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Abstract

In the present paper we improve and generalize fixed point theorems
for generalized contractive type mappings in cone metric spaces are
established.
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1. Introduction and Preliminaries

Very recently Huang and Zhang [3] introduce the notion of cone metric space. He
replaced real number system by ordered Banach space. He also gave the condition in
the setting of cone metric spaces. The results in [3] were generalized by Sh. Rezapour
and R. Hamlbarani [7] omitting the assumption of normality on the cone.

In this paper, we establish some new generalized contractive type condition for
mappings defined on cone metric spaces and prove some new fixed point theorems for
these mappings. Our results are generalization of results in [2,3,4,5,8].

Let (E,t) be a topological vector space and P € E. Then P is called a cone
whenever,

(i) Pis closed, non-empty and P # {0};

(i) ax+ by € PV x,y € P and non-negative real number a, b;
(iii) Pn (—P) ={0}.
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Given a cone P c E, we define a partial ordering < with respect to P by x < y if
and only if y —x € P. We write x < y to indicate that x <y but x # y, for x,y €
P,x L y if y — x € Int(P), Int P denotes the interior of P.

The cone P is called normal if there is a number K > 0 such that for all
x,y €EE

0 < x <y implies ||lx|| < Kllyll.
The least positive number K satisfying the above is called the normal

constant of P.
Definition 1.1. Let X be a non-empty set. Suppose that the mapping d: X XX = E
satisfies
(i) 0<d(x,y)forall x,y € X and d(x,y) = 0ifand only if x = y;
(i) d(x,y) =d(y,x)forallx,y € X;
(iii) d(x,y) <d(x,z)+d(zy)forallx,y,z€X.
Then d is called a cone metric on X and (X, d) is called a cone metric space.

Definition 1.2. Let (X,d) be a cone metric space and {x,} be a sequence in X,

then,

(1) {x,} convergesto x € X, if for every ¢ € E with 0 < c, there is an ny, € N the
set of all natural numbers such that for all n = n,, d(x,,, x) < c. It is denoted
by lim,_.x, = x or x, = x(n - ).

(i) If for every c € E, there is a number ny € N such that for all m,n>
ng d(x,, x,,) < c,then {x,} is called a Cauchy sequence in X.

(i) (X,d) is called complete cone metric space if every Cauchy sequence in X is
convergent.

Definition 1.3. A function F: P — P is called « — increasing if, for each x,y €
P,x < yifand only if f(x) < f(y). Let F: P - P be afunction such that

(F1) F(t) = Oifand only if t = 0.

(F2) F is « — increasing.

(F3) F is surjective.

We denote by é (P, P) the family of functions satisfying (F1), (F2), (F3).

Lemma 1.4[1]. Let E be a topological vector space. If ¢c,, € E and c,, = 0, then for
each ¢ € Int(P) there exists N such that ¢,, < c foralln > N.

2. Main Results
Theorem 2.1. Let (X,d) be a complete cone metric space. Suppose that a mapping
T:X — X satisfies

F(d(Tx,Ty)) < L, F(d(x,y)) + A,[F(d(x,Tx)) + F(d(y,Ty))] - (2.1)
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forall x,y € X, where A;, A, € [0,1) and F € (P, P) such that

(1) F is sub additive.

(2) If for {c,} c p, lim,,_,.F(c,,) = O then lim,,_,.c, = 0.

Then T has a fixed point in X. For each x € X, the iterative sequence {T"x} is
convergent to the fixed point.

Moreover, if A, + A, < 1then T has a unique fixed point in X.

Proof. Let x, € X be fixed. Let x; = Tx, and let x,,; = Tx,=T™*! x, for all
n € N. If there exist n € N such that x,,,, = x,,, then Tx,,=x,,; = x, and so T has a
fixed point. Hence the proof is complete.

Hence we have that x,,,,; # x, for any n € N U {0} from (2.1) with x = x,, and
Y = X,_1, We have

F(d(nr1, %)) = F(A(Txn, Txn-1))

< M F(d(n Xn-1)) + 2o lF (Ao, Txn)) + F(d (o1, Tn-1))]
< M F(d(@n Xn-1)) + 2o lF (A G X11)) + F(d (o1, 20))]
(1= 1) F(d e, %n)) < (hy + 2,)F(d(ons Xpr)

= F(d(ni1 %)) < (552) F(d(n Xn-1))

< k(F(d(xp xp-1)))

AgtA
Wherek:f;kz<1.

