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Abstract

In this paper, we introduce the concept of an anti fuzzy implicative filters of
lattice Wajsberg algebras. We find characterizations of fuzzy implicative
filters and anti fuzzy implicative filters. We discuss a relation between fuzzy
filters and anti fuzzy implicative filtersin lattice Wajsberg algebra. Finaly, we
obtain an extension property of anti fuzzy implicative filters.
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Introduction

In the fileld of logical system whose propositional value is given in a lattice, Modchaj
Wajsberg proposed the concept of lattice Wajsberg algebras (W- algebras), in 1935.
A. Rose et al. published the proof of W- agebras. Josep. M. Font et a. proposed the
notion of implicative filters in lattice W- algebras and discussed some of their
properties in [4]. The am of this paper is to introduce the notion of anti fuzzy
implicative filters and investigate some useful properties. We obtain characterizations
of fuzzy filters and anti fuzzy implicative filters. We discuss a relation between fuzzy
filters and anti fuzzy implicative filters in lattice W- agebras. Also we give an
extension of anti fuzzy implicative filters.
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Preliminaries
The following some useful results and properties which are help for our main results.

Definition 2.1[4]: Let (A,— ,* , 1) be an algebra with complement “ x” and a binary
operation “ — " is called Wajsberg algebra (W-algebra) if and only if it satisfies the
following axioms, VX, y, z€ A.

) 1—- X=X

(i) X—=y)—=(y—=2—(x—2)=1

(i) (x—=y)—y=(y—x—x

(iv), (X—=y)=(y—=x=1

Proposition 2.2[4]. The W-algebra (A, —, *, 1) satisfies the following equations and
implications, VX, y, z€A.

() X—x=1

(i) If Xx—y=y—x=1thenx=y

(i) x—1=1

(iv) x—=(y—x=1

(v) If X—y=y—z=1thenx—z=1

(vi) X—=YyY)—=((z—=x)—(z—y)=1

(vii) x—=(y—2=y—(x—2

(viii) X—=0=x—-1 =X
ix) (xX) =x

xX) X -y =y—x

Proposition 2.3[4]. The W-algebra (A, — ,* , 1) satisfies the following equations and
implications, VX, y, z€A.

(1) If x<ythenx—z>y—2z
(i) If x<ythenz—x<z—y
(iii) x<y—ziff y<x—1z

(iv)  (xvy)y =X AYy’)

V)  (xAy) =X Vy)

(i) xvVy)—z=(xX—=2AN(y—2)
(Vi) X—=(YyAZD)=(X—=Y)A(X— 2)
(viii) (xX—=y)V(y—x =1

(ix) x—=(yva=x—-y)V(x—2
x)  (XAY)—=z=(X—=Y)V(X—2)
xi) (xXAYy)Vz=(XV2A(YV2
xii)  (XAYy) = z=(X—Yy)—(X—2)
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Definition 2.4[4]. The W-algebra A is called lattice W-agebra if it satisfies the
following conditions, vV X, yeA.

() A partial ordering < on alattice W — algebra A, such that x <y if and
onlyif x — y=1

(i)  (xvy)=(x—y)—y

@)  (xAy)=((X" —y)—y’).Thus wehave(A,V, A, 0, =, 1) isalattice

W-algebrawith lower bound 0.

Definition 2.5[4]. Let A be W- algebra. A subset F of A is caled an implicative filter
of A if it satisfies the following axiomsfor al x,y € A.

0] leF
(i) xeFand x— yeFimply yeF

Definition 2.6[10]. Let X be a set. A function p: X — [0, 1] is called a fuzzy subset
on X, for each x € X, thevalue of p(x) describes a degree of membership of xing .

Definition 2.7[10]. Let 1 beafuzzy setinaset X. For t €[0, 1], theset p, ={xeX
[ u(x) >t} iscalled alevel subset of 1.

Definition 2.8[10]. Let u be fuzzy subset of a W- algebra A. Then for t €[0, 1], the
set 1t ={ xeA/ u(x) <t} iscalled thelower t- level cut of .

Definition 2.9[1] A fuzzy subset pof lattice W- algebra A is cdled a fuzzy

implicativefilter of A if it satisfies the following axioms.
(i) p@ > p(x),foral xeA

(i) p(y) =2 min{ u(x—y), p(X)}, fordl x, y eA.

Proposition 2.10[11]. Let 1, and I, be subsets of |attice W- algebra A withl, C 1, if
|, isimplicativefilter then soisl, .

Main results
In this section, we introduce anti fuzzy implicative filter of lattice W-algebra and
investigate some properties.

Definition 3.1. A fuzzy subset . of lattice W- algebra A is said to be an anti fuzzy
implicative filter of A if it satisfies the following axioms.

) @ <px)

(i) ply) <max{ p(x—y), p(x)} fordl x, yeA
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Example 3.2. Let A = {0, a, b, c, 1} be a set with Figure (1) as partial ordering.
Define unary operation “ " and a binary operation “ —” on A asin the Table (1) and
Table (2)

x i — 0 a b ¢ 1 1

0 1 0 1 1 1 1 1

a b a b1 ¢ 1 1 c

a a c 1 1 1 a b

c c c ¢c ¢ ¢ 1 1

1 0 1 0 a b ¢ 1 0

Figure (1)
Table (1) Table (2)

Define v and A operationson A asfollow:

(xvVy)=(x—1y) =Y,

XAY)=((X" —y)—y)", for dl x, yeA. Then, we have A is lattice W-
algebra.

Consider the fuzzy subset 1 on A is defined by,
0.2if x=1
w(X)= VxeA

0.7 otherwise
Then, p isanti fuzzy implicative filter of A.

Proposition 3.3. Let 1 be an anti fuzzy implicative filters of lattice W- algebra A
thenforal x, y cA,wehave, X >y = u(X) > u(y’).

