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Abstract

This paper presents the distribution of the number of times that a limited
capacity two servers Markovian queue subjected to catastrophes reaches its
capacity in time t. The occurrence of a catastrophe makes the system empty
instantaneously. After the occurrence of a catastrophe both the servers become
ready to serve the new customers. The afore said distribution is obtained as a
marginal distribution of the joint distribution of the number of customers in
the system at time t and the number of times system reaches its capacity in
time t. Some measures of effectiveness are obtained explicitly with
catastrophic effects.
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Introduction

In the last one decade a lot of work has been done by various authors taking into
consideration the concept of catastrophe Kumar et. al. [5] studied the transient
behaviour of the M/M/2 queue with catastrophes. Crescenzo €f. al. [2] made a
continuous approximation of M/M/1 queue with catastrophe. Chao €t. al [9] obtained
the transient analysis of immigration birth-death processes with total catastrophe. In
all the mentioned studies the researchers have obtained the state probabilities in one
way or the other and have computed various measures of performance. In this paper
we have explicitly obtained the distribution of the number of times the system prone
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to catastrophes reaches its capacity in time t. various other measures of performance
are obtained explicitly.

Model Description with Catastrophe

We consider an M/M/2/N queueing system having two homogenous servers with
FCFS discipline subjected to catastrophe. The customers arrive at a counter in
accordance with a Poisson process with mean arrival rate A>0. Each server serves one
customer at a time if available. The service time distribution of a customer is negative
exponential with mean rate p>0. The queuing process starts at time zero with zero

state of the system. Catastrophes occur according to Poisson process with mean rate ¢
only when the system is not empty. The occurrence of catastrophe makes the queuing
system empty instantaneously, and simultaneously both the servers become ready to
accept the new customers.

We define
P, () =Prob. [X(t)=m, Y(t) =n],0<n< N

Where
X (t) = the number of times the system reaches its capacity in time t.

Y (t) = the number of customers in the system at time t.

The marginal probabilities are

P.()=>PR,.(1 P..(1) = Z P (1)
m=0 n=0

and

Differential-Difference Equations Gover ning the System

R0 =+ DR O+ 4P (V4R in=0,m=0

%Pm’n(t)=—(/1+2,L1+§)Pm’n(t)+/1pm,n1(t)+2,qu’n+1(t) ;1<n<N,m>0
3)

RO =~ R 0+ 2R 0+ 24Py () n=1m=0
&

Db (0= QU+ EP, O+ AP, s (1) 0= N,m21

dt [5]
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Taking Laplace transform of the equations [2]-[5] w.r.t t we have

(S+2A+&)Poo(8) =1+ 4 Poi(8)+&£ Po.(9);n=0,m=0 (6]
(S+A+&)Pmo(S) = 1t Pmi(S) + & Pm.(8);n=0,m> 0 7]

(S+ A+ u+E)Pma(S) = AP, () +2 1t Pma(5);n =1

(S+A+24+&)Pmn(S) = A P 1(8) + 24 Pmnt(8);2 << N ]
(S+24+&)Pan(8) = A Pmin1(8);n= N (10]
Since

Pyo(0) =1

Where

Pmn(S) = [ %R, (D)t
0

Define the probability generating functions by

|5n(X, S) = i |5m,n(S)Xm
= [11]

H(x, y;s):ZI5n(x,s)yn
n=0 [12]

I5.(x, S) = i IE’m,.(s)xm
m=0 [13]

Multiplying equation [6] to [10] by x™, summing over the ranges of m and using [11],
we have

(S+A+E)Po(X,9) =1+ 4 Pi(X,9) + & P.(X,5);n=0 4]
(S+A+u+é) Iz’l(x,s):/”t |50(X,S)+2/,l I52(x,s);n:1 [15]
(S+A+24+&)Pa(X,8) = A Pai(X,S)+ 24 Prat (X, 5):n=2,3,..,N—1 (16]

(S+24+E) P (% S) = AXPna(X,9);n=N 17
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Multiplying equation [14] to [17] by y", summing over the ranges of n and using [12,
13], we have on simplification:

) Yx-D2-y)+ ]
MSHEC-YI-S1-YRUASHAHIIRXS A {(x—m ix(l—y)} Pui(x9

- S+2u+
HX yi9) = aba

d(s+o)y+(1-yXAy—-2u)]

