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Abstract

In this paper, prove the existence theorem for the boundary value problem of
second order multi-valued convex ordinary differential inclusion.
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Introduction
Let R denote the real line and let P, ( R) denote the class of all non-empty subsets of

R with a property f. In particular, 7 (R), By (R), By (R), andp, (R) denote
respectively the classes of closed, bounded, convex and compact subsets of R.
Similarly B, 1,4 (R) and P, , (R) denote respectively the classes of all closed-
bounded and compact-convex subsetsof R. Let J = [to,tl] be a closed and bounded

interval in R for some real numbers t,, t; € R with t; <t;. Now consider the two
point boundary value problem (in short BVP) of second order differential inclusions

- X"(t) e F(t,x(t),x'(t)) ae ted (1.1)

satisfying the boundary conditions
apx(te) — a;x'(ty) = Co} (1.2
byx(ty) + byx'(t)) = ¢,
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where the functionsinvolved in (1.1) and (1.2) satisfy the following properties:
F:IJxRxR- 7P (R),

a 8,8, eR
b. satisfying aya, (t, —to )+ agh, +ab, > 0 and
c. CnCeR

By asolution of the BVP (1.1) — (1.2) we mean afunction X € ACl(J , R) whose
second derivative exists and is amember of L'(J,R) in F(t,x,X'), i.e. there exists
aVveL'(J,R) such that V(t) € F(t,X(t),X'(t)) for ae teJ and -X"(t) = V(1)

for al teJ satisfying (1.2), whereACl(J,R) is the space of continuous real-

valued functions whose first derivative exists and is absolutely continuous on J.
The special cases of the BVP (1.1)-(1.2) have been discussed in the literature for
existence of the solutions. The special case of the form

-X"(t) = (6, x(t),x'(t)), ae ted (1.3)

Satisfying theboundary conditions (1.2)where f:IxR—>R,
8,8, € R, ¢5,c,e Rand  aga, (t, —t,)+ayh, +ab, >0 has been
discussed in Bernfeld and Lakshmikantham [2]for the existence of solutions. Again
when ¢, =c,a =0=Db,,a,=Db,, and F not depending on X', the BVP (1.1) —
(.1.2) reducesto

y'eF(t,y) ae ted, y(t,)=y(). (14

where Y =—X. Thisis a BVP of second order differentia inclusions considered in

Benchohra and Ntouyag[3]. Finally, the special case of the BVP consisting of the
equation

-y"(t)e F(t,y(t)), ae teld (1.5)

satisfying the boundary conditions (1.2) has been studied in Halidias and
Papageorgiou[6] via the method of lower and upper solutions. Thus the BVP (1.1) -
(1.2) is more general and so is its importance in the theory of differential inclusions.
Here in the present chapter, we discuss the BVP (1.1) - (1.2) via a nonlinear
dternative of Leray-Schauder type and on a selection theorem for lower semi
continuous maps.. In this paper, prove the main existence results for the BVP (1.1) —
(1.2) when the right hand side has convex.
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Preliminaries
Theorem 2.1: (Covitz and Nadler[5]) Let X be a complete metric space and let
T:X > P, (x ) be a multi-valued contraction. Then the fixed point set # (T) of

T isnon-empty and closed set in X.

Theorem 2.2: (O'Regan[8]) Let U and U bethe open and closed subsets in anormed
linear space X such that 0eU and let 1.5, p__ (x) be a completely

cp,cv

continuous multi-valued operator. Then either
I the operator inclusion X € TX has a solution, or
ii. there is an dement Ue 0U such that AueTu for some A >1, where
oU isthe boundary of U.

Corollary 2.1: Let B,(0) and B, (0) be the open and closed balls in a normed
linear space X centered at origin O of radiusr and let T : 3, (0) > P, ., (X ) bea

completely continuous multi-valued operator. Then either
i the operator inclusion X € TX has asolution, or

i there is an element Ue X such that HuH:r satisfying AU Tu for
some A >1.

p,cv

Corollary 2.2: Let 3, (0) and 3, (0) bethe open and closed balsin anormed linear

space X centered at origin O of radius r and let T : B, (0) > X be a completely

continuous multi-valued map. Then either
I the operator inclusion X =TX has a solution, or

ii. there is an element Ue X such that HuH:I’ and U= ATuU for some
A<1.

