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Abstract

In this paper, we have been proved an analogue theorem on ‘(W pn)— B‘
summability of a factored Fourier series.
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INTRODUCTION
Let {s,} be the sequence of partial sums of a series > a, . Let the sequence {t, (n)}

be defined by
k-1

(1.1) t.(n)= % D s, keN
v=0

Then t,(n) is said to be the k-th element of the Banach transformed
sequence. If
(1.2) I!im t. (n) = s, a finite number,

Uniformly for all ne N, then Zan is said to be Banach summable to s,
Further, if the series

0

13 >

k=1
Uniformly for all ne N, then the series Zan is said to be absolutely Banach

tr(1n) _t(”)

k+1 <®©

summable or simply |B |-summable.
Let {p, | be a sequence of non-negative numbers with



12 Shubhra Sharma and Chitaranjan Khadanga

P,=> p,neN,and p, =0, p; =0,i=12,.

v=l

Let the sequence {T, (n)} be defined by

1 k
(14) Tk (n) :P_ z Py Syt keN

k v=1
Then T, (n) is said to be the k-th element of the (W, pn)-Banach transformed

sequence. If
(1.5) I!im T, (n) = s, a finite number

Uniformly for all ne N, then the series > a, is said to be (N, pn)—B-
summable. Further, if the series

(16) D M(m) =Tyl < o

Uniformly for all ne N, then the series Zan is said to be absolutely
(N, p, )- B summable or simply (N, p, )- B-summable.

In case if p, =1 VYneN, then ‘(N pn)— B‘ -summability reduces to |B|-
summability.
2. Let iAn (x) be the Fourier series of a 27 -periodic function f(t) and L-

n=s

integrable in (-7, 7). Then

(2.1) A(X) :% jq)(t) cosnt dt, n=012,...

where ¢(t):%{f(x+t)+ f(x—t)}.
Dealing with absolute summability of factored Fourier series, Chow

: : : : : A
established that if {1} is a non-negative convex sequence and the series Z—”
n

converges, then the factored Fourier series » A, A (x) of f is summable |c.1| for
almost all values of x.

KNOWN RESULT
If ¢(t)|og(%]eBV (0,7), then the factored Fourier series > 1,A (x) is [B|-

: A
summable, for {1, } to be a non-negative convex sequence such that Z—” <o,
n
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3. MAIN THEOREM:
If ¢(t) Iog(%]e BV(0,7), then the factored Fourier series > A, A (x) is

(N p,) - B|- summable, for {2,} to be non-negative convex sequence and {p, } to

be a sequence of non-negative number with P, = Z p, # 0 such that
k=1

(i) z%n <o
and
(i) np, =0(R,).

4. REQUIRED LEMMAS
We require the following lemmas for proof of the above main theorem.

. .. A .
Lemma-1 If {A,} is a positive convex sequence such that 27”< w, then {1, } is

monotonically decreasing.

.. . 1
Lemma-2 Let {pn} be a positive non-decreasing sequence. Let 7 = [J then

p, cos nt = O(P.)

T

M=

=]
Il
I

p, sin nt = O(P.)

M=

=]
Il
I

Lemma-3 Let {T, (n)} be as defined in (1.4), then

k

pk+l
T.(m-T,,(N)=-————>P a,,.
k() k+1() PP z von+v

k "k+l v=0

Proof: We have

1 k
Tk (n) = F z Py Snivaa

k v=l

1 k n+v-1 1 n k n+k-1 k
23 Sa-tSaTn T Yol
k v=1l i=1 k i=1 v=1 i=n v=i—-n+1
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1 n+k-1 1 n+k
Tk (n) _Tk+1(n) Bl z P - P Z(Pk+1 - Pi—n)ai

k+1 i=n

e

—__FMndl pn+1 nilp_n | pk+1

n+k
Pk Pn+1 i=n k-1
k
pk+1 < pk+1
:_PP zpln i:_ zpanw'
k+1 i=n k+1 v=0

PROOF OF MAIN THEOREM
Part-i

We have A, (x) = 2 j ¢(t) cos nt dt
T

2 % k)| cosnt
== | {¢(t) log (?]} m dt
0 log T

cos nt

=< { h(t) —— o (k] dt, where h(t) = ¢(t) log G]

Thus

-y 2o o) =]

Now, for the factored series Z A, A, (X), we have

>0 ~Teu(m)] = zp o Qp AR

S Bl 2o o) 22
“Ton B ey
25 (oft)) = o

=S, +S,, say
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n+v |

‘ P, A
21

= (n+v)( Iog(n+v))‘

— ) i n+v

i_ 1
(n+v Iog(n+v)) >\ P P

=0(1) z ) (Iog(n ) <oo, uniformly in n.

5o () 2 o

:0(1)i 0. Zk: P Ay (Iog( nl sin(n+v)t

~ n+v

C pk+1
s, =0()
' ; P I:)k+1

MS

Further

Z pk+1

ﬂklp I:)k+1

, as h(t) e BV(0,7)

=0() (log 7)™ (S, + S5,), say.