[18]
Since
I5N(x, S) = AX E)N—I(X, S)
S+2u+é
The zeros of the denominator in [18] are given by
a(s)_(S+/”t+2,u+§)i\/(s+/1+2,u+§)2—4><2/1,u 1y
' 22 T [19]

The existence of H%¥:9) is only possible if numerator vanishes for ol and o2 the

two zeros of the denominator. This will give rise two equations, solving them we
have:

P 5= A%

A(X,S) [20]
I5N_1(x, S) :M
A(X.S) [21]

Where

A(x9) = ZM[H ;:Jrg[{V(N +D)=V(N)} =& {(V(N)-V(N-D} ]+(1- x)[s{va) “V(N)}=£{V(N)-y V(N —1)}]}

A (o9) = 2u[(s+E)(s+24) + 2uE V(1)

(1—x){2V(1)+{V(N+1)— y VN + Sj FEVN)- 7’2\/(N—l)}}

Ax5) =24

+

S+2ﬂ+§[ﬂ{V(N+2)—772\/(N+1)}+(S+§){V(N+l)—}/’2\/(N)}—(S+ﬂ+§){V(N)—7f2\/(N_1)”
V(r)=¢a/(s)—a,(s);r =0,1,2,

2 _
aa, = Tu(: Ve : say)
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If we write
(s+8)y+A=-Y(Ay-2u)=-A(a, - Y)a, —Y)

(a,— y)_l = a1_12(y/a1)n
n=0

(a, - y)71 = azilz(y/az)n
n=0

[18] Yields

) SO-I2-y)+ ]
Ms+E2-YI--Y2+ WS+ A+IR(X 9+ Ne {(X_1)+ ﬂx(l—y)} Pui(xs)

S+H2u+é
s
o\ o\ %

Now Pn(X:9) i the coefficient of y" in [12]. Comparing the coefficients of y" on
both sides of [22], we have:

;}n
sM()

sM(D)

[22]

lsn()QS): [{Zysy?T N+9s+A+HT(N-1)} I50(>g 9T (n—l)—(s+§)V(n)},O£ n<N

[23]
Where

Tm)=V @) -7 V)

Po(X,S) Pa(X,9)

Since
[23] gives

is given by [20], so are explicitly known. For setting x=0,

o [P TO s AT VO -VIN-ET(N-D)
B sMV()) {2/1\/(1) +AT1 (N)+(S+/1+§)T(N—1)}

—(S+MN—T(n-1)
[24]

Applying the Leibniz differentiation theorem to [20], setting x=0 and dividing
both sides by m!, we have:
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. u;%(s+2y+@va)—;/ﬂ(N+1)—(s—,1+2y+§)} |
V) —(s+EV(N)+EV(N-I X
{ (rerN e U )}{[(SJréZ)VzT(N—D—ﬂV(N—D]

(27 [(s+ 20+ VW) + LT (N)]+ 7 TIN-D[(S+A+E) +2us+ A+ O -1 AV(N+2)| ™

Ismo(S) = mH
" (s+2u+ O 2NV (1) + AT(N)+(s+ A+HT(N-1)

L 1 [25]
Whence form [23]
_ _ 72n B _ ~ ~ ~
Pmn(s)—SlVG)[{ZySfT(n)+5(5+A+@T(n l)} Pmo(S)—(S+EV(N)—ET(N 1)}m21 261
We know that

0

(- =3(G |2 (@ ~ataty +biay' and (a-by =31/ (G/)al'B

i=0 i=0

Using these Identities in [24] and [26], we have

- 2l e & A+ EYj++rY) ‘ .

Pon(8) = 7" ZZZZ z(_1)|+h[1 j( j(] J2(”Dl“l+z)7/2(ﬁkl) {2/17/71
j=0 1=0 h=0 k=0 r=0 | h)\r

([Rf(g+j+hflfn—1) _ R*(g+j+h—l+n+l)]_771 [Rf(g+j+h—l—n) _ R—(g+j+h7|+n)])
+(S+ A+ 5)*('“') ([Rf(gﬂ#h—l—n)

_R—(g+j+h7|+n)] _ 771 [R—(g+j+h—l—n+1) _ R—(g+j+h—|+n—1)])}:|

N=1 _ 2i—-N+1 -
D QA Us+2u+A+E)+v] N
i=0

2i-N+2

+§{N2f72<i+1>(2/1) [(S+2u+ A+ &) +v] @ N2

2i—N+1

—_Nz‘i yIQ2A) [(S+2u+ A+E)+v] N

+%[§72<”‘“(2,1) 7 [(s+2u+A+E)+y[ ™ —3[51“7*2“”(2/1) 7 [(s+2y+,1+@+v]<2‘“+“]ﬂ
" B [27]

