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Abstract

In this paper linear stability of a viscous incompressible fluid saturated porous
medium under the influence of rotation is investigated. Closed form solutions
of velocity, temperature and fluid vorticity in terms of wave number as
perturbation parameter have been obtained. The influence of various non-
dimensional parameters such as Taylor number, Grashof number, Prandtl
number, Darcy number, porosity and wave number on stability characteristics
of flow field are discussed numerically.
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I. INTRODUCTION

Thermal convection in a rotating porous layer has attracted several researchers due to
its importance in astrophysics, geophysics and its applications in many engineering
areas. Onset of convection in a rotating porous layer in presence of variable viscosity
using both Brinkman and Darcy model has been investigated by Patil and
Vaidyanathan [8].

Jou and Liaw [6] analyzed the onset of transient convection in a rotating porous layer
by taking into account friction and drag. The problem of hydrodynamic stability of a
rotating fluid bounded by a saturated porous medium which is placed at a distance
from the axis of rotation subject to centrifugal body force in the absence of gravity
has been investigated by Vadasz [11].

The effect of rotation on onset of thermal convection of micropolar fluid in porous
medium has been reported by Sharma and Kumar [10]. They concluded that
permeability has a stabilizing effect on stationary convection and effect of rotation
over stabilizes the system. Vadasz and Olek [12] carried out a study on instability of
thermal convection in a rotating porous medium by employing Darcy model with time
derivative.
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Using Brinkman model, Desaive et al. [3] analyzed the effect of Coriolis force on
linear stability of free convection in a saturated porous medium which heated from
below. Malashetty et al. [7] investigated the thermal convection of a rotating
anisotropic porous medium using both linear and nonlinear stability analysis.

Allehiany and Abdullah [1] studied the thermal convection of an electrically and
thermally conducting viscous incompressible fluid in presence of vertical magnetic
field and uniform vertical rotation. Banjar and Abdullah [2] analyzed the effect of
Coriolis force on stability of thermal convection in a horizontal fluid layer overlying a
porous layer modeled by Brinkman equation and found that marginal convection is bi-
modal in nature as convection is dominated by fluid or porous medium depending on
depth ratio and effect of rotation.

Saravanan and Brindha [9] investigated the onset of convection in a rotating fluid
saturated porous medium of thermal non-equilibrium which is heated at right
boundary and cooled at left boundary. Gaikwad and Kamble [4] carried out a
theoretical study to analyze the linear stability of double diffusive convection in a
rotating anisotropic porous medium in presence of Soret effect.

Hirata et al. [5] examined the bimodal nature of onset of convection using linear
stability analysis on an incompressible viscous fluid overlying a porous layer. Hence
in this paper, the work of Hirata ef al. [5] has been extended to study the stability of
thermal convection of an incompressible viscous fluid in the presence of rotation
using method of small oscillations and the analysis is restricted to long wave
approximations.

1. MATHEMATICAL FORMULATION

Consider an infinite horizontal rotating incompressible fluid bounded by a saturated
porous layer on a fluid layer which is maintained at different constant temperatures T,
and T; at both the upper wall and lower wall. The rotating frame of reference rotates
along the vertical axis with an angular velocity(0,0, ). Boussinesq approximation is
employed and variations of density due to temperature is assumed to be
p(T) = [1 — By (T — Ty)] where thermal expansion coefficient S > 0.

P = |

fluid layer
d
d
porous layer e
T;

¥

Figure 1. Geometrical Description of the Flow



Effect of Rotation on Thermal Stability of Superposed Fluid and Porous Layer — 793

Under the flow assumptions the governing equations takes the form

v.d =0 1)
O (uy 1 /-Vu) , 2 = — _un_ k= Keff 22
po[at(¢)+¢(u.¢)+¢(ﬂ><u)] =-Vp U+ pg+ usu (@)
6T) — g _ —>.
— + (W.VT) = V.(aVT) 3)
with boundary conditions
i=2=T=0atz=0andz=d 4)

where U4, p, p, 9, T, Q, po, K, &, Herr, Wg o respectively denote the velocity vector,
density, pressure, acceleration due to gravity, temperature, angular velocity, density at
reference level, permeability of the medium, porosity, effective viscosity of the
porous medium, dynamic viscosity of the fluid and thermal diffusivity.

In quiescent state, basic state flow field are given by u* = (0,0,0), p* = p(z) and
T* = T(z) and so the temperature field using the boundary conditions becomes

T=To

Tu-T, (5)
Let the small disturbance in the initial states of velocity, temperature and pressure
respectively be denoted by U'(x,z,t), T'(x,zt) and p’(x,zt). Then the linearized
perturbed equations (1) — (3) become

T=z+

v.u' =0 (6)
of(w_ 2 q’ = _Lyy vy a Ly2g
at<¢+¢(Q><u)> = poVp u +gBTTk+¢Vu (7)
OT' - * !

