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Abstract

In this paper, we made an attempt to study the properties of family of
T —fuzzy ideal of ¢ —near-ring and we introduce some theorems in smallest
T —fuzzy ideal of ¢ — near-ringin R.
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INTRODUCTION

The concept of fuzzy sets was initiated by L.A.Zadeh in 1965. After the introduction
of fuzzy sets several researchers explored on the generalization of the concept of
fuzzy sets. In 1971, W.J. Liu studied fuzzy ideals in rings and Bh. Satyanarayana
introduced I'—near-rings. In W.A. Dudek and Y.B. Jun introduced fuzzy subgroups
over a t—norm. In M. Shabir and M. Hussan characterized the sum of fuzzy ideals. In
Srinivas, Nagaiah and Narasimha Swamy studied anti fuzzy ideals of I"—near-rings.
P. Deena, G. Mohanraj and M. Akram have studied several properties of T —fuzzy
ideals of rings and T —fuzzy ideals of near-rings. We extended the results of Akram
to I"—near-rings.
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In this paper we define, characterize and study the T —fuzzy right and left ideals. Z.
D. Wang introduced the basic concepts of TL-ideals. J. Prakashmanimaran, B.
Chellappa and M. Jeyakumar introduced T —fuzzy right ideals of ¢— ring. We
introduced T —fuzzy right ideals of (— near-ring. We compare fuzzy ideal
introduced by Liu to T —fuzzy ideals. We have shown that ring is regular if and only
if intersection of any T —fuzzy right ideal with T —fuzzy left ideal is equal to its
product. We discuss some of its properties. We have shown that the meet of T —fuzzy
ideal of (— near-ring.
Definition: 1
A non-empty set R is called a near-ring with two binary operations “+”and “.”
satisfying the following axioms:

(i) (R,+)isagroup

(i) (R, .) isasemigroup

(iii) (x+y).z =x.z+y.z, for all x,y,zin R (ie. Multiplicative is left

distributive with respect to addition) We denote x.y by xy.

Definition: 2
A non-empty set R is called lattice ordered near-ring or ¢ — near-ring if it has four
binary operations “+”, “.”, v, A defined on it and satisfy the following

(i) (R, +)isagroup

(i) (R, -) isasemigroup

(iii) (R, v, A) isalattice

(iv) x.(y+z)=x.y+x.z,forall x,y,z in R

(V) x+(yvz) =(x+y) v (x+2); x+(y Az) =(x+y) A (x+2)

(yvz)+x=(y+x) v (z+x); (Y Az)+x=(y+X) A (z+X)

W) x-(yve) = (xy) v (x2); x-(y az) = (xy) A (x2
(yvz)-x=(yx)v(zx); (yrz)-x=(yx)A(z

forall x,y,z in R and x>0

X),

Example: 1

(nZ, +,0, 0V, /\) isa (— near-ring, where Z is the set of all integers and neZ
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Definition: 3
Let #« and A be two fuzzy ideals of a (—near-ring R, then the sum ux+A4 is a
fuzzy set of R defined by

(u+A)(x) = {;nf(min(,u(y), /I(Z))) :;hz:N:/S:Z, forall x, y, zeR.

Definition: 4
A fuzzy set A of a (—near-ring R has the Infimum property if for any subset N
of R, there exists a a,eN such that 1(a, ) = inf 2(a)

Definition: 5
A mapping T : [0, 1] x [0, 1] — [0, 1] is called a triangular norm [t—norm] if

and only if it satisfies the following conditions:
(. T(x1) =T (@1x) =x forallx e [0, 1]

(i) T (xy)=T(y x), forallx, y € [0, 1].
(i) T(x T (y.2)) =T (T (xy).2)

(iv). T (xy)<T(x z),
Proposition: 1

whenever y<z

The minimum T —norm (minT —norm) is defined by T (a, b) = min {a, b}
Some other T —norms are (i) T, (a,b) = ab, (i) T,(a, b) = max{a+b-1, 0}

a, iIf b=1
and (i) T, (a,b) = {b, if a=1
0, otherwise

Definition: 6

A fuzzy subset 2 ofaring R is called T —fuzzy right (resp. left) ideal if
W) u(x=y) =T (u(x), u(y))=min{u(x), u(y)}
(i) p(xy) = (u(x))(resp. left x(xy) = (u(y))), forall x,y in R