LetF:JxR— P, (R) be a multi-valued function. We assign to F, a multi-
valued operator St : C (J,R) - P; (Ll(J,R)) defined by
St (x) = {VG L'(J,R)[v(t) € F (L, x(t),x'(t)) ae te J}.

The multi-valued operator S;l: is called Nemytskii or selection operator associated

with the multi-function F.
Now we state a selection theorem due to Bressan and Colombo[4]..

Theorem 2.3: Let Y be a separable metric spaceand lety .y _, p, (Ll(J'R)) be

a multi-valued operator which has property (BC). Then N has a continuous
selection, i.e. there exists a continuous function (single-valued) g:Y — L'(J,R)
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suchthat g(y) € N(y) forevery ye.

Existence Results
Lemma[9] 3.1: If f ¢ L'(J,R), thenthe BVP

agX(ty) —ax'(t)) =c, 31
“x"(t)= f(t) ae ted and (31)
box(ty) + byx'(ty) = ¢
has a unique solution x given by
ty
X(t) = z(t) + [G(t,s) f(s)ds, ted, (3.2
to
where z is a unique solution of the homogeneous differential equation
a X(t,) —a,x'(t,)) =c
“x"(t)=0 ae ted and { e (33)
box(ty) + by x'(ty) = ¢
given by
2(t) = Coay (t; —t) + Coby + cia, (t —ty) + c;b, Cteds (3.4)
agay (t, — ty) + agh, + a;b,
and G(t,s) isthe Green's function associated to the differential equation
a x(ty) —a,;x'(t;) =0
“x"(t)=0 ae teJ and e o (35
beX(ty) + bx'(t,) = 0
given by
(a(t; —t)+ by )(ag(s—ty)+ by)
apa, (t, — to )+ agh, + asb, o o= sststhy (3.6)
G (t,s)=

(a,(t, - s)+ by )(ap(t-ty)+ bo),

a,a,; (1, -ty )+ agh; + asb,

t, <

A
—
A
(2]
A
e

Remark 3.1: It is known that the function z belongs to the classc * (J,R)- Therefore
it is bounded on J and thereis a constant C, > 0 with

C — max { Coay (t; —ty) + Coby + ciag (t, —to)+ cby ¢ b, — coa, + c,a, + ¢,b, }
L=

apa, (t, — ty) + agb, + ajb, "aga, (t, — ty) + agh, + ajb,
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such that |z]| = max {supz(t),supz'(t)}S C,.
teJ ted

Remark 3.2: It is easy to see that the Green's functionG(t,S) of Lemma 3.1 is
continuous in Jx J and G(t,s) is continuous in (&,b)x(a,b) \{(t,t)lte.J}

and satisfy the inequalities

69 =68 < Balit) +h)(E(l-t)+b) 37)
aoa, (t, —ty)+ agh, + ajb,

and

‘_al‘(ao (s-to)+ bo)
aga, (t, -ty )+ agh, + a,b,

(al (tl - S)+ bl)aO
aga, (t, -ty )+ agh, + a,b,

=max{ a;(ao(t; —to)+ by) (a, (t, - ty)+ by )a, }

aga, (t, -ty )+ agb, + a;by "aga; (t; — ty)+ agb, + asb,

o <s<t<ty

\Gt(t,s)\:

y<t<s<t

- K,. (3.8)

Definition 3.1: A multi-valued mapF : J x Rx R — P, (R) is called Caratheodory
if

i. t— F(t,X,Y) ismeasurablefor al X,y € R, and

i (X,y) — F(t,X,Y) isupper semi-continuous for aimost al t € J.

Further a Caratheodory multi-valued function F onJ x Rx R is called -
Caratheodory if

iii.  for each real number k > 0, there exists a function h, € L' (J,R) such
that
[Ft. % y)|, =sup{M:ve F(t,x,y)]<h(t), ae te]

foral x,ye R with [ <k,|y|<k.
Then we have the following lemmas due to Lasota Opial.