Now,
° K sin(n+v)t
S =3, o 3 Bt )0
T k
02 Pﬁ;

= 0(t) :0(1') = 0(|Og T).
Again S, = i Pics

k
> P A i (n+v)t ‘

ko P Py [0 n+v
:kl Pka:1+l sz_; ( o ];sm n+p)t +“+k ZSII’] n+p)t
o) 3 R 8 (P B fﬁ“” ) 2k
o[ 5 B § Pk Bt B | B

= S221 + S222 + S223 + S2241
Now
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00 k-1
_ z pk+1 pv+1 /In+v
k=r+1 P P +1 v=0 n+v

0

pv+1 n+v S pk+1 pv+1 n+v pk+1
z z Pk I:)k+1 z z P I:)n+1 }

221 -
{ n+v k=r+1 n+v S5 Ry
{ pv+1 n+v + i pv+1 j‘n+v }
n+v PT+1 =~ (n+Vv)P,,
0 n+v O(T ) i j‘n+v
_1 n+v v— N+V
vl N+V
=0(log 7).

8222 _0 i pk+1 2 p +1 A/’Ln+v

k=r+1 Pk Pn+1

{z pv+1 n+v i I:)pkl::l z pv+1 n+v i pk+1 }
k k+1

v=1 n+v k=r+1 V=t n+v k=v+1 Pk Pn+1

— c pv+1 Aﬂ‘mv S pv+1 Aﬂ“nw
_O(T){z Pt (h+v)P }

V-1 (n + V) Tl V=T vl
Il
v=1l V=t

—o@) Y A4,
v=1

=0(log 7).
Also,

S223 = O(T) i pk+1 § pV+1 /In+v+1

k=r+1 P Pn+1 v=0 (n+V)(n+V+l)

— O(T) {z pv+1 n+v+l z Ppkp+: ) + z pv+1 n+v+l z Ppr;:J;l ) }

S n+v)n+v+1) &, =~ (n+v)n+v+1) 5,

_ N pv+1 j‘n+v+1 S j‘n+v+1
_O(T){VZ_;‘ (n+v)(n+v+1)P_, +VZ:;‘ (n+v) n+v+1)}
_ -1 C j‘n+v+1 < j‘n+v+1

_O(T){O(T )2_1: n+v+1+0( )VZ_;‘ n+v+1}

— 0(1) z n+v+1

n+v+1

= O(Iog z').
Finally,
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c pn+1 Pk /In+k
S,.,=0 .
224 (T) k;d PP . n+k

i pn+1 n+k

K=r+1 n4—k) ksl
2 A
:0 0 -1 n+k
(c) ole )k; P
=0(log 7) .
Then S, =0(1).

Hence . > [T (n) =T,,;(n)| <o, uniformly in n.
n=1

Part-ii
It ¢(t) < BV(0,7), then the Fourier Series > A, (x) is [N, p, ) B|-summable, for

{pn} to be a sequence of non-negative number with P, :an #0 such that
k=1

np, =O(P,)

n

PROOF:

We have [T, (n) -T,.(n)| = - P
k

z A,

v=0

n+1

Zk: ]Enlivv sin(n+v) + dg(t)

v=0

— E pn—l
r PP,

)

k=1

2 o0
T.(n)-T.,.,(n)=—
() n+1( ﬂ; n+v

z Hsm@+Nw

~=n+v

Now

C pn+1
é P P n+1
_ - pn+1
- z P I:>n+1

k=1

k

> i sin(n+ vt

v—o N+V

z P,(n+v) ¢

v nN+V

—O(t)z pgl n+v) P =c(t) Y2t _ o) - 0(r) = 01

n n+1 k=1 ' n41

Flnally,

pk+1
z Pk I:>n+1

k>t

<P
D> ——sin(n+Vv) t‘
v

v—o N+
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-l

— z pn+1 .
n>t n n+1
_ pk+1
z (n+ k) )

k>t n+1l

n+

_O(T) Z T) (k +1)
=c(T) - cfr)=0@)

=S [T (n) =T,..(n) | <o, uniformly in t.

n=1

k-1
If >y (i] T.(n) —Tr+1(n)|k < oo, uniformly in n.
= \Pr

Then 3" a, issaid to [N, p, )-B| summable.
This Complete the prove the theorem.

THEOREM-2: If ¢(t)  BV(0,7) , then the Fourier series > A, (x) is [(N, p,)-B|,

-summable k>1 for {p,} to be sequence with P, :Zn:pn;to such that (i)
n=1

np, =0(R, ), (ii) P, =0(np).

PROOF: We have

A, (x) :% Tq)(t) cosnt nt

0
2 .
= — td t, :1,2,3,...
— !sm nt dg(t), n

Then

k-1 k-1
00 P p
() =T, (n) El ] ( ~ ]
r=1 pr | ' | pV RI I:3I+:|.

)
( Y ]=Z+Z"w #(t) e BV(0,7)

1 2
. P k-1 p k
_ v v+l
; ;(pv] (Pval]
. p k-1 p k
_ v v+l
- ; r ] ( P I:)v+1 ]

k
T

10

r

2,

~ n+v

sin(n +v) t‘

. P, (n+v)tf

2,

~ n+v
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n-1 k
Anky N & P k pk _ nftk -~ rer
_o(t);(pv] (—P : ] r* X =ot) Y k

v v+l

—oft)> r*=oft*) ofc* ) = 0qt)

P pu ) (& P k
Zz“:;(p_vv] (—Pvp;m] (VZ; -y sin(n+v) t]
_ I:)r . pr+1 k I:)v ‘ k
S5 (5] () o)

o)y o)y () o)

= (n+v)(v+1) = v(n+r)
=0(D)
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