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Abstract

A matrix AeC, ,is cdaled generalized k-normal provided that there is a

positive definite k-hermite matrix H such that HAH is k-normal. In this paper,
these matrices are investigated and their canonical form, invariants and
relative propertiesin the sense of congruence are obtained.
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Introduction
Let C,,,be the space of nxn complex matrices. Let ‘k’ be a fixed product of digoint

transposition in S,={1,2,...n} (hence, involutary) and let K be the associated
permutation matrix of k. Two matrices A, BeC, ,are caled k-unitarly similar
provided that there exists a k-unitarly matrix U such thatB=KU"AU , where U"is
the conjugate transpose matrix of U. For a matrix Ae C there exists a k-unitary

matrix U such that KU*AU is an upper triangular matrix and A is k-unitarly similar
to a k-diagonal matrix if and only if A is k-normal. Two matrices A, Be C, ,are

congruent if there exists a nonsingular matrix P e C,  such thatB=KP"AP. It is

easy to see that, for a given matrix Ae C there exists a nonsingular matrix

nxn?



412 S Krishnamoorthy and R. Subash

PeC,, ,such that KP"AP is an upper triangle matrix since k-unitary similar

matrices A, B are congruent.

In this paper, we obtain the canonical form and invariants for generalized k-
normal matrices in the sense of congruence. We give some determinantal inequalities
for generalized k-normal matrices and their k-hermite part and skew k-hermite part.

Basic Definitions
Definition 2.1: A matrix Ae C issaid to be k-hermitian, if A=K A*K.

Thatis, a;; =&y}, (iy» BI=12,...,0.

nxn

0 0
Example2.2: A=| O
—i

is k-hermitian.

o o B~

[
0

Definition 2.3: A matrix Ae C ,,, issaid to be skew k-hermitian, if A=-K A'K..
Thatis, a;; =—a,j) i Li=12,....n.

0O -i O
Example2.4: A=|i 0 0] isskew k-hermitian.
0 0 -i

Generalized k-normal matrices
Definition 3.1[4]: A matrix Ae C ,, issaid to bek-normal, if AA’K =K A"A.
Thatis, a;; @, ()10 = k() nk@yer &0 b1 =1,2...n.

n

0 -i -3
Example3.2: A=|—-i -3 0 |isk-normal.
-3 0 -i

Definition 3.3[4]: A matrix Ae C ,, issaid to bek-unitary, if AANK =K A'A=K..

n

i1
NN
10

J2. 2

Example3.4: A= isk-unitary.
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Definition 3.5: A matrix Ae C,,_,is called generalized k-normal if there is a positive
definite k-hermite matrix H such that HAH is k-normal.

1-i 1
} is apositive definite k-hermite matrix.

Example3.6: H =
1 1+

1
Then A:{o J is generalized k-normal.

Theorem 3.7: AeC,_, isgeneralized k-normal if and only if there exists a positive
definite k-hermite matrix X suchthat K A X A= AX A'K..

Proof: Assume that A is generalized k-normal matrix. Then by definition (3.5), there
exists a positive definite k-hermite matrix H such that HAH is k-normal.

Therefore,

K(HAH) (HAH)=(HAH)(HAH)'K

= KH'AH'HAH =H AHH A'H'K

= K(KHK)A(KHK)HAH =H AH(KH K)A(KH K)K

= HKA(KH)*AH =H A(H K)’A'KH

= KA (KH)*A=A(HK)’AK (1)

Since H is a positive definite, H is non-singular. Then H? is positive definite. Let
X =H?=H?K? =(HK )*=(K H)?.Then X is a positive definite k-hermite matrix.
Therefore (1) > KA'X A= AX AK.

Conversely, Assume that K A°X A= AX A'K and X is a positive definite k-
hermite matrix. Then there exists a positive definite k-hermite matrix H such that
X=H?*=H?’K*=(HK )*=(KH)?.

Thus

KA (KH)>?A= A(HK)’A'K

= HKAKHKHAH=HAHKHKAKH

= (KH'K)KAH'HAH =H AHH "A'K(K H*K)

= KH'AH'HAH =H AHH A'H'K

= KHAH)(HAH)=(HAH)(HAH)K

Hence HAH isk-normal and then A is generalized k-normal.