— + W.VT") = V.(aVT') (8)

By eliminating pressure term and introducing the non-dimensional variables for
length, velocity, time and temperature respectively as follows

2

\Y d
z=2z"d, w=w*—, t=t"—, T =ATT"
d \Y

The linearized system of equations becomes

9 (1y2 1/2 9% _ _ 1y 0*T | 9°T\ | 14

at((bv w)+Ta = = ——v W+G1‘T(6X2+ay2)+¢VW (9)
ot _ Ay

W = VT (10)
9(< = Loyl 1/2 9%

at(¢) - Da€+¢VC+Ta 9z (11)

where Da = k/d? (Darcy number), Grp = gBrpo,ATd3/v? (Thermal Grashof number)

20d?\?
P. = v/a¢ (Prandtl number), Ta = (T) (Taylor number)
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Also it is assumed that the special variations of «, ¢ and k as null.

Applying normal mode analysis to the dependent variables
(W, T,0) = (W(2),08(z), G(z))elkax+ikey+ot)

where k = \/k? + k2 is the non-dimensional wave number and o the growth rate .
Substituting the above expression into equations (9) — (11) we get

(=) G o

(- o)

0z2

(7= =5 0)

with the corresponding boundary condition

YW= k2pGred + pTa'/? =G

pr
= TW
d

— _¢Tal2 o
¢Ta azW

Wz%l:e:G:Oat z=0and z=1

1. EIGEN VALUES AND EIGEN FUNCTIONS
Now we expand W, 0,0 and G, in powers of k
W = WO + k2W1 + k4W2 + .-

o = o, + k?0; + k*o, +-
9 = 90 + k291 + k492 + .-
G = GO + k2G1 + k4G2 + .-

(12)
(13)

(14)

(15)

(16)

Substituting (16) in equations (12) to (14) and collecting the like powers of k we

get
62
072

K Pr
(3 — oo E) %

0z2 Da

2 ¢ d
( - - - 00) WO = (I)Tal/z a GO

P
=W,
a
—¢Ta'/? —W,
02 02
(1+061) 25 Wo + (55 — == — 0 Wo

+¢Grry + pTaV/2 =Gy

=W, + (1 +01%) 9,

(17)
(18)

(19)

(20)

(21)
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02 ]
(-2 -05)G = —pTa2Z W, + (1+ 061G, (22)
The corresponding boundary conditions are

W0=DWO=60=G0=OElt Z=OandZ=1

W1=DW1=61=G1=0 atZ=0andZ=1 (23)

On solving equations using boundary conditions we get
W, = A; cosh(rz) + A, sinh(rz) + Az cosh(r;z) + A,sinh(r,z)

0o = A, cosh(rsz) + Ag sinh(rsz) + fg cosh(rz) + f; sinh(rz) + fg cosh(r,z)
+ fo sinh(r;z)

Gy = Ag cosh(r,z) + Ag sinh(r,z) + f, sinh(rz) + f5 cosh(rz) + f, sinh(r;z)
+ f5 cosh(r;z)

W, = A3 cosh(rz) + A4 sinh(rz) + A5 cosh(r;z) + A4 sinh(r;z)
+ f,¢z cosh(r,z)

+f,¢ sinh(r,z) + f,; cosh(r;z) + f,g sinh(r3z)

0, = A9 cosh(rsz) + A, sinh(rsz) + fg; sinh(rz) + f4 cosh(rz) + fgq sinh(r;z)
+fgg cosh(r;z) + f;0zsinh(r,z) + f;;cosh(r,z) + f;, zcosh(r,z)
+f5 sinh(r,z) + f;, zsinh(r3z) + f;5 zcosh(rsz)

G, = A7 cosh(r,z) + A g sinh(r,z) + f,, sinh(rz) + f,; cosh(rz) + f,g sinh(r;z)
+£46 cosh(ryz) + f5qz? cosh(r,z) + fg,22 sinh(r,z) + fs,zcosh(r,z)

+fs;zsinh(r,z) + fg, sinh(rsz) + fsscosh(rsz)

The zeroth order eigen values are given by the following transcendental equation
r
As[cosh(r;) — cosh(r)] + A, [sinh(rl) — (?1) sinh(r)] =0
As[r;sinh(r;) — rsinh(r)] + A4[r;cosh(r;) — rycosh(r)] = 0
The solution of the above expression will not give explicit values of o,. Hence the
values of g, is obtained using Mathematica 8.0.