Proof: Forany x, y € A, wehavex” > y" ifandonly if y"—x" =1
Now p(y") = pn(l—y")
=p((y —=Xx)—=Yy)
p(X)=p(1—x)
= p((y —=x)—x)
> p(y’)
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Thus,wegetx > y" = u(X) > u(y’).
Proposition 3.4. A fuzzy subset 1 of A isan anti fuzzy implicative filter if and only
if forany x, ye A, x<y—z impliesu(z) < max{ u(x), n(y)}.

Proof: If u is fuzzy subset of A and satisfying the conditionx<y—z implies
p(2) <max{ pu(x), p(y)}, Vxy, zeA.

Since x<x—limplies p (1) < max{ u(x), pu(x)} = u(x)

Thus, we get 1 (D)< u(X)

Since x<y—z it follows that replacing z by x we have the following
condition p(y) < max{ u(y— x), p(x)}. Thus, p isanti fuzzy implicative filter

of A By the definition 3.1 of anti fuzzy implicative filter of A, we get the converse
part immediately.

Proposition 3.5. Any anti fuzzy implicative filter of lattice W- agebra A is
implicative filter of A.

Proof: We have, u(@)<u(x) and p(y) < max{ pu(x—y), n(¥)},V X yeA.
Clearly, we get any anti fuzzy implicativefilter of A isaimplicative filter of A.

Note: The converse of the proposition 3.5 is not true.
Example3.6. Let A ={0, a, b, c, d, 1} be aset with Figure (2) as partial ordering.

Define unary operation “ «” and a binary operation “ — " on A asin the tables (3) and

(4).

x * — |0 a b e d 1

0 1 0 1 1 1 1 1 1 1

a o a c 1 b ¢ b 1

A d b d @ 1 5 a 1 b
o a o a a 1 1 a 1 d <
a | b 4 b1 1 b 1 1

1 |0 1 |0 a b ¢ d 1 0

Figure (2)

Table (3) Table (4)

Define V and A operationson A asfollow:
(XVy)=(X—=Yy) =Y,
(XAY)=((X" = y)—y) for dl x, yecA. Then we have A is lattice W-
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algebra.
0.8 if x=1
A fuzzy subset 110n A defined by, 1(x) = T yxeA
0.3 otherwise

Then, we have 1 isfuzzy implicative filter of lattice W-algebra A, but pisnot a
anti fuzzy implicative filter of A sincep (1) £ p(X).

Proposition 3.7. Any fuzzy subset 1 of lattice W- algebra A is anti fuzzy implicative

filter of A if and only if for each t €[0,1], 4! is either empty of an implicative filter
of A.

Proof: If ; isanti fuzzy implicativefilter of A and p'= ¢, Vt €[0,1]
Obviously, we get, 1€ 1!, since (1)< t

Let x,y,z€ A besuch that xep! and x— yeut. Then, we have u(X)<t and
u(x—y)<t. Thus, by the definition 31 we get

p(y) < max{ p(x), p(x—y)}<t
Therefore, by the proposition 3.5, we have, any anti fuzzy implicative filter of

lattice W-algebra A is aimplicative filter A. Hence, we get ! is an implicative filter
of A.
Conversely, if for each t €[0, 1], i' is either empty or an implicative filter of A

Part (1): Forany xc A, let (x) =t then, we get xe 1!

Since u! =¢ isanimplicativefilter of A, 1€ 4!
Hence, wehaveu () < t=p(x), p(@) < u(x).

Part (2): Weshow that p(y) < max{ u(x—1y), u(x)}
If not, 3 x",y",z° €A suchthat p(y*)>max{ u(x" — y*), pn(x)}

Let t, = 2u(y)+ max p( — y), u(x)H]

Then, we get 1 (X") > t,> max{ (X" — y*), p(x")}
Hence, we have X* ¢ i, and X* — y* € g isnot animplicative filter of A

Which is a contradiction to implicative filter
Therefore, we have p isanti fuzzy implicative filter of A.

Proposition 3.8. Letyy and p, be any fuzzy subsets of lattice W- algebra of A with
< pio and (1) = po (1) . If gy isanti fuzzy implicative filter of A then so 1, .
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Proof: Let us show that i, is an anti fuzzy implicative filter of A. It is enough to
show for any t€[0,1], 1, iseither empty or animplicative filter of A.

If !t =¢pand ' C po', Let xe gy then t> gy (X), VXA and s0 t > 1y (X),
VXxeA That is, xe uzt. Since 4 is anti fuzzy implicative filter of A, from the
proposition 3.7, we have ,ufltis either empty or an implicative filter of A. Since

' = ¢, py' isanimplicative filter of A. Thus by the proposition 2.10, we get i, is
also an implicative filter of A. Hence i, isanti fuzzy implicative filter of A.

Proposition 3.9. If | isan implicative filter of |attice W- algebra A, then thereis a anti
fuzzy implicative filter pof A suchthat 4 = Ffor somete (O, 1).

Proof: Let 1 be afuzzy subset of A defined by 1 (X) :{O it x| VxeA

Wheret isafixed number (0 <t < 1). We verify that ;s is an anti fuzzy implicative
filter of A. For anyx, y € A such that x eF and (x — y)€ F then by the definition
2.5 of implicative filter, we have, ye F. Then, we get pu(x—vy) = u(x) = u(y) =t
andso p(y) =max{ u(x—vy), w(x)}.If atleastoneof u(x—y) or u(x)is0

Hence, we have 1 (y) < max{ u(x—vy), u(x)} fordl x, ye A

SinceleA, u@) =t<u(y),foral ye A

Therefore, 1 isafuzzy implicative filter of A. Obvioudy, i = F.
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