Theorem 3.8: AeC,,, isgeneralized k-normal if and only if A is congruent to a k-
diagonal matrix.
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Proof: Assume that A is generalized k-normal matrix. Then by definition (3.5), there
exists a positive definite k-hermite matrix H such that HAH is k-normal. By Schur’s

theorem [2], there exists a k-unitary matrix U such that KU"(H AH )U is k-diagonal
matrix. Let P=HU = P =U'H'=U'KHK = PH=UKHKH =
PH=U(KH)*> = PH=U"H?’K?> = P'H=U'H? = P*=U'H. ThenPis
nonsingular and K P* AP isk-diagonal matrix. That is, A is congruent to a k-diagonal

matrix.
Conversdly, Assume that A is congruent to a k-diagonal matrix. Then there exists

a nonsingular matrix P such that K P°AP = Dis a k-diagonal matrix. By the polar
factorization theorem of matrices, there exists a positive definite k-hermite matrix H
and a k-unitary matrix U such thaa P=HU =P =U'H'=U'KHK =
PH=UKHKH =PH=U((KH))=>PH=UHK°’=PH=UH*>
P*=U"H. Thus KU*(H AH)U =Dis a k-diagona matrix. By Schur’'s theorem
[2] and definition (3.5), A is generalized k-normal.

Theorem 3.9: Let AeC,,, be a generalized k-norma matrix. Then there exists a

. . * D O . 7 i0 i0
nonsingular matrix P such that A=K P 0 o P,whereD =diag(e "*,e '?,....e ")
, r = rank(A), —7<6,<6,<...<6, <r,0 -6, <7 and %, % areal
nonzero k-eigen values of P (K P*) A,

Proof: Since A is generalized k-normal matrix. By Theorem (3.8) there exists a
nonsingular matrix Q such that A= KQ"diag(4,4,,..,4,,0,0,...,00Q, where r =
rank(A) istherank of A, 4,,4,,..., 4 are nonzero complex numbers.

Let 2, =p, €7, p;>0, j=12,.,rand —7<6, <6, <...<6, <.
Denote R = diag (o2, pi%,... pi2,1...and P=RQ = P' =Q'R’.

D O
Then Pisnonsingular and A=K P’ (O 0] P.
D O D O D O
S Pt KP)*A=P" KP ) (K P P
nce (0 Oj( ) (0 Oj( ) ( )(O 0]
0 O

D2 0 . . . .
:P'l( ]P, e e”% ., ae al nonzero k-eigen vaues of

(D0 ey
P (0 0J(KP) A
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Without loss of generality, -z < 20,, <20, <....< 20, < z(mod2r).
Then 26, —26, <20, —26,, < 2z(mod2x).Thus 6, — 6, < 7.

SinceA=K P’ P OP
nce A= ,
00

D O DO
PY(KP ) *A=P*KP)"(KP) P=pP* P.

00 00
Hence €*,€%2,....¢% areall nonzero k-eigen values of P (K P*) " A.

Theorem 3.10: Let AeC, ,be a generalized k-normal matrix. If there exist a

DO D
nonsingular matrix P and Q such that A= K P*{O OJP: KQ’ [O gJQ where

D=diag(€”,e%,..%), -7<0,<0,<..<0 <7,0 -0,<x, 1 = rank(A),

D=dagE"™,e",...e"), -z <w <w, <...<w <zand W —W, < 7.
Then 6, =w, for 1< j<r.

, .(D O (D O
Proof: Given A=K P P=KQ Q
00 00

(D 0. (DO
= KP[O OJP—KQLO OJQ.

Pre multiply by K on both sides.

Therefore, P* D OP—Q* D OQ
" loo) Tlo o

D O 1D 0) .,
:(o 0j=(F’) Q[o OJQP 2

IQll R12

DenoteQP ' =R=
IQZl R22

j, where R,;isan rxr complex matrix.

Ry Rl
= (QPY) =(P)'Q =R = =
Ry Ros

2 = (D Oj_ Ry R D 0)Ru Ry N (D Oj
0 0) (R, R,/l0 0JIR, Ry 00

3 RLD 0 (Rn R, J_ RLE)RH Rilllez
R*lej 0)\Ry Ry, R*21[~)R11 R*21[~)R12
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Thus D = R;,DR,,. Since D isnonsingular, R,;and R}, are also nonsingular.
Hence
2 _ nN-1 (D N -1 V-1V P N A Y1 D V-1 P N2/ D V-1
D”=D(D") " = (RyDRy)(RyD™(Ry) ™) = RyD(D") " (Ry) ™ = RyD*(Ry,) ™.
That is, D?and D?are similar. Thus D?and D?have the same k-eigen values.
Thatis, €% =™ forl<j<r.
Therefore, 26, =2w,(mod2z) for 1< j<rand henced, =w,(modzr) for

1< j <r.By the conditions of the theorem, 6, = w, forl< j<r.

Remark 3.11: Theorem (3.10) indicates that when a generalized k-normal matrix A
D O . : , .
satisfiesA= K P' {0 ij, then D =diag(€™,e’,..,7)is independent of the

choice of the nonsingular matrix P, that is, the k-diagonal matrix D is only determined
by A. So we have the following definitions.

