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Abstract 
 

This paper presents an optimization framework to derive optimal 
replenishment policy for perishable items with stock dependent demand rate. 
The present work attempts to model the situations where selling rate depends 
on the  stock level in hand and items have time dependent deterioration rate 
with partial backlogging. Here shortages are allowed and partially backlogged, 
where backlogged rate is dependent on the duration of the waiting time up to 
the arrival of next lot.  
 
Keywords: Stock dependent demand rate, Variable deterioration rate, partial 
backlogging. 

 
 
Introduction 
Classical inventory models developed for constant demand rate can be applied to both 
manufacturing and sales environment. But many supermarket managers have 
observed that, for some items, the demand rate is directly related to the amount of 
inventory displayed. This phenomenon is termed as ‘stock dependent demand rate. 
 Deterioration is the important factor in many inventory systems. Deterioration is 
defined as decay or damage such that the items can not be ignore this factor in 
inventory system. For items such as steel, hardware, glassware and toys the rate of 
deterioration is so low in which there is little need for considering deterioration in the 
determination of the economic lot size. However, some items such as blood, fish, 
strawberry, alcohol, gasoline, radioactive chemical, medicine and food grains 
deteriorate rapidly overtime. Thus deterioration of physical goods in stock is a very 
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realistic feature and inventory modelers felt the need to take this factor in to 
consideration. .  EOQ models for deteriorating items with stock dependent demand 
have also considered by several researchers like Gupta & Vrat [5], Wee [12], 
Padmanabhan & Vrat [9], Giri &Chakra [4], Chang & Dye [1]. An inventory model 
with stock dependent demand in response to temporary sale price is proposed by 
Horng-Jinh Chang and Chung-Yuan Dye [6]. Chun-Tao Chang and J.T. Ting [2] 
discuss why it is appropriate maximize the profits of minimizing the costs, in an 
inventory system with an inventory level dependent demand rate. Dye and Ouyang [3] 
proposed an EOQ model for perishable items under stock dependent selling rate and 
time dependent partial backlogging and then established the unique optimal solution 
to the problem when building up inventory is not profitable. Manjusri  Basu and 
Sudipta Sinha [8] proposes to present a general inventory model with due 
consideration to the factors of time dependent partial backlogging and time dependent 
deterioration.  Sanjay Jain, Mukesh Kumar, and Priya Advani [11] discuss a 
deterministic inventory model for infinite time-horizon incorporating inventory level-
dependent demand rate, deterioration begins after a certain time, partial backlogging 
and decrease in demand is develop. Ravinder Kumar Arya, S.R. Singh and Shakya 
[10] present an optimization framework to derive optimal replenishment policy for 
perishable items with stock dependent demand rate. Horng Jinh Chang and Wen Feng 
Lin [7] derive a partial backlogging inventory model for non instantaneous 
deteriorating items with stock-dependent demand rate under inflation over a finite 
planning horizon.  
 In this chapter, inventory models have been developed for single deteriorating 
items with variable deterioration rate and stock dependent demand with variable 
holding cost. Shortages are allowed and partially backlogged. The backlogged rate is 
dependent on the duration of the waiting time up to the arrival of next lot. The present 
work attempts to model the situations where selling rate depends on the current stock 
level and items have time dependent deterioration rate with partial backlogging.  
 
 
Notations 
C1= Setup cost for each replenishment.  
C2 = Inventory carrying or holding cost per unit time. 
C3=  Shortage cost for backlogged items. 
C4  =Deterioration cost per unit time.  
C5 =The unit cost of lost sale. 
ܴሺݐሻ ൌ The variable deterioration rate at any time ݐ, ݐ ൒ 0. 
ሻݐሺܫ  ൌ  The level of inventory at any time ݐ, ݐ ൒ 0.  
,ݐ  ሻ= The demand rate at any timeݐሺܦ ݐ ൒ 0.                 
ܲ  =   The initial inventory after fulfilling backorders.        
௛ܫ                    ൌ  Total number of units holding during ሺ0,     .ଵሻݐ
,ௗ  =  Total number of deteriorated units during ሺ0ܫ                       .ଵሻݐ
    .ଵ,ܶ൯ݐ௦   =  Total number of shortages units during  ൫ܫ                   
            .ଵ,ܶ൯ݐ௟  ൌ  Total amount of lost sales during  ൫ܫ                   
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 .ଵ  =  Total average cost of the system per unit timeܭ                  
 