The first order approximations of the growth rate is given by
f34

01 = ——
f33
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IV. RESULTS AND DISCUSSION

To get physical insight into the influence of rotation on thermal stability of an viscous
fluid bounded by saturated porous medium, the effects of various non-dimensional
parameters such as Taylor number Ta, Grashof number Gr, Prandtl number Pr, Darcy
number Da and porosity ¢ on temporal growth rate, velocity, temperature and
vorticity has been discussed numerically and plotted in figures (2) — (21). We have
fixed values of parameter such as Da = 0.0001, Ta = 10.0,¢ = 1.0, Pr =0.71, d =
0.08, Gr = 5.0, k = 0.9 throughout the entire study of the problem.

Figures (2) — (5) depict the effect of Taylor number Ta and porosity ¢ on growth rate
and it is found that increase in Taylor number creates stable mode in the system and
porosity induces both stability/ instability in the system.

The influence of Prandtl number Pr and Grashof number Gr on growth rate is shown
in figures (6) and (7) and it is observed that increase in Prandtl number and Grashof
number tend to stabilize of the system.

Increase in Darcy number tends to increase the instability of the system as depicted in
figures (8) and (9). In figures (10) and (11) the effect of wave number k and porosity
¢ with increase in Darcy number on frequency is illustrated and it is found that at Da
= 3.0 the instability increases drastically and becomes stable for other values of Darcy
number.

Figures (12) and (13) represents the effect of porosity and Taylor number with
increase in Grashof number on temporal growth rate and it is inferred that increase in
porosity and Taylor number decreases instability of the system.

The effect of Taylor number Ta and porosity ¢ on velocity profile is shown in figures
(14) and(15). It is seen that increase in Taylor number and porosity increases the
velocity profile.

Increase in Taylor number and porosity decreases the temperature profile as
illustrated in figures (16) and (17).

Figures (18) and (19) represents the behavior of fluid vorticity with increase in Taylor
number and porosity and it is found that both Taylor number and porosity decreases
the vorticity profile.

V. CONCLUSION

We have investigated the linear stability of thermal convection in a rotating viscous
fluid which is heated from below and which is confined between infinite horizontal
plates using method of small oscillation and the effects of various non-dimensional
parameters on characteristics of the flow has been analysed. The following
interpretations were made from the findings.

e Taylor number plays a significant role in stabilizing the system and found in
agreement with result of Gaikwad and Kamble [4].
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e Increase in porosity induces both stability/ instability in the system.

e Increase in Darcy number tends to increase the instability of the system.

e |t is found that at Da = 3.0 the instability increases drastically and becomes
stable for other values of Darcy number.

e Increase in porosity and Taylor number decreases instability of the system.

e |t is seen that increase in Taylor number and porosity enhances the velocity

profile.
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APPENDIX

r=E4o)+igvTa ; r=vr 5 Aj=1; Ay=-1; A,="2A, ; A=

cosh(ry)—cosh(r)
sinh(rl)—rTlsinh(r)'

Lo = —Tal2¢;As = —(fs +f5) ;

r, = |[0g+
2 07 Da

Ay = Smh(r ){AS cosh(r,) + f, sinh(r) + f5 cosh(r) + f, sinh(r;) + f5 cosh(ry)};

r_crOF'rf PrA1f_%A2_f_%A3_f_%A4_
3~ 6 " r2_r,27 7 T p2_p,2? 8 T p2_p2’ 67T 2 g2

A;=—(fs+fg) ; Ag=-—

Smh(r ){A7 cosh(rs) + fg cosh(r) + f; sinh(r) + fg cosh(r;) +
fosinh(ry)}; fio = Gro ; fi1 = $Ta/?; £, = —Grér,?;

fi3 = r*A; — 2r,2r2A; + 1%A; + for2fg + f1,f; ; f14 = r*A; — 1,2r2A; + fy1fy;

fis = 1A, — 2r,%r2A, + %A, + for%f, + f1,65; f10 = r*A, —1,2r2A, + f)1f5;

fi7 = r1*A3 = 21,11 % Ag + 1% A5 + fior1 *f; + fiofg ;s f1g = 11" Ag — 121 %Ay + fiy1fy;
fio = r1* Ay — 217112 Ay + 1% Ay + fior *fo + fiofg 5 o0 = 11*A, — 171 %Ay + fiq1ifs;
fo1 = f12A7 + f1013°A7; f32 = f1pAg + f1o13%Ag ; fo3 = 1?(r% —13%);

f114s f1146 — fa1 . — f22
r32(r32-152) " 28 7 r32(r32-rp?)