A2

Thus we obtain, F(d(x,41,%,)) < kF(d(x,,x,—1)) foralln € N.
Hence F(d(xp41, %)) < kF(d(xp, xp-1))

< k2F(d(xp_1,%n_2))
< k"F(d(xy, o).

We now show that {x,,} is a Cauchy sequence in X.
For m > n, we have that

F(d(xn, X)) < F(d(Xp, Xn41)) + F(d(Xne1, Xn42)) + F(d Xz, Xn43))

+ — — + F(d(Xm_1,%m))

< k"F(d(xy, %)) + k™ 10F (d (31, %)) + k™ 2F (d(xy, x%0)) + — — — +
+k™1F (d(xq, %))

< k"F(d(xy,x))[1+k + k> + — — — + fm—n-1]

< k™F(d(x;, %)) (1_11(—1:11)
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< (%) F(d(x1,x0)) = 0.

Applying Lemma (1.4), {x, } is a Cauchy sequence in X. Since X is complete there
exist z € X such that lim,,_,.x, = z.

Let ¢ € Int (P) be given, we can choose N € N such that d(x,,_;,2) < F‘l(g) for
alln > N,

By (F2) and (F3),

F(d(xp-1,2)) < foralln > N.

Thus for all n > N, we obtain

F(d(z,Tz)) < F(d(z x,)) + F(d(x,, Tz))
< F(d(z,x,)) + F(d(Tx,_1,TZ))

< F(d(z,x,)) + MF(d(xp_1,2)) + A [F(d(tpoy, Txn_1))
+F(d(z,Tz))
< F(d(z,x,)) + MF(d(xp_q,2)) ¥ F (d(xpq, %))
+)1,F(d(z,Tz))
(1 = 2,)F(d(z,Tz2)) < F(d(xn,2)) + M F(d(xp_y,2)) + A[F(d(xp_1,2))
+F (d(z,x,))]
(1 = 1,)F(d(z,Tz2)) < F(d(xn,2)+MF(d(xp1,2)) + AF(d(x,-1,2))
+2,F (d(xy,2))
(L —2)F(d(2,T2)) < (L + A)F(d(xp, 2)) + (0 + M) F(d(xpp_y,2)
F(d(z T2)) < 222 F(d(x,, 2)) + 2222 F(d(xp_1, 2))

1—}\,2 (1_)\'2)
c,c_
F(d(z, TZ)) < 2 +E =c.

Thus, F(d(Tz,z)) « % for all n € N, and so %— F(d(Tz z)) € P. Since %—> 0

and P is closed, —F (d(Tz,z)) € P. Hence F(d(Tz,z)) = 0.
By (F1),d(Tz,z) =0andso z = Tz.
Assume that u is another fixed point of T.
Then F(d(z,w)) = F(d(Tz, Tw))

< M F(d(z,w)) + 1o [F(d(2,T2)) + F(d(u, Tw))]
< MF(d(z,u)) + A[F(d(z,2)) + F(d(u,u))]
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< MF(d(z,u))
Thus (A, — 1)F(d(u,z)) € P,since 0 < A, —1 <1,
(A, —1)F(d(u,z)) € —P Hence F(d(z,u)) = 0.

By (F;) d(z,u) =0and so z = u.
Therefore, T has a unique fixed point in X.

Theorem 2.2. Let (X, d) be a complete cone metric space. Suppose that a mapping
T:X — X satisfies

F(d(Tx,Ty)) < MF(d(x,y)) + A F(d(x,Tx)) + L3F (d(y, Ty))
+0[F(d(y, Tx)) + F(d(x, TY))]  coeeeens (2.2)

for all x,y € X; where Ay, A,, A3, A4 € [0,1)and F € §(P,P) such that
(1) F is sub-additive;

(2) If, for {c,,} < P, lim,, F(c,) = Othenlim,_.c, =0.

Then T has a fixed point in X. For each x € X, the iterative sequence {T"x} is
convergent to the fixed point.

Moreover, if A;+1, + 13 + 24, < 1then T has a unique fixed in X.

Proof. Let x, € X be fixed. Let x; = Tx,and let x,,.; = Tx, = T""1x, for all
n € N.

If there exist n € N such that x,,,; = x,, then Tx,=x,,,; = x, and so T has a fixed
point. Hence the proof is complete.

Hence we have that x,,,, # x,, foranyn € N U {0}.