Definition: 7

A fuzzy subset 2 of aring R is called T —fuzzy ideal if it is satisfied both right and
left ideals. (Note: Every fuzzy right ideal of aring R isa T —fuzzy right ideal).
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Definition: 8
A fuzzy subset u of a lattice ordered ring (or £ —ring) R is called a fuzzy
{ —subring of R, if the following conditions are satisfied

() w(xvy) = min{u(x), u(y)}

(i) p(xny) = min{u(x), u(y)}

(i) w(x—y) = min{u(x), u(y)}

(iv) u(xy) = min{u(x), u(y)} forall x,y in R
Example: 2

. . 0.4 if xe(4)

Consider the f bset u of the ( — Z,+,",V,N); =

onsider the fuzzy subset y of the £ —ring (Z, +, -, v, A); u(x) {0.9 7
Then 4 is not a fuzzy ¢ —subring. For example, let x=2and y=6, then x+y=8.
Here 1(x)=0.9 and 1(y)=09. Therefore,
min{z(x), #(y)}=min{0.9,0.9} =0.9. But p(x+y)=0.4. Hence

p(x+y) = min{u(x), u(y)}. Thus u is not fuzzy £ —subring of R

Definition: 9
A fuzzy subset 4 in a near-ring R is said to be a fuzzy subnear-ring of R if it
satisfies the following conditions:

(i) u(x—y) = min(u(x), u(y)), forall x, yeR

(i) u(xy) = min{u(x), u(y)}, forall x, yeR

Definition: 10
A fuzzy set u in a near-ring R is said to be a fuzzy ideal of R, if the following
conditions are satisfied,
(i) u(x—y) = min(u(x), x(y)), forall x,y in R
(i) w(y+x-y) = u(x),forall x,y inR
(i) w(xy) = u(y); u(xy) = u(x)forall x, yeR
p((x+

(iv) X+2)y-xy) > u(z),forall x,y, zeR
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Definition: 11
A fuzzy subset 4 in R is called fuzzy subnear-ring with respect to a t —norm of R if
the following conditions are satisfied,

M) pu(x=y) = T(u(x), u(y))

(i)  w(xy) = u(y); u(xy) = u(x), forall x, yeR
Definition: 12
A fuzzy subset x of a T —fuzzy near-ring R is called a T —fuzzy ideal, if the
following conditions are satisfied,

() wu(x-y) = T(u(x), y(y)),for all x,yin R
(i) p(y+x-y) = (u(x)), forall x,y in R

(i) u(xy) = u(y), forall x, yeR

(iv) w((x+z)y-xy) = (u(z)) forall x,y,zeR

Proposition: 2

Every T —fuzzy ideal of a near-ring R is a T —fuzzy subnear-ring of R .Converse of
Proposition 1 may not be true in general as seen in the following example.

Let R ={a, b, c, d}be aset with binary operations as follows:

o0 |T|| +
o0 |T || o
O Q| |T|T
O T|IQ(O|O
Tlo|0 |l
o 0|l

DD D
Tl || T
O (DO
[oREJREGRE O NeR

Then (R, +,+) is a near-ring. We define a fuzzy subset ,u:R—>[0,l] by
p(a)> u(b)> p(d)=pu(c). Let T: [0,1]x[0,1] -[0,1] be a function defined by
T(x y)=max(x+y-1,0), which is a t—norm for all x, ye[0,1]. By routine

calculations, it is easy to check that x is a T —fuzzy subnear-ring of R. It is clear that
w is also left T —fuzzy ideal of R. But x is not T —fuzzy right ideal of R, since

y((c+d)d —Cd):y(d)< y(b)

Definition: 13
A fuzzy subset x4 of a ¢ —near-ring R is called a T —fuzzy ideal, if the following
conditions are satisfied,
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(i) u(x=y) = T(u(x), #(y))
(i) u(

i) - a(

(iv) w((x+z)y-
v)

(vi) y(X/\

Example: 3
Now (R={a, b, c}, +, -,v,A) isa {—near-ring. The operations +,-,v and A
defined by the following tables Consider the fuzzy subset y of the / —near-ring R