` 
Assumptions 

• The replenishment occurs instantaneously at an infinite rate. 
• No replenishment or repair of deteriorated items is made during a given cycle. 
• A single item is considered over the prescribed period T units of time which is 

subject to variable deterioration rate. 
• The time dependent demand rate   ܦሺݐሻ ൌ ܽ ൅ ሻݐሺܫܾ ൅ ܽ where ,ݐܿ ൐ 0, and 

0 ൏ ܾ ൏ 1. 
• Unsatisfied demand is backlogged at a rate expሺെݐݍሻ, where t is the time up to 

next replenishment and ݍ is positive constant. 
• Lead time is zero. 
• The backlogged rate is dependent on the duration of the waiting time up to the 

arrival of next lot. 
• Shortages are allowed and partially backlogged. 
• ܶ is the planning horizon and ݐଵ is the time at which shortage starts. 
• Shortages are allowed and partially backlogged 
• Inventory models have been developed for single deteriorating items with 

variable deterioration rate.  
 
 
Model 
When the variable deterioration rate  ܴሺݐሻ ൌ  The differential equations .0 < ݐ  , ݐܴ
governing the inventory level  ܫሺݐሻ  an any time ݐ during the cycle (0, ܶ) are such as  

                                    
ሻݐሺܫ݀  

ݐ݀ ൅ ܴሺݐሻܫሺݐሻ ൌ െܦሺݐሻ,           0 ൑ ݐ
൑ ଵݐ                                                        … … ሺ1ሻ 

                                     
ሻݐሺܫ݀

ݐ݀ ൌ െܦሺݐሻ݁ି௤௧                      ݐଵ ൑ ݐ
൑ ܶ                                                            … … ሺ2ሻ 

                               with the conditions,       ܫሺݐሻ ൌ ݐ ݄݊݁ݓ ܲ ൌ 0               .....(3) 
                                  and          ܫሺݐሻ ൌ ݐ ݄݊݁ݓ 0 ൌ  ଵ                                       .....(4)ݐ
 
 Substituting the value of ܦሺݐሻ and ܴሺݐሻ in the equation (1) and (2) 

                                        
ሻݐሺܫ݀

ݐ݀ ൅ ሺܴݐ ൅ ܾሻܫሺݐሻ ൌ െሺܽ ൅ ,ሻݐܿ
0 ൑ ݐ ൑ ଵݐ                        … … . . ሺ5ሻ 

 

                                        
ሻݐሺܫ݀

ݐ݀ ൌ െሺܽ ൅ ଵݐ                               ,ሻ݁ି௤௧ݐܿ ൑ ݐ
൑ ܶ                        … … . ሺ6ሻ 

 
 The solution of equation (5) is given by  
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ሻ݁൬ோ௧మݐሺܫ                       

ଶ ା௕௧൰ ൌ  න െሺa ൅ ctሻ݁൬ோ௧మ

ଶ ା௕௧൰݀ݐ ൅  ଵܣ

 
 Where A1 is constant of integration  
ሻݐሺܫ                   

ൌ െ ቈܽݐ ൅
ଷݐܴܽ

6 ൅
ଶݐܾܽ

2 ൅
ଶݐܿ

2 ൅
ସݐܴܿ

8 ൅
ଷݐܾܿ

3 ቉ ݁ି൬ோ௧మ

ଶ ା௕௧൰

൅ Aଵ݁ି൬ோ௧మ

ଶ ା௕௧൰                                                                                                          … … ሺ7ሻ 
 
 But  ܫሺݐሻ ൌ ܲ , when 0 = ݐ. Therefore from equation (7) 

ሻݐሺܫ                   

ൌ െ ቈܽݐ ൅
ଷݐܴܽ

6 ൅
ଶݐܾܽ

2 ൅
ଶݐܿ

2 ൅
ସݐܴܿ

8 ൅
ଷݐܾܿ

3 ቉ ݁ି൬ோ௧మ

ଶ ା௕௧൰

൅ P݁ି൬ோ௧మ

ଶ ା௕௧൰                                                                                                          … … ሺ8ሻ 
 
