)(n + 1)29133 _ 8(n+1)° o e~z _q A ()
nt(n —1) n*(n —1) n*(n—1) n*(n—1) n*(n—1)
Proof : Noting that >~7~ ; s, x(z) = 1, we can obtain (5). Next,
— kn+1—2k —~kn—1-2k
Sn’)\(t,ff) = Sn(t,lf) + A Z ﬁﬁsn+1’k(‘r) - Z nTLZ_lsn+1,k+1(m)‘| .
k=0 k=0
We denote the latter two parts in the bracket of the last formula by A and B, then we have
Sualt;z) =2+ MA+ B).
First, we will compute A and B respectively.
4 - i k(n+1) 2k e~ TDE((n 4 1)x)*
B pors n(n?—-1) n(n?-1) k!
oo oo
n—1 e D ((n 4 1)z)k! 2 e~ (DT ((n 4 1)z)k—2
= . 1 - N 1 2
Z;nMQ—D k= 1) (n+ 1)z g;nmr—n (k—2)] (n+1)z)
_ oz 2(n+1) ,
n n(n—1)
p oo Y kool S o)
= n(n? —1) (k+1)!
=2k 4+1) e HZ((n 4 1)z)*
Z n(n? —1) k! (n+ 1)z
k=0
gy s I Do)ty g ke D)t
n(n? —1) k! n(n? —1) (k+1)!
k=0 k=0
> -2 e~ (DT ((n 4 1))k 1 > 2 e~ TDE((n 4+ 1)x)k
= : 1)z)? — . 1
D E T k= 1) ((n+D2)* =) ey [ (n+ 1)z
k=1 k=0
o 1— n x
* n(n? —1) v n(n? — 1)( ¢ )
. 2(n+1) , n+1 1 — e (nth)z
n(n—1) * n(n — 1)32 n(n —1)
Combining A and B, we have
| etme g
Sna(t;x) = A — ,
Alle) =zt ( n(n —1) n(nl))

therefore, we get (6).

Similarly, we can obtain (7), (8) and (9) by some computations, here we omit the details.

Lemma 2.2 Using Lemma 2.1 and some easy computation, for A € [—1, 1], the central moments of A-Szdsz-Mirakian operators
are given below:
1 — e~ (nthz 2z

—(n41)
Snalt—zie) = | oy T A S oAy~ () (10)
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2

T 9e—(n+1)z 4
Sur((t—2)%a) = [

n n(n—l)m_

x  2ze~(ntD)

n?(n — 1)x

e—('n+1)ac -1
n%(n—1)

472 4+ e~z 4

~n  nn-1) n%(n —1) Yn(2) (11)
3 x —2 de~(n+be —8n —22  Ge (ntDe
N _ 9.2, % 2
Snal(t =) ) n2”® +n3+{(n:g(n—l)+n3(n—1)>$+<n4(n—l)+n2(n—1)>x
_ _ —(n+1)z ) —(n+1l)z _
24n — 32 4e 23 8 oy e 1 \ (12)
nt(n—1) n(n—1) nt(n—1) nt(n—1)
Lemma 2.3 For z € [0,0), A € [—1, 1], we have
nl;ngo nSpa(t — x; ) = 0; (13)
li_}rn nSpa((t — )% x) = x; (14)
li_>m n2S,a((t — z)%; 2) = 322 (15)

3 DIRECT THEOREMS OF S, »
The space C[0,00) of all continuous and bounded functions

on [0,00) is a Banach space with sup-norm ||f||
SUPge(0,00) | f(#)], and we estimate the rate of convergence
by modulus of continuity.

Theorem 3.1 For f € C[0,00), A € [—1, 1], A-Szdsz-Mirakian
operators S, x(f; x) converge to f(x) .
Proof: By the Korovkin theorem it suffices to show that

lim ||Sn’A(tk;x) — ka =0;

n— oo

k=0,1,2.

We can obtain these conditions easily by (5), (6) and (7)
Lemma 2.1, thus the proof is completed.

The Peetre K-functional is defined by Ksy(f;0)
inf jec2(0,00) {11 f =9l +6llg ||}, where § > 0 and C?[0, 00) :=
{g € Cl0,0) : g,9g € C[0,00)}. By [1], these exists an
absolute constant C' > 0 such that

Ks(f;58) < Cwa(f; V), (16)
where wQ(f;é) ‘= SUPg<h<s Supx,ac+h,x+2h€[0,o@) |f($ +
2h) — 2f(x + h) + f(z)| is the second order modulus of

smoothness of f € C[0,00). We also denote the usual

664

modulus of continuity of f € C[0,00) by w(f;0)
SUP)< <6 SUPg o thef0,00) |f (2 +h) — f(2)].

Theorem 3.2 For f € C[0,0), A € [—1, 1], we have

[Sna(f;2)=f(@)] < Cwaf; Von () + Pn(2)/2)+w(f; dn(T)),

(17)
where C is a positive constant ¢, (z) and 1, (x) are defined in
(10) and (11).