foq = 112(r1? —12%); fo5 = 2r, — 226 = 2,2 0127 =
Az = (fi3 + (1 + 01)f19)f53; Agy = (fis + (1 + 01)f16)f03 5 Ars = (f17 + (1 + 01)f18)f04;
Are = (f1o + (1 + 01)f20)f24;

fr9 = {f18f24 cosh(r) + % (f20f24r1)sinh(r) — figfy, cosh(ry) — f20f24sinh(r1)};

f30 = {[(f17 + f1g)faq + f27] cosh(r) + % [(f19 + f20)f2411 + f26 + r3fog] sinh(r) —

—(fy7 + f1g)f24 cosh(ry) — (f19 + f50)f,4 sinh(ry) — fy5 sinh(r,) + fy6 cosh(r,) +

f,, cosh(rz) + fzssinh(r3)};
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f33 = [fy9(rysinh(r;) — rsinh(r)) — f3; (cosh(r;) — cosh(r))];

f34 = [f30(rysinh(r;) — rsinh(r)) — f5,(cosh(r;) — cosh(r))];

Ag = —[A11 + (fi3 + (1 + o 1)fa3 + (f17 + (1 + 0)f19)f0s + £27];

Asp = —[r1Asz + (fis + (1 + 0)f1)fasr + (fro + (1 + 01)fa0)faaTy + f + Isfrg

0129+ f30—cos h(ry)+cosh(r)
sin h(rl)—%lsinh(r) !

A1 =10, Ay =

f35 = (1+ 01) ; f36 = (f11A13 + fof35) ; f37 = (f11A14 + f3f35); f35 = (fir1Aq5 + f4f35);

f39 = (f1r1A16 + f5f35) ; fa0 = fiTaf5s 5 faq = firaf06; f4p = fif55 + Agfss;

_ . _ . _ . _ T | _ f37
faz = fifze + Asfas; faq = firsfor; fas = firsfae; fae = 5= 55 far = 52
foo——dse g B0 e fa o fao e o fa,p o fas
48 ri2-rp2’ 49 ri2-rp2’ 50 4r, '’ 51 4r, ' 52 2ry’ 53 2ry
foq = =2 s = 255 Ayy = —(f47 + fao + fss) 5
54 = [ 2_p 27 557 2 [ 27 17__(4-7 49 55),

3°-T3 34-T2
1 . .

A18 = — —{A17 COSh(rz) + f4-6 Slnh(r) + f4_7 COSh(I‘) + f48 Slnh(rl) + f49 COSh(I‘l) +

sinh(r,)
f5o cosh(ry) + fs5 sinh(ry) + f5,cosh(ry) + fs3sinh(ry) + f54 sinh(rz) + f55 cosh(rs)};

Pr

p
T fs; =1+ %01) ; fsg = f56Aq3 + 15705 ;  fs9 = f56Aq4 + f5707;

fs6 =

foo = fseB1s + f57fg; fo1 = fs6A16 + f57fo; for = fsefas; fo3 = fsefae;

- . - . _ _fss | _ _fso
foa = f57A7 +f56fp7 5 fo5 = f57Ag + fsefag; foe = ry2 fo7 = 2opyz
£ = foo . fo= for . £ = for | £ = —2rpfe .

68 T r2-ry2’ 69 T r2rg2 ! 70T rp2org? 1 T T (2 -r32)2
fes —2r;f63 foa fos

f,=—t . g = 2l g Mg
72 r,2-r32’ 73 (r,2-r32)2 ’ 74 215’ 75 213’

A1g = —(fo + fog +71) ;

__r
sinh(r;3)

Ay = {A19 cosh(rz) + fzc cosh(r) + fg; sinh(r) + fzg cosh(r;) + fgq sinh(ry) +

f;o sinh(ry) + f;4 cosh(ry) + f;,cosh(ry) + f,3sinh(r,) + f,, sinh(r;) + f;5 cosh(rz)};



804 S.Aiswarya, T.Arunachalam and K. Sumathi
f31 = {rfigfo4 sinh(r) + f,0f,4 cosh(r) — fgfy, rysinh(ry) — fy0fo4r;cosh(ry)};

f3, = {r[(f17 + fig)f24 + f7]sinh(r) + [(fig + f20)f2411 + fo6 + r3fyg] cosh(r) —
(f17 + f1g)fo4 rysinh(r) — (fig + f50)f241; cosh(ry) — [f,5(r; cosh(r;) + sinh(r;))] —
[f,¢(ry sinh(ry) + cosh(r,))] — r3f,; sinh(r;) — r3f,gcosh(rs)};