From (2.2) with x = x,, and y = x,,_;, we have
F(d(xn+1,%n)) = F(d(Txp, Txp-1))
S MFA(y,xpn-1)) + A F(d (e, Txy)) + AsF(d(xp_q1, Txp_q)) +
hal F(d ey, Tx)) + F(d(xy , Tp1))]
< M F (dCen, Xn1)) + 22F (A, Xn1)) + AaF (d Gty 1 X0)) +
halF(d(no1, Xna1) + F(d (xn, x0))]
< (2 + 23)F (dCn Xn1)) + AF (At Xn11)) + 2aF (d(noy, x0)) +
+4F (d(xn, X 41))
< (A, + 25 + A3)F (A %01)) + (A, + 24)F (At X))
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(L = 2 = A)F (dCen, Xn11))
S+, + j~4)F(d(xnaxn—l)) F(d(xy xn41))
< Mt At A F(d(tn Xn-1))
“\1-A,— A metnd

Thus F(d(xp, Xpe1)) < hF(d(xp, x,_1))V n € N where h =

A+Agtis
1=dy—Ag

<1

aS//]ul+//]uz+//]u3+2/l4<1 i/ll+/l3+/l4<1_/12+/14

1-A2—24
Thus we obtain,

F(d(xnaxn+1)) < hF(d(xn’xn—l))
< th(d(xn—Za xn—3))
< hnF(d(xlaxo))-

We now show that {x,,} is a Cauchy sequence in X. For m > n, we have
F(d(xn, xm)) < F(dQtn Xn41)) + — = +F(d(X-1, %))
< h"F(d(x;,%0)) + K™ 1F(d(x1,%0)) + — — —

""" +hM 1 (d (x4, %0))
< h"F(d(xy, x))[1+h+h*+ —— — —+h™ "]

< hnp(d(xl, xo)) [1_1}1_1:11]

< 5 F(d (i, x0)) = 0.

Hence lim,, ;60 d (X X)) = O.

Applying Lemma (1.4) {x,} is a Cauchy sequence in X. Since X is complete, there
exists z € X such that lim,,_,, x, = z.

Let c € int (P) be given. We can choose N € N such that

d(x,,z) < F71 G) for all n>N,

F(d(Tz z)) < F(d(Tz Tx,_,)) + F(d(Tx,_1, 2))

< MF(d(z,%,_1)) + A,F(d(2,Tz)) + A3F (d(xp_q, Txp_1)) +
A4[F(d(xp_1,T2)) + F(d(z, Txp_1))] + F(d(Txp_1,2))

= (1 — A)F(d(Tz,2)) < 2 F(d(z,xp-1)) + A3F (d(xy_1,2)) + A,F (d(z,x,))
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+24[F(d(xn_q, T2)) + F(d(z,x,))] + F(d(xn,2))

= (1 — A)F(d(Tz, 2)) < M F(d(xp_1,2)) + A3F(d(xnq, 2)) + A3F(d(xy,2))
+14[F (d(xp_1, T2))] + A4[F(d(z,x,))] + F(d(x,, 2))

= (1 — A)F(d(Tz 2)) < M F(d(xp_1,2)) + A3F(d(xnq,2)) + A3F(d(xy,2))
+24[F d(xn,2))]1 + F(d(xp,2) + A4[F(d(xp_1,2)) + F(d(2,T2))]

(1 =2, = A)F(d(Tz,2)) < (A, + A5 + L) F(d(xn-1,2))

+(A3 + Ay + DF(d(x,,, 2))
(A, + A3+ 1)

(1-12,— 1)

A+ +4)

= F(d(Tz,z)) < F(d(x,_,,2)) + [

F(d(x,,2))
K-+-=c
Thus F(d(Tz,z)) < %for alneN - % — F(d(Tz,z)) € P
Since% — 0and P is closed, —F(d(Tz, z)) € P. Hence F(d(Tz,z)) = 0.
By (F1),d(Tz,z) = 0. Hence z = Tz.
Assume that u is another fixed point of T' then
F(d(z,u)) = F(d(Tz Tu))
< MF(d(z,u)) + X, F(d(z,T2)) + A3F(d(u,Tu)) +
Aa[F(d(u, T2)) + F(d(z,Tu))]
< MF(d(z,w)) + M [F(d(u, 2)) + F(d(z,w))]
<+ 2k4)F(d(u, z))

Thus (A, +2h, — 1)F(d(u,z)) € P, 0 < Ay + 24y <1,(A, + 2y — 1) € =P
Hence F(d(z,u)) = 0.

By (F,),d(z,u) = 0and so z = u.

Therefore, T has a unique fixed point in X.
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