 But ܫሺݐሻ = 0 when ൌ  ଵ , thereforeݐ

                        ܲ ൌ ቈܽݐଵ ൅
ଵݐܴܽ

ଷ

6 ൅
ଵݐܾܽ

ଶ

2 ൅
ଵݐܿ

ଶ

2 ൅
ଵݐܴܿ

ସ

8

൅
ଵݐܾܿ

ଷ

3
൨                                      . … . . ሺ9ሻ 

 
 Substitute the value of  ܲ from equation (9) in equation (8),  We have 

ሻݐሺܫ                    ൌ   ቈܽሺݐଵ െ ሻݐ ൅ ሺܴܽ ൅ 2ܾܿሻ ቆ
ଵݐ

ଷ

6 െ
ଷݐ

6 ቇ ൅ ሺܾܽ ൅ ܿሻ ቆ
ଵݐ

ଶ

2 െ
ଶݐ

2 ቇ   

൅ ሺܴܿሻ ቆ
ଵݐ

ସ

8 െ
ସݐ

8 ቇ    ቉ ݁ି൬ோ௧మ

ଶ ା௕௧൰,                                                   

                                                                                               0 ൑ ݐ ൑  ଵ   (10)ݐ
 
 The solution of equation (6) is given by   

                                       
ሻݐሺܫ݀

ݐ݀ ൌ െሺܽ ൅ ,ሻ݁ି௤௧ݐܿ ଵݐ ൑ ݐ ൑ ܶ      
 
 Where A2 is the constant of integration 
ሻݐሺܫ                                      

ൌ
ܽ݁ି௤௧

ݍ ൅
௤௧ି݁ݐܿ

ݍ ൅
ܿ݁ି௤௧

ଶݍ

൅ ଶܣ                                            … … … . . . ሺ11ሻ 
 
 But ܫሺݐሻ ൌ 0, when ݐ ൌ  ଵ,  thereforeݐ
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ሻݐሺܫ                  ൌ
ܽ
ݍ

ሾሺ݁ି௤௧ െ ݁ି௤௧భሻ ൅ ሺି݁ݐ௤௧ െ ଵ݁ି௤௧భሻሿݐ ൅
ܿ

ଶݍ ሺ݁ି௤௧ െ ݁ି௤௧భሻ, ଵݐ  ൑ ݐ

൑ ܶ             
    (12) 
 
 otal number of units holding during (0, t1) is given by 
ࢎࡵ            ൌ ׬ ଶܥ

௧భ
଴         ݐሻ݀ݐሺܫ

ࢎࡵ       ൌ ଶܥ ቊ
ଵݐܽ

ଶ

2 ൅
1
8

ሺܴܽ ൅ 2ܾܿሻݐଵ
ସ ൅

1
3

ሺܾܽ ൅ ܿሻݐଵ
ଷ ൅

1
10 ଵݐܴܿ

ହ െ
1

24 ଵݐܴܽ
ସ

െ
1

72
ሺܴܽ ൅ 2ܾܿሻܴݐଵ

଺ െ
1

30
ሺܾܽ ൅ ܿሻܴݐଵ

ହ െ
1

84 ܴܿଶݐଵ
଻ െ

1
6 ଵݐܾܽ

ଷ

െ
1

20
ሺܴܽ ൅ 2ܾܿሻܴݐଵ

ହ െ
1
8

ሺܾܽ ൅ ܿሻܾݐଵ
ସ

െ
1

24 ଵݐܾܴܿ
଺ൠ             … … … ሺ13ሻ 

 
 Total amount of deteriorated units during the period ( 0, ݐଵ ) is given by 

ௗࡵ                     ൌ න ܴሺݐሻܫሺݐሻ݀ݐ

௧భ

଴

 