Prn(9=7"2" [2W'{[Fé"“> —R“”“’]—;/’l[R‘—R”]}+(s+/1+§){[R‘—F(”]—y"[RH—F(“”)]}]
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Egggggg 2( DH.WM( j[:m JJ[ lJ( +i+kj[lj+i+lj[lh j@( :D 4)( :’+I+q+rj

lnri—Hp erki—lﬁkq/j7—(2wj—i—q)(S+2Iu_’_é;)—(nri—l+p)(S+Z_i_eg)—(nri—l+p)[F((g+j+i+h+p+l) _ R(g+j+i+h+p+2)]:|

2i-n+l

- 2i-N+3 iyz(n—l)(zﬂ’) [(S+2ﬂ+ﬂ+§)+V]_(2i_m“
_§S—2 Zy—2(i+l)(2/1) [(S+2'u+/1+§)+v]—(2i—N+3) —ﬂ._l iA)_2 .
i=0 —Z}/Z(n_i_“(Z/D [(S+2/,l+ﬂ,+§)+1/]_(2i_m2)
—&'s? {Nzll}ﬂi 24) o [(s+21u+/1+§)+‘/]_(2i_m2) +i72<m)(2/1) -n+ [(S+2ﬂ+i+§)+v]_(zi—n+l)
’ N [28]

Where

R=a,y, v=+/(s+2u+A+&)7 —84u and g=2[N(l +k+h)+h]

We are now in a position to complete the solution for the joint distribution of X (t)
and Y (t). Taking the
Inverse Laplace transform of [27] and [28], using the tables [3, 8], we have:

il 1 j+l+rY . .
055339555k ray ) Fhl e VAT

j=01=0 h=0 k=0 r=0

( (k4 -1
-1
(k | — 1); [{[ <g+J+h—I—n)_I(g+j+h-|+n)]_7 [I(9+J+h—|-n+l)_l(g+j+h—l+n-1)]}

~1 (/+2y+f)t
i [l(g+j+h—l—n) I(g+j+h I+n)] J.

N-2
(2 Awpe " dw |- Zy Q= NDl ot “*2‘“@#5{ | {[Zr“(zi—mz)l(zmm]
i=0

0

{NZ_I:;/'( MO =N+l gy 1+ 4™ {[iz‘/"(zi -n+2)l,, _M)]f3[§y"*‘ @ =N+l i ]ﬂ(z /umv)w"e'“”“*@WdN]
. = 0 [29]
j-l

pm{izz ngwz( 1)'*‘*%[”‘ IJ(TH %J( N +kj(|j 4 H]Ch j@{ :O _IJ[ o +q+r]

m-i+k— -1
A(i-hph) (i I+;}q)/j —(2M j-i—g n)J‘|}l‘ (w—u)

~1
(M-i+ k—I—l)![{ZW (A=) (pgy + 20 AN+

HA-N+3)] ) +77 (A+)| (am T Y [1-2u77)(A+n+ Dl pininy = AN+ 1)
(W)™
Smoirk—1—2)!

HAN+I) () +7 YA+ ey TVIAFNED ) (14 Y A-n+2)l (A-ni2) ]] (2y 2Jpauie e dj} dw

—éj(t—W){

Ru(A- n+1)I(HH)} 22 e (”2"*5)”du+.[ [(A— N+ D1 gy —2(AFN+D

N-2

nl n-2
YNV Q@ =N+ sy =AD" Q-4 D] Gy = D 7" QDD ) ]} Q2w e 2y
i=0 i=0

i=0
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tN=1 n-1

- J{Z?’ (N2 (2i—=N+2)l Qi-ne2) T 27 "2 —n+D)l Qi-n+) }(2\/ Zﬂﬂml)wileiwzmg)wd‘/v

oLi=0 i=0 [30]

Where
A=g+j+i+pl (at)=1, anda =2.24u

Number of Times the System Reaches its Capacity in Timet under

Catastrophic Effects
Setting y=1 in [18], we have:

H(x1;8) = (s+ &) [1+§ P(x,5)— A(1= X) P,_, (X, s)}

[31]
Using [21] in [31], we have:
ot (er 2| 1L Dy A1-X)(s+ENS+2H)+2EM)
AxE9=(stor] HeP(9 Fsp(s—kz;ﬁé)1{/TI'(N+1)+(s+§)T(l\l)—(s+/1+§)T(N—1)}}
HI=) VD AT(N+ A (SHA+ET(N-D)} ) (321
Setting x=0 in [32], we have:
Po.(S) = (54 8)" {1_ [(s+&)(s+2A) +2pEV (1) }
2V (1) + AT(N)+(S+ A+ ET(N=1)] 33]

Differentiating [32], m times w.r.t. x and dividing both sides by m! and setting x=0,
we have:

IVO[(s+ENS+2) + 2UE TN+ 1)+ A(S+ET(N) = A5+ A+ ET(N=1)— (S+ 21+ &)

P (9= VD +AT(N)+(5+ 4+ OTN-D} ™
e S (5+2u+ O™ AV (1) + AT(N) +(5+ A+ ET(N-1)™

,m=1
[34]

Expanding the right hand sides of [33] and [34], we have:
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Po 9= s! [iiizi( l)k+|+h[ j[ kJ[EJ[: +r —IJ (i) g(ks2) 7/—2(j+k+1) (S+A+ f)_(k_l)

j=0 1=0 h=0 k=0 r=0

[2 ,U}’il [F((gﬂ'—l) _R(@i 1- 7/—1 [F\r(gﬂ'ﬂ—l) _R(@ti*rD ]] _ ,Ugg {iiizz( 1)k+|+h ( ]

j=01=0 h=0 k=0 r=0

(J _kj(k](J +rj2_(j+2) l—(k+l)7/—2(j+k+2) (S+ﬂ,+§)_(k_l_l)[R—(g+j+r+l) _ R—(g+j+r+2) ]:|
I h){r

- =[§f§fimzl igi( - [m 1j[r_n+ Jj{ lj( + kj[lj +i +1j[m—i —1j

i20 j=0 =0 k=0 p=0 =0 h=0 r=0 J p

[35]

(Ih](J _kJ[J +i +I +rJ2m—i—I+p—qﬁm—i—lﬁ-p—q—l}/—(erH—j—i—q—l)ld+p(S_’_/ﬂt+g)—(m—i—k—l—l)(s_i_zlu_'_é)—(m—i—l+p+l)
q r

[[F((B””N) _R_(B+p+l)]—]/_l[R_(B+p+N+l) _R—(mp+N+3)]+lué;(l+é_)s—2[R(B+r+l) _R—(B+r+2)]] 36]

Where
B=(g+]j+i)

Taking the Inverse Laplace transforms of [35] and [36], we have

F?), (t) {iii]zZ( 1)k+|+h( j( k}(r}](] = 1)2 (J+2)l (k+2)7—2(1+k+l) |:J‘ Vv)k7H

§=0 1=0 h=0 k=0 r=0 r (k=1-1)!

|:J.|:7/1 {2/l[(g+ J _l)l(g+j—l) _(g+ J +1)|(g+j+1)]_[(g+ J +r_1)|(g+j+r—1) _(g+ J +r +1)I(g+j+r+1)]]

0

(Zmu)u—lef(iﬁmé)uw}dlv_ {iiiiz( 1)k+|+h[ J+1]{|J k](m(jﬂjz(m)

1=0 1=0 =0 k=0 1=0 r

l—(k+l)}/—2(i+k+2) j'w ."[(g+j+r+1)| e —(@+ ]+ +2)I +.+H2}
d (k_l _2)' d (g+j+r+1) (g+] )

(Zwlzlyu)u‘le‘(“z“*f’“du] dw

P (0= Eilzlzom 1 “Zi( 1)'*'“’*“*“(”“ lj(m+ JJ( :( +k][lj+i+1]

i=0 j=0 1=0 p=0 g=0 h=0 r=0 I J

m_i_l I J k J+I+ +r 2nH I+mqlrm —+p-g- 17 (2m+j—i—-g-1) I+pJ' (t \N)m—i—l+p—2
P hag Ar ¢ (M=i—| +p-2)!