Proof: For S, »(t — x; x)=0, we define the auxiliary operators

1— 2z — e (ntl)z

n(n—1)

Sua(fi0) = Sualfio)f o+ 3)+f(o)

(18)
Using (5), (6), we know that the operators S’m A(f;x) are linear
and preserve the linear functions:

Spat—z2) =Spa(t—z;2)—(t—2)+(z—2x) =0. (19)

Let g € C?[0,00), t,z € [0,00) by the Taylor’s expansion, we
have

g(t) — g(x)

§ (@)t —z) + / (t — )g"(4)dy,
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by (19), we get
t
Sur(g:2) = 9(2) + Sun ( [ =gy ) ,

Hence, by (18) and (11), we get

1Sua(g; ) — g(x)|
1—2z—e—(ntl)z

t IJFWA
S (/ (t—y)g”(y)dy;x> +/

142z 4 e (ntD2
R e 1l L

< [Wnl@) + dn(@)llg"ll- (20)
On the other hand, by (18), (5), (4), we have

1 -2z —e (D2

_ "
R A y‘g (y)|dy

IN

IN

1Su A (f32)] < [Sua(fi ) + 201 £11 < 3] f]]- (21)
By (18) and (21), we get

1— 21 — g~ (ntlz

1 -2z — e (ntDe

n(n—1) >\> —2f(@)
< [Sunlf = g2) = (F = @) + 1Sun(gi2) — 9(a)|

Sun(fi)— F@)] = |Sun(fiz)+/ (x +

= §n,x(fg+g;z)+f(fv+

1 -2z — e (D2

(e )

Since

9y — e—(nt1)a
o+ RN < 1(0) < fo oula) - F(0) < wlfi0na) (22)

By (20), (21) and (22), we get

1Sna(fi2) = f(@)] < 4If = gll + [Wn(@) + Sn(@)]lg" ]| + w(f; én(x))-
Hence, taking infimum on the right hand side over all g€ C?[0, o), we have

Suatfi0) - S0)| < 4k £ 22D i),
By (16), we have
1Sna(fi2) = f(@)] < Cwafs Vo (x) + Un(2)/2) + w(f; dn()),
where ¢,,(x) and v, (x) are defined in (10) and (11). Thus the proof is completed.
Theorem 3.3 If f € C*[0,00):={f : f’ is continous and bounded on [0, 00)}, then

1Sna(fi2) = f(@)] < @n(@)]f'(2)] + 2/ n (@) (s Vn ().

Proof: For any z,t € [0,00), f € C'[0, 00), we have

t

f@) = f(z) =t —2)f(x) +/ (f'(y) = f'(x))dy.

Applying S, »(-; z) to both side of the above relation, we get

t

Sua(f(t) = f(x);2) = f'(2)Sna(t — 2, 2) + S,M(/ (f'(y) = f'(x))dy; ).

x

Using the following property of modulus of continuity

W)~ f@) <wfily o) < (S 4 uri0),6> 0
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we get
[ 170 - reia] <wro [

/ ) - f’(w)ldy‘

_.’172'(1;
< @ ISt )| +w(36) | 222D

+t—x],

Therefore

[Sua(fiz) = f@)| < 1/ @) [Snalt — z52)| + Spa

+ St —z;2)| .

Using the Holder’s inequality to the right hand side, we obtain

[Sua(f32) = f@)] < \f’(x)\-¢>n(w)+w(f’;5)- wnm[M

' () ) + 2v/ P (2)w(f's /Y (z

+1]

IN

where § = /1, (), we get the result.
A function f belongs to Lipps (), here 0 < a < 1, if the inequality

[f(t) = f(z)] < Mt — | (23)

holds for all t€ [0, 00).
Theorem 3.4 Let f € Lipp(a), x € [0,00) and A € [—1, 1], then we have

|Sua(fiz) = f(2)] < Mg (@))%,

where ¢, () is given by the relation (11).
Proof: Since S,, »(f;x) are linear positive operators and f € Lipys (), we have

il

|Sn,/\(f§x) S 25 /\ J,‘

k=0

Applying the H older’ s inequality for the sum in the right side of the above relation, we obtain
2-a

Sualfia) ~ [ <MY [saalsa)(s -~ [Z gnm;z)l < M@

k=0 k=0

4. VORONOVSKAJA-TYPE THEOREMS
In this section, we will prove the Voronovskaja type theorems for the operator S, » by means of the Ditzian-Totik modulus of
smoothness defined as follows:

wottit) = s {1+ M) - pa - B o2 B € .0 (o)
0<h<t 2 2
where ¢(z) = v/z and f € C[0, 00). The corresponding K-functional is given by
Ky (fit)= it {[|f = hl| +teh ]}, (t>0), (25)

heW,[0,00)

here W,[0,00) = {h : h € ACp.[0,00), ||h’|| < 0o} and AC),.[0, 0) is the class of absolutely continuous functions on every
interval [a, b] C [0, c0). The K-functional and the Ditzian-Totik first order modulus of smoothness has the following relation:

K, (f;t) < Cwy(fst), (26)

where C' > 0 is a constant.
Theorem 4.1 For any f € C2[0,00):={f : " is continous and bounded on [0,c¢0)}, and n sufficiently large, the following
inequality holds:

"

1Sua(F2) = £() — Bulm: Nf () ~ 5 Fales NS (@)] < 2O 3n7h),
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where
1—e - (nthz _ 9y
En(z; ) = A= St —z;57);
() T Sna(t = 2;2)
x 267(n+1)m 4 ef(nJrl)z -1
F,(x; X — — 2 A=S t— )%
n(@3) n n(n —1) . nQ(n—l)z + n?(n—1) } n((E =) ),

and C is a positive constant.
Proof: For f € C?[0,), t,x € [0,00), by the Taylor’s expansion, we have

t

) = F(2) + F(@)t —2) + / (t = 9) " (v)dy.

T

Noting
[ e-ns@ay =5 -o2@),

hence .

£6) = $(@) = F@)t = 2) = 5t -0 @) = [ (¢= ") - 1" @)dy

Applying S,, »(f; ) to both side of the above relation, we get

’ 1 " t
Surlfi0) = £0) = BulaiNf (@) = 3Faei NS @) < S (| [ le=ul- 1700 - /@] so) . n)
x
The quantity f; [t —yllf"(y) — f”(w)|dy‘ was estimated in [15, p.337] as follows:
t -
/ t=yllf"(y) - f”(fv)ldy‘ < 2|lg" = hll(t = 2)* + 2llph'[l™ (@)t — 2, (28)
where h € W, [0, 00).
Using Lemma 2.3 it follows that there exists a constant C' > 0 such that, for n sufficiently large,
Suallt =) < £ G@) and Sua((t-2)0) < Sret @) (29)
n,A ) = 9 n,A ) = 902 .
From (27)-(29) and applying the Cauchy-Schwarz inequality, we get
1S (f:2) = f(2) = Ea(2: M) f (2) = §Fa(2: M) f " (2)
< 2" = AlSna((t = 2)% ) + 2okl (2)Sn At — 2f*; 2)
1 1
< CR@IF" — hl + 2ok o7 (@) (Sua((t = 2% 2))* (Sual(t — )'5))
< S @I = hll +n=2 ||}
< L0p2 (@), (S50 ),
Corollary 4.1 If f € C?[0, 00), then
. ’ 1 "
T nfS(f32) = f(2) = Ba(s NS (@) = 5 Falw Nf (2)} =0,
where E,(z; \) and F,,(z; \) are defined in Theorem4.1.
The Griiss type approximation theorem have been made by many authors [9 ~ 14]. Next, we will provide a

Griiss-Voronovskaja type theorem for A-Szdasz-Mirakian operators.

Theorem 4.2 If f, g € C?[0, 00), for each = € [0, 00), we have

Jim n{Sna((f9);z) — Sua(f;2)Snalg;2)} = 2 f'(x)g' ().
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Proof: Since

Sua((f9);

= Sua((fg);z) — flx)g(x) —

=S A(f;2)[Snalg; ) — g(z) —

~g(@)[Sna(f:) ~ 7(a)
3 FaE (f9) () -

+En (2 M)[(fg) ()

and

(f9)" =(f'g+rfd) =f9+2f g+ fq",

Hence

SFa(zs N[(f9)" () = ¢" (@) Sna(f; 2)

f(@)g" ()
n, )\(fv )
) n, A(fa )}

SEa (@ N[2f ()9 (2) +
) -

1

2

En(z; M)[(f9) (z) — ¢/ (=
) —

= En(z; M)[f(2)g (2
Using Theorem 3.1 and Corollary 4.1, we get

lim n{Saa((f9);

= 04+0+0+ li_)m nf'(z)g' ()

9" (@)Sna(fi2)

—g'(x)Su(fiz)

)S
g'(x

. . E . "
Fu(z;A) + lim o Fo(2;A)g

x) — Sua(f52)Sn (g5 )

Ea(: \)(f9) (2) ~ 5 Falw: N (F)”

1

SFu(w:0)g ()]

1"

— B Nf (@) = 5Fa(e VS (2)]

—g(x)f" (z)]

= g(x)f' ()],

(f9) = flg+ fg"

—g(x)f" ()]

- g/,(x)sn,k(f; I)]a
g(x) f' ()]

x) — Spa(f;2)Sna(g; )}

(@)[f(z) = Snalf; 7))

+ lim nEy, (23 \)g'(2)[f (2) = Sna(f; )]

= lim nf(2)g/(x)-
= [@)g @)

F,(x; N

Thus, Theorem 4.2 is proved.
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