ࢊࡵ                    ൌ ܴ ቊ
ଵݐܽ

ଷ

6 ൅
1

20
ሺܴܽ ൅ 2ܾܿሻݐଵ

ହ ൅
1
8

ሺܾܽ ൅ ܿሻݐଵ
ସ ൅

1
24 ଵݐܴܿ

଺

െ
1

40 ଵݐܴܽ
ହ െ

1
112

ሺܴܽ ൅ 2ܾܿሻܴݐଵ
଻ െ

1
48

ሺܾܽ ൅ ܿሻܴݐଵ
଺ െ

1
128 ܴܿଶݐଵ

଼

െ
1

12 ଵݐܽ
ସ െ

1
36

ሺܴܽ ൅ 2ܾܿሻݐଵ
଺ െ

1
15

ሺܾܽ ൅ ܿሻܾݐଵ
ହ

െ
1

42 ଵݐܾܴܿ
଻ൠ                              … … ሺ14ሻ 

 
 Total number of shortage units during the period ሺݐଵ, ܶሻ is given by 

ࡿࡵ                        ൌ െ න ሻݐሺܫ
்

௧భ

 ݐ݀

ࡿࡵ                        ൌ
1

ଷݍ ൜ሺ݁ି௤் െ ݁ି௤௧భሻ

൅ ݍ ൤ܽሺ݁ି௤் െ ݁ି௤௧భሻ ൅ ܿ ൬ܶ ൅
1
൰ݍ ݁ି௤் െ ܿ ൬ݐଵ ൅

1
൰ݍ ݁ି௤௧భ

൅ ሺܶ െ ଵሻ݁ି௤௧భ൨ݐ ൅ ଶሾܽሺܶݍ െ ଵሻ݁ି௤௧భݐ ൅ ܿሺܶ െ ,  ଵ݁ି௤௧భሿൠݐଵሻݐ ଵݐ         

൑ ݐ ൑ ܶ    … … … . . ሺ15ሻ        
 
and total amount of lost sales during the period ሺݐଵ, ܶሻ is given by 
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ࡸࡵ                         ൌ නሺ1 െ ݁ି௤௧ሻܽ
்