[37]
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W Nkl -2
[I—(xif)k_l (BN ~(B P Dl B4+ PN

I (Bth+peN-1) —(B+h+p+N+3)l (BthipeN43) ]] 2y PYITY) V- +M§(I+§){J‘(U_V)
0

[[(B+ h+r + D)l gopieay ~(BHA+T +2)] o) ](Z/Zﬁ,uv)v € Wz“*"’”dv] du] dw (38]

M easur e of Effectiveness
Two measures of effectiveness of immediate interest are the expectation {#<v(")} and

the variance {”im(N)} of the distribution of the number of times the system reaches its
capacity in time interval (0, t].

Expectation {#x«(N)}

:uX(s)(N) {i H(X1; S)}
x=1 [39]

Using [32] in [39] and after some algebraic calculation, we have:

,th(s)(N) {iiliﬁ‘lii 1" (J +kj(lj +k+|j(lp]{k] AN (7 1 k0

j=0i=0 1=0 p=0k=0 |

(S+ 2,” n é)—(i—Hp—l) [2’[ R*(HH) _ R*(Hfl)] + 215(2 + Iu)sfl[R*(H*l) _ R*(H+3) ]] [40]

Taking the inverse Laplace transform, we have:

S E SRS K\(j+k+1)(1 )k JIVNER
Hyy(N) = {ZZZZZ( 1)'*'(“L j(IH " ](p}[ ]7,20 s k>+k<N+1>[ (t-w

j=0i=0 1=0 p=0k=0 I (J I k 1)'

i—l+p-2 h
b‘ ((IW| E)p 2)![/1[("| +DI .y —(H —1)|<H1)]+2/1§(l+ﬂ)h[[(H Dl =(HH+I 5]

(2«/2/1yv)v_le"(ﬂ+2”+§)vdv} du} dw] 41]

Where
=[3G+i+k+1+1)+N]

Variance { %oV}
O->2<(t)(N): K(®) + £ o) (N1 = £ ) (N)] [42]
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Where

K(t)=3 mm-1P, (t)

Taking Laplace transform of K (t), we have:

(9= 3 mm-1)Pr(9) K= {d— H(xls)}
- [43]

Using [32] in [43] and after some algebraic calculation, we have

<o {ZZZZZ( " H[Jl](k ]mppljﬁy

j=0 i=0 k=0 p=0 1=0 J p

[(s+@ U2 (s+ A+E) 20l +4uQu+E)S” +2uEQu+ £ S 1+ (s+E) I (s+ A+&)

2Q2u+ 248" +Qu+H2u+44+HS” +242u+E)'s ] RV R |- ZZZ

j=01=0 k=0

ZZZ( 1)k+| (I +lju +i +2]GJ(|JJ(:D+I + p+lj(rj +I’+lj[(i+j+3)7-(zk+2|+1+p(N+2)) [(S-i—f)"“*”

1=0 p=0r=0

(S+A+E) s +A4uQu+E)S? +2uEQuAE) S 1+ (5+E) I (s+ A+ E) T2 u+ A+ E)S!

Hou+ Ou A+ O +2Qur S [REM RN

Where
C=[i+j+2(k+I+p+1)(N+1)]

Taking the Inverse Laplace transform, we have

K“*{ZZZZZ( o (.ﬂ](mﬂ]ﬂ( j[ljj(j+i+p+ljl T—— I( _w

120 i=0 k=0 p=0 1=0 | p (j+D!

{j (V(V ‘3, {[Zuéjﬁﬂ@wéﬁj U ousurd) j U Dl ~CDl ]

e e"”’”f)dv]du]dej = j! b o lgl {[2(2,U+/1+§)_[ +(2#+§)(2#+4/1+@]1 (U;V)

2208 [ U HC D, ~(Co) 0, 10T e ]S 33T

j=0 i=0 k=0 1=0 p=0r=0

L+ T J+i+prDYf+r+] (+543), ~ke2sepna2y | [ (E— —W) | (w—u) ™!
8 VI 1 1 P e e | F et
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[+4uCu+o)| (”;") +2M§(2y+§)2j%][(c:+zml cony —(C+2N+2)I (C+2N+2)](Z/2xluv)v’le’“*2’”5)va

o [ {j Wy {[2(2#+/1+§)£ +(2ﬂ+§)(2ﬂ+4ﬂ+§)£ %ﬂmﬂ@j —(”;,V) ]

[(C+2N)l¢.pn, —(C+2N +2)|(MM](2./2/1yv)v*1e*<“2ﬂ+f>dv}du]dw}

V(D | { (i—k-1)!

0
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