Definition 3122 Let A be a generdlized k-norma matrix satisfying

i0

.o (D O Q0 i0,  _jo, _
A=KP 0 0 P.DenoteD(KA) = D =diag(e *,e ?,..,e "), where r =

D 0
rank(KA), —7<6,<6,<...<6, <rand 6, —6, <z. Then [o Ojis called the

canonical form of the generalized k-normal matrix A in the sense of congruence and
i0, 6,

o (A)=(e,e ,...,em’)iscalledthegeneralized k-spectrum of A.
Theorem 3.13: Let A,Be C,_, be generalized k-normal matrices. Then A and B are

congruent if and only if o, (A) =0, (B), that is A and B have the same generalized k-
spectrum.

Proof: Assume that A and B are congruent. Then there exists a nonsingular matrix Q
suchthat B = KQ*AQ.
By Theorem (3.9), there exists a nonsingular matrix P such that

A=KP*(D(A) OJP.
0 0
e[ PA 0
Thus B:KQKP(O OJPQ. 3

Denote R= PQ,then Risnonsingular. = R=PKQK = R’ =KQ'KP".



Generalized k-normal Matrices 417

Theref 3 B=R DA 0 R KB=R D(ka) 0 R
erefore (3) = B= 0 0 = = 0 0

By a Theorem (3.10), D(KB) = D(KA). Hence o(KA)=0c(KB)
= o,(A)=0,(B). Conversdly, Let 0, (A)=0,(B) = o(KA)=0c(KB) =
D(KA) = D(KB) = D and there exists a nonsingular matrices P, Q such that

*[D Oj
A=KP = (4)
00

aB-kQ[° 2l ©
an =
00
Pre multiply by (KP*)*and post multiply by P™ in (4). Therefore (4) =

* \—1 = D
(KP* ) AP _(0

0
Oj' HenceB = (K Q")(KP*)*AP'Q. Therefore A and B are

congruent.

Deter minantal properties
LeeAcC,, ,. Alternatively, IetH(A)=%(A+ KA'K), the k-hermite part and

S(A) :%(A— KA'K), the skew k-hermite parte. It is known that A= H(A) + S(A)

andK A’K =H(A)-S(A). A is cdled positive definite provided that H(A) is
positive definite k-hermite matrix. It is easy to know that A is positive definite if and
only if Re(KX", Ax) >0 for each nonzero complex column vector X = (X, X,,..., X,)",
where Re(a) denotes the real part of acomplex number * a’.

Theorem 4.1: Let AeC, ,be a positive definite matrix, then A is generalized k-
normal.

Proof: since A is positive definite, H(A) is nonsingular.
Then

KAK[H (AT A=[H(A) - S(A)[H(A]TH(A) + S(A)]
={H(A)H(A]" = S(AH(A] }HH(A)+ S(A)]

={1 =S(AH(A]}HH(A)+S(A)]

=H(A)+S(A) - S(A)H (A TH(A)+ S(A)]
=H(A)+S(A) - S(A)H(A)]H(A) - S(A[H(A]"S(A)
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=H(A)+S(A) - S(A) - S(A)H (A)] ' S(A)

=H(A) - S(A)H(A]"S(A) ()
AH(A)TKAK =[H(A) + S(A)I[H (A][H(A) - S(A)]

={1 + S(A)H(A)]}H(A) - S(A)]

= H(A)=S(A)+ S(A)H(A]TH(A) - S(A)]

=H(A)-S(A)+S(A) - S(A)H (A)] " S(A)

=H(A) - S(A)H(A]"S(A) (6)

From (5) and (6), we get
KA'K[H(A)] A= AH(A)]"KAK (7

Since H is a positive definite k-hermite matrix. Hence [H(A)]™ is a positive
definite k-hermite matrix. By a Theorem (3.7), X =K[H(A)]'=[H(A)]*Kis a
positive definite k-hermite matrix. Therefore (7)=> KA XA = AXA'K . Hence A is
generalized k-normal matrix.

Theorem 4.2: Let ‘n’ be an integer with n>3 and Ae C, ,ageneraized k-normal
matrix. Then|det (A)| > |det H (A)| +|det S(A)|. Further, the equality holds if and only
if r =rank(A)<nor A isak-hermite matrix or A is a skew k-hermite matrix.

DO
Proof: There exists a nonsingular matrix P such that A=K P (O ij It is easy

to see that H(A)=KP'H(D)P andS(A) = KP*S(D)P. Thus rank [H(A)]=rank
[H(D)] and rank [S(A)]= rank[S(D)]. We distinguish the following cases.