0.6 if x=a

#(x)=405 if x=b .Then u isa T —fuzzy ideal of {—near-ring R
0.7 if x=c

Theorem: 1

If {,ui(x),iel} is a T—fuzzy ideal of a (—near-ring R then A 4; is also a

iel
T —fuzzy ideal of (—near-ring R, where A 4; is defined by
iel
( A yi)(x)z inf{yi(x):ie I},forall xeR.
iel
Proof:
Let {,ui (x),ie I} isa T —fuzzy ideal of a { —near-ring Rand let X, y,z R

We have
(i) App X—y = inf p x—y [I€l
>anf T p, X, p; y i€l

>T inf p; x Jiel,inf p; y |iel

:T[/\Mi AV Y]
le

iel

Thereforei/e\IMi X—y >T [ié\lui X ’ié\llui y ],forany X, yeR
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(i)

(iii)

(iv)

since u(y+x—y) > u(X)
We have igﬂi(y+x—y) = inf{u;(y+x-y) liel|
> inf {T (i (x), 4 (%)) liel |
> T{inf (s (%), (%)) liel}
> Tinf(u;(x)) liel}
=l
Therefore n i (y+x-y) = (igl,ui(x)j,for all x,yeR

Since  w(xy) = u(y)and u(xy) = pu(x)
Let x, yeR

Then ié\llui xy =inf p xy [iel
> inf T p;, x |iel

iel
Therefore _/\I,ui Xy > [_/\I,UJi X ],for any x, yeR
S IS

And _/\|/~Li xy =inf p xy [iel
e

>inf T p; y |i€l

= Tinf p, y |iel
= [./\Ni Y]
iel

Therefore ié\lﬂi Xy = [ié\lﬂi y ],for any x, yeR

Since u((x+z)y-xy) = u(z)and A((x+2)y-xy) = A(z)
ié\lyi((x+z)y—x y) = inf {,ui (x+z)y-xy) |iel }

25
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> i {7 ((x+2)y-xy). ((x+2)y-x ) lie

_ { nf ((x+2)y-xy) |iel,inf((x+2)y-xy)) |ie|}
{inf(ﬂi(z), 1i(2)) liel }

finf(41(2)) liet ]

= lan 2]

Therefore ié\l,ui((X-I-Z)y—X y) > (ig,ui(z)j,for all x,y,zeR

T
- T

(v) Ay XVYy = inf p, xvy Jiel

icl

> inf T pp x, pyy |i€l
>T inf g, x Jiel,inf p; y |iel

:T[_/\Mi Xy A Y]
icl iel

Thereforeié\lui XVy > T[i/e\lﬁbi X 7ié\|:ui y ],forany X, yeR

(vi) _/\I,uJi XAy = inf pu; XAy i€l
le
>anf T p, X, p; y i€l

>T inf p; x Jiel,inf p; y |iel

T[/\pﬂ X 7./\|Ni y]
1S

iel
Thereforei/e\lui XAy =T [ié\lui X ,_/E\Iui y ],forany X, yeR
|

Hence A u;isaf T —fuzzy ideal of {—near-ring R

iel
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Theorem: 2

27

If{yi (x):i el} is a family of T —fuzzy ideals of a £ —near-ring R, then A 4; is

iel
also a T —fuzzy ideal of ¢ —near-ring R, where A A; is defined by

iel

Apg | x =inf g, x tiel [forall xeR.

iel

Proof:
To prove: i/e\l HMiisa T —fuzzy ideals of R for a family of T —fuzzy ideal of
( —near-ring {,ui(x):iel}. Forany X, y,zeR
i) Apy X—y = inf p x—y [i€l
> inf min p; x, p;y |iel

> min inf g, x |iel,inf p, y |iel

:min[/\,ui Xy A W y]
iel iel

Thereforei/e\lui X—y > min [i/e\lui X ,i/e\lﬁbi y ],forany X, yeR

(i)  Since wu(y+x-y) = pu(x)
We have /\y,(y+x y) mf{y, (y+x-y) |ie|}
> inf {mln (ﬂ,(x), ,u,(x)) liel }
> mln{lnf(y,(x), ,u,(x)) liel }
)

> mln{lnf(y,(x ) liel }

= [am ]

Therefore ./\I/,li(y+x—y) > (/\y,( )j,forall X,yeR
le

iel
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(iii)