௧భ

 ݐ݀

ࡸࡵ                         ൌ ܽ ቊሺܶ െ ଵሻݐ ൅
ሺ݁ି௤் െ ݁ି௤௧భሻ

ݍ ቋ , ଵݐ          ൑ ݐ

൑ ܶ                         … … … ሺ16ሻ 
 
 Hence, the total average cost of the system per unit time is given by 

૚ࡷ                         ൌ
1
ܶ ሾ ܥଵ ൅ ௛ܫଶܥ ൅ ௗܫଷܥ ൅ ௌ ൅ܫସܥ ௅ሿܫହܥ ൌ

ܵଵ

ܶ  

૚ࡷ       ൌ
1
ܶ ቈܥଵ ൅ ଶܥ ቊ

ଵݐܽ
ଶ

2 ൅
1
8

ሺܴܽ ൅ 2ܾܿሻݐଵ
ସ ൅

1
3

ሺܾܽ ൅ ܿሻݐଵ
ଷ ൅

1
10 ଵݐܴܿ

ହ

െ
1

24 ଵݐܴܽ
ସ െ

1
72

ሺܴܽ ൅ 2ܾܿሻܴݐଵ
଺ െ

1
30

ሺܾܽ ൅ ܿሻܴݐଵ
ହ െ

1
84 ܴܿଶݐଵ

଻

െ
1
6 ଵݐܾܽ

ଷ െ
1

20
ሺܴܽ ൅ 2ܾܿሻܴݐଵ

ହ െ
1
8

ሺܾܽ ൅ ܿሻܾݐଵ
ସ െ

1
24 ଵݐܾܴܿ

଺ൠ

൅ ଷܴܥ ቊ
ଵݐܽ

ଷ

6 ൅
1

20
ሺܴܽ ൅ 2ܾܿሻݐଵ

ହ ൅
1
8

ሺܾܽ ൅ ܿሻݐଵ
ସ ൅

1
24 ଵݐܴܿ

଺

െ
1

40 ଵݐܴܽ
ହ െ

1
112

ሺܴܽ ൅ 2ܾܿሻܴݐଵ
଻ െ

1
48

ሺܾܽ ൅ ܿሻܴݐଵ
଺ െ

1
128 ܴܿଶݐଵ

଼

െ
1

12 ଵݐܽ
ସ െ

1
36

ሺܴܽ ൅ 2ܾܿሻݐଵ
଺ െ

1
15

ሺܾܽ ൅ ܿሻܾݐଵ
ହ െ

1
42 ଵݐܾܴܿ

଻ൠ

൅ ସܥ
1

ଷݍ ൜ሺ݁ି௤் െ ݁ି௤௧భሻ

൅ ݍ ൤ܽሺ݁ି௤் െ ݁ି௤௧భሻ ൅ ܿ ൬ܶ ൅
1
൰ݍ ݁ି௤் െ ܿ ൬ݐଵ ൅

1
൰ݍ ݁ି௤௧భ

൅ ሺܶ െ ଵሻ݁ି௤௧భ൨ݐ ൅ ଶሾܽሺܶݍ െ ଵሻ݁ି௤௧భݐ ൅ ܿሺܶ െ ଵ݁ି௤௧భሿൠݐଵሻݐ

൅ ହܽܥ ቊሺܶ െ ଵሻݐ ൅
ሺ݁ି௤் െ ݁ି௤௧భሻ

ݍ ቋ቉ 

                       

ൌ
ܵଵ

ܶ                                                                                                                    … … … . . ሺ17ሻ 
 
 
Approximation Solution Procedure 
To minimize total average cost per unit time, the optimal values of ݐଵ and ܶ can be 
obtained by solving the following equations simultaneously 

1

1

K 0
t

∂
=

∂
  (18) 

  and           1K 0
T

∂
=

∂
  (19) 
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provided, they satisfy the following conditions 

                
2 2

1 1
2

1

K K0  ,   0 
t T

∂ ∂
> >

∂ ∂
                                   .....(20) 

              and     
22 2 2

1 1 1
2 2
1 1

K K K  – 0
t T t T

⎛ ⎞ ⎛ ⎞⎛ ⎞∂ ∂ ∂
>⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠⎝ ⎠ ⎝ ⎠

                                   .....(21) 

 
 The equations (18) and (19) are equivalent to the following respectively 

ଶܥ          ቈ൜൬1 െ
1
6 ଵݐܴ

ଶ െ
1
2 ଵ൰ݐܾ ൬ܽݐଵ ൅

1
2

ሺܴܽ ൅ 2ܾܿሻݐଵ
ଷ ൅ ሺܾܽ ൅ ܿሻݐଵ

ଶ ൅
1
2 ଵݐܴܿ

ସ൰ൠ

൅ ଶܴܥ ൜൬
1
2 െ

1
8 ଵݐܴ

ଶ െ
1
3 ଵ൰ݐ ൬ܽݐଵ

ଶ ൅
1
2

ሺܴܽ ൅ 2ܾܿሻݐଵ
ସ ൅ ሺܾܽ ൅ ܿሻݐଵ

ଷ

൅
1
2 ଵݐܴܿ

ହ൰ൠ

൅ ସܥ ቊቆ
1 ൅ ܿ ൅ ܿሺݐݍଵ െ 2ሻ

ݍ ൅ ܽቇ ଵ݁ି௤௧భݐ

െ ቆ
1 ൅ ܿሺݐݍଵ െ 1ሻ

ݍ ൅ ܽቇ ܶ݁ି௤௧భቋ ൅ ହሺ݁ି௤௧భܥ െ 1ሻ቉

ൌ 0                                                                                      … … … ሺ22ሻ 
 
 And 

                              ܵଵ ൅
ସܥܶ

ݍ ൜൬
1
ݍ ൅ ܽ ൅ ܿܶ൰ ݁ି௤் െ ൬

1
ݍ ൅ ܽ ൅ ଵ൰ݐܿ ݁ି௤௧భൠ

൅ ହܽሺ݁ି௤்ܥܶ െ 1ሻ ൌ 0   
                                                                                                                       … … … ሺ23ሻ 

 
 The numerical solution of these equations can be obtained by using some suitable  
computational numerical method.  
 
 
Conclusion 
We have discussed an optimization framework to derive optimal replenishment policy 
for perishable items with stock dependent demand rate. The demand rate is assumed 
to be a function of on hand inventory level and the inventory deteriorates per unit of 
time with variable deterioration rate. Shortages are allowed and partially backlogged 
with a variable rate, which depends on the duration of waiting time up to the arrival of 
next lot. The present work attempts to model the situations where selling rate depends 
on the current stock level and items have time dependent deterioration rate with 
partial backlogging. The model can be applied to determine optimal inventory policy 
in situations such as super market bakeries, stationery stores, and fancy items which 
may exhibit the characteristics modeled here. 
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