Case (1): If rank (A)<n. Than rank [H(A)]=rank [H(D)] < rank (A)<n and rank
[S(A)]= rank[S(D)] < rank (A)<n. Thus det(A) =detH(A)=det S(A) =0 and so
|det (A)| =|det H (A)|+|det S(A)].

Case (2): If rank (A)=n. Now, D =diag (eigl,eigz,...,eie”),
= D =diag(cosé, +isind,,cosd, +ising,,...,cosé, +ising).
= H(D) = diag(cosd,,coséd,,...,cosd,),S(D) =idiag(sing,,siné,,...,sind,) and

A= KP'DP.Then det(A) = (det KP)? ﬁle‘gl‘. — detH(A) = (detKP)? ﬁlcosej and
1= 1=

det S(A) = i" (det KP)? ﬁlsinej .
I1
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Sub case (2.1): If cos@; = 0for somej.
Then|det H (A)| + |det S(A)| = |det KP[ ﬁl\gne j| < |det KP[" < |det (A)| . Further, the
j=
above equality holdsif and only if ‘sin@j ‘ =1for all j, if and only if cos@, = Ofor all j,
if and only if H(A)=0if and only if A is skew k-hermitian.
Sub case (2.2): If sing, = 0for somej.
Then |det H (A)|+|det S(A)| = |det KP[* ﬁl\cose i| < |det KP[* <|det (A)|. Further, the
J=
above equality holdsif and only if ‘0056?j ‘ =1fordl j, if and only if sin@; = Ofor al |,
if and only if S(A)=0if and only if A isk-hermitian.
Sub case (2.3): If cosd, # 0 and sing, = Ofor dl j.
Now |det H (A)|+|det S(A)| = |det KP[* (ﬂl\cose |+11jsing, U
i= j=
=> |det H(A)| +|det S(A)| =|det KP{” (|cos®, cosd,|+]sind, sing, | ) <|det KP|* =|det (A)|
By summing up the above cases the proof of this theorem is completed.

Remark 4.3: Let X,X%,...X,, ¥ Y,.-..Y,be non negative real numbers. Then

1 1 1 1 1
(X %0000 %)™+ (V1 Yoo Ya) " < (% + Y1) (6 + ¥,) (%, + Y,)" @nd the equality holds
if and only if there exists and integer j such that x, =y, =00r (X,%,,...,X,)and

(Y, ¥ys---Y,) arelinearly dependent.

Theorem 4.4: Let ‘n’ be an integer with n>3 and Ae C,  a generalized k-normal

matrix with generalized k-spectrum o, (A) = (éel,égz,...,eia’),where r = rank(A).
2 2 2

Then |det (A)[r >|det H (A)|n +|det S(A)|n . Further, the equality holds if and only if

r<n or (cos’6,,c08°0,,..,co5’6.) and (sin*6,9n°0,,...9n°0,) are linearly

dependent.

D O
Proof: There exists a nonsingular matrix P such that A= K P* (0 Oj P.It iseasy to

see tha H(A)=KP'H(D)P andS(A)=KP'S(D)P. Thus rank [H(A)]=rank
[H(D)] and rank [S(A)]= rank[S(D)]. We distinguish the following cases.

Case (1): If rank (A)<n.
Than rank [H(A)]=rank [H(D)] < rank (A)<n and rank [S(A)]= rank[S(D)] < rank
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(A)<n.
Thusdet (A) =det H(A) =det S(A) =0.

There fore|det (A)|n = [det H (A)]» +|det S(A)|r .

Case (2) If rank (A):n. Now, D = diag (eiﬁl’eiez ..... eign)’

= H(D) = diag(cosd,,cosd,,...,cosd,),S(D) =idiag(sind,,siné,,....sind,) and

A= KP'DP.Then det (A) = (det KP)? ﬁleiej . = detH(A) = (det KP)? ﬁlcosej and
1= 1=
det S(A) = i" (det KP)? ﬁlsinej .
iz

Thus |det H (A)] + |det S(A)| = |det KP[ (jrillcose +Tsino, j

n O 1
= [detH (A)]r +|det S(A)}" =|det KP]s [jl‘:[l(cosz 6, + T(sin’ ej)nj .

By Remark (4.3), |det H(A)|§ +|det S(A)|§ s|det(A)|§ and the equality holds if
and only if there exists an integer j such that cos’¢, =sin®¢, =0or
(cos’ 9,,c08° 0,,...,co8° 0.) and (sin’6,,sin*6,,...SN*0.) are linearly dependent.
Since cos’ ¢, +sin® 6, =1, the equality holds if and only if (cos’ 8,,cos’ ,,...,c0s’ 4,)

and(sin®#,,Sin*@,,...,n* 0. ) are linearly dependent. Summing up the above cases,
we finish the proof of thistheorem.
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