(iv)
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Since w(xy) = u(y)and u(xy) = pu(x)
Let x, yeR

Then ié\lﬂi xy =inf p xy [i€l

> inf min p, x i€l

= min inf px; x [i€l
- [
icl
Therefore '/\|’u‘ Xy = [./\I,uq X],forany X, yeR
le le
And ié\.“‘ xy =inf p xy [iel
> inf min p; y |i€l
= mininf px; y |i€l

= [y

Therefore ié\lﬂi Xy = [ié\lﬂi y ],for any x, yeR

Since  u((x+z)y-xy) = u(z)and A((x+2)y-xy) = A(z)
ié\lyi((x+z)y—x y) = inf {,ui (x+z)y-xy) |iel }

> inf{min(((x+z y-xy), ((x+2)y-x y)) |ie|}

= min{ nf(((x+2)y ) liel,inf((x+z)y—x y)) |ie|}

(
- min{ nf (1 (2) z) |ie|}
= min{lnf(y, ) ||e|}

= o)

Therefore ./\Iyi((x+z)y—x y) = (./\Iyi(z)j,for all x,y,zeR
le le
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(V) Apy XVYy = inf p, xvy i€l
icl

> inf min p; x, p;y |iel

> min inf g, x |iel,inf g,y |iel
= min[ié\l,ui X ,i/e\lui y ]
Thereforei/e\lui XVYy > min [ié\l,uq X ,ié\l,uq y ],forany X, yeR
(vi) i/E\I,ui XAy = inf p, xAy |i€el
> inf min p; x, p;y |i€l

> min inf g, x |iel,inf p, y |i€l

:min[/\,ui X, A W y]
iel iel

Thereforeié\lui XAY > min [i/e\l/ui X ’i/e\l’ui y ],forany X, yeR

Hence A Hi is a family of T —fuzzy ideal of ¢/ —near-ring R
le

Theorem: 3

Let # and A be T —fuzzy ideal of a {—near-ring R. Then x+ A is the smallest
T —fuzzy ideal of a { —near-ring R containing both x and 4.

Proof:

Let 4 and A be T —fuzzy ideal of a £ —near-ring R and Let x,y, zeR

Let x= a+b, y= c+d and a,b,c,deR
Then x—y = a+b —c+d
= a+b —c—d
= a—C + b—d
= b+a—-b —c+ c+b—c —d
=e+ f,where e= b+a—b —cand f = c+b—c —d
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(i)  Wehave (u+2)(x-y) = ~ [u(e)nri(f)]

X—y=e+f

> V. _T(,u(b+a—b), u(c)) A T(A(c+b-c), /”L(d))]

x=a+b, y=c+d ~

= v [T(#(a), u(c)) A T(A(b), 2(d))]

x=a+b, y=c+d

= v [T(u(a), 2(0)) A T(u(c). 2(d))]

x=a+bh, y=c+d

- T[(X_\Lb(”(a)’ i(b))] A {y_\cﬁd(”(c)’ z(d))ﬁ

= T((ua+2a)(X) (ta+2a)(Y))

Therefore  (u+2)(x—y) = T((z+2)(x), (z+2)(y)), forall
X,yeR

Now, forany x= a-+b
Then y+x—y=y+a+b-—y
= y+a-y +b
= y+a-y + y+b-y
=c+d,wherec= y+a—y andd= y+b—y
y+X—y=c+d,wehave x=—y+c+d—+y
= y+c—y +d
= y+c—y + y+d-y
(i)  Since u(y+x-y) = p(x)and A(y+x—-y) = A(x
Wehave (u+A)(y+x-y) = ~ [u(c)AA(d)]

I \Y;
l—| 1
A —~
=
—~ —~~
QD <
:_'i +
QD
/—\ \<
N—
,—\ N—
\_/ >
SN—
| E— —_~
N
—~
<
_|_
O
[
<
S
N—
L1

= ((ﬂM)(X))

Therefore (u+2)(y+x-y) = (u+2)(x),forall x,yeR
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(iii)  Since wu(xy) = wu(x); A(xy) = A(y),forall x, yeR
Put y=y,+VY,, ¥;,¥,€R
(e 2)(xy) = (u+2)(x (i +2))
= (y+/1)(x yi+ X yz)
v [a(xya) A a(x )]
v T (#(0) AT(2(3)]
(

2 v [T(u(x). 2(x))]
= T((u+2)(x))
= (1+4)(x)
Therefore (u+2)(xy) = (u+2)(x),forall x,yeR

And
(u+A)(xy) = (,u+ﬂ)((x1+x2)y)
= (1 2)(xy+ %)

v [ H(qy) A A(% y)]

> v [T(u(y) AT(A(y))]
> v [T(s(y), A(y))]

= T((u+2)(y))

= (u+2)(y)

Therefore (u+2)(xy) = (u+A)(y), forall x,yeR
Now, forany z= a-+b
Then we have
xy +(a+b)y —xy = xy +ay +by —xy
= Xy+ay—xy +by
= Xy+ay—xy + Xy-+by—xy
=c—+d,where c= xy+ay—xy and d = xy+by—xy
xy+(a+b)y—xy =c—+d, we have
(a+b)y=—xy+c+d+xy
= Xy+Cc—xy +d

31
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= Xy+C—Xy + Xy+d—Xxy
(vi) Since u((x+z)y-xy) = p(z)and A((x+2)y-xy) = A(z)

We have (u+A)((x+2)y-xy) = (H)yxy:m [u(c) A A(d)]

Therefore (u+2)(y+x-y) = (u+2)(z), forall x,y,zeR

)
(v)  Wehave (u+2)(xvy) = ~ [u(e)rAa(f)]

X—y=e+f

> v [T(u(b+a-b), u(c)) A T(A(c+b—c), A(d))]

v
<
—
—_
"
—~~
(o
+
Q
|
O
~—
=
—
o
~—
~—
>
_|
—_
N
—_
(@]
+
(o
|
(@]
~
N
—~~
o
~
~—
L1
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Therefore (u+2)(xAy) = T((u+A)(X), (u+4)(y)), forall x,yeR
Thus u+A is the smallest T —fuzzy ideal of a (—near-ring R containing both
H&A.

REFERENCES

[1]
[2]

[3]
[4]

[5]
[6]
[7]
[8]
[9]

[10]

[11]
[12]
[13]

[14]

M. T. Abu Osman, On some product of fuzzy subgroups, Fuzzy Sets and

Systems 24 (1987), 79-86.
M. Akram, On T-fuzzy ideals in near-rings, Int. J. Math. Math. Sci. Volume
2007 (2007), Article ID 73514, 14 pages
W. E. Barnes, On the I'-rings of Nobusawa, Pacific J. Math. 18 (1966), 411-422.
G. L. Booth, A note on I'—near-rings, Studia. Sci. Math. Hungar. 23 (1988)
471-475.
W. E. Coppage and J. Luh, Radicals of gamma-rings, J. Math. Soc. Japan 23
(1971), 40-52.
P. Deena and G. Mohanraj, T-fuzzy ideals in rings, International Journal of
Computational Cognition 2 (2011) 98-101.
K. H. Kim, Y. B. Junand Y. H. Yon, On anti fuzzy ideals in Near-Rings, Iranian
Journal of Fuzzy Systems Vol. 2, No. 2, (2005) pp. 71-80
W. Liu. Fuzzy invariant subgroups and fuzzy ideals. Fuzzy Sets and Systems,
59:205-210, 1993.
N. Nobusawa, On a generalization of the ring theory, Osaka J. Math. 1 (1964),
81-89.
J. Prakashmanimaran, B.Chellappa and M. Jeyakumar, T — fuzzy ideal of
{—rings, International Journal of Applied Computational Science &
Mathematics ISSN 2249-3042 Volume 5, Number 2 (2015), pp. 165-180.
Bh. Satyanarayana and K. Syam prasad, On Fuzzy cosets of Gamma near-rings,
Turkish J. Math. 29 (2005) 11-22.
M. Shabir and M. Hussan, Fully fuzzy idemptent near-rings, Southeast Asian
Bull. Math. 34 (2010) 959-970.
Y.-D. Yu and Z.-D. Wang. TL-subrings and TL-ideals partl: basic concepts.
Fuzzy Sets and Systems, 68:93-103, 1994.
L. A. Zadeh, Fuzzy sets, Information and Control 8 (1965) 338-353.



34

G. Chandrasekaran, B.Chellappa and M. Jeyakumar