Lemma 3.L: If dim(X) < © and F:Jx X x X - P, (X ) L'-Caratheodory,

cp,cv

then st (x) » o foreach Xe X.
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Lemma 3.2: Let X a Banach space, F an Ll-Caratheodory multi-valued map with
S;l: #0and £:L'(J,X)—> C(J,X) be alinear continuous mapping. Then the
operator

LoSt:C(J,X)> P, (C(3.X))

hasaclosed graphin C (J,X )xC(J,X).
We list here the following assumptions:
(H,) Themulti F(t,X,y) has compact and convex values for each (t,X,Y)

eJxRxR.
(H,) F is Caratheodroy.

(H,) There exists a function 4 e L!(J,R) with ¢(t) >0 for ae teJ and

there is a nondecreasing functiony : R" — (0,0) such that

y[})

IF(t.x, y)|, =sup{lu[:ue F(t,xy)}< ¢(t)1//(max{\x
forae teJ andforalX,yeR.

Theorem 6.3: 5 Assume that (H)-(H,) hold. Suppose that there is areal number
r>0suchthat, r >C;+max{Ky,K,}|g] v (r). (39)

where C,K; and K, are the constants defined in remark 3.2. Then the BVP (1.1)
—(1.2) has at least one solution u such that HUH <r.

Proof: Let X : AC'(J,R) and consider an open ball 5 _(0) centered at origin of

radius r, where r satisfies the condition given in (3.9). The problem of existence of
solution of BVP (1.1) — (1.2) reduces to finding the solution of the integral inclusion

x(t)e z(t)+ t_fG(t,s)F (s,x(s),x'(s))ds, teJ. (3.10)

to
Define amulti-valued map T : B (0) — P, (Acl(‘],R)) by

sz{u.e AC*(J,R):u(t) = Z(t)+tflG(t,s)v(s)ds, VES,lz(x)}- (3.11)

to

We shall show that the multi T satisfies al the conditions of Corollary 2.2. The
proof will be given in several steps.
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Step I: We prove that Tx is a convex subset of Ac*(J,R) for each
xe AC(J,R).Let Uj,U, e TX. Thenthereexist v; and V, in St (x) such that

u;(t) =z(t) + tJlG(t,s)vj(s)ds, j=12.

to
Since F(t,X,Y) hasconvex valuesfor al X,y € R, onehasfor 0< k<1
[ kv, +(1-K)v, |(t) € SE(X)(1), Vted.
Asaresult we have

[Kug + (1= k)u, (1) = z(t) + tfe(t,s)[kvl(s) + (1-k)v,(s)]ds.

to

Therefore | ku, +(1-K)u, ] € Tx and consequently T has convex values in
AC*(J,R).

Step I1: T maps bounded setsin to bounded setsin AC*(J,R). To seethis, let B be
a bounded set in AC*(J,R). Then there exists a real number g > 0 such that
|¥ <a,vxeB.

Now for each U € TX, thereexistsa vV e S;l: (X) such that
4

u(t) = z(t) + [ G(t,s)v(s)ds.
to

Thenforeach t € J,

u®| <2+ [ (t.9)v(s)]ds

to

<|z(t)|+ f\G(t,S)\;é(S)t// (max {|x(t)],[x"(t)[})ds.

Again,
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u't)| <lz'(t)|[+ f\Gt(t,s)\\v(s)\ds

to

< |z'(t)|+ f\Gt(t,S)W(S)w (max {[x(t)],[x"(t)[})ds.

This further implies that
X't}

Jull = max {|x(t)

= max max {{z(t)]|z'®)[}

G, (t,9)[}#(s)y (max {|x(s)

+{TS?3< {G(t,s) x'(s)|})ds

< Cy+ max {Ky, Ky }|é]l.v (a)
foral ueTx c UT (B). Hence UT (B) is bounded.

Step I11: Next we show that T maps bounded sets into equi-continuous sets. Let B be
abounded set asin step 11, and U € TX for some X € B. Thenthere exists Ve S;l: (X)

b4
suchthat, u(t) = z(t) + [ G(t,s)v(s)ds.
to
Thenfor any t,7 € J, we have

u(t) - u(zr)]

< |z(t) - z(2)|+ fG(t,s)v(s)ds— fG(T,S)V(S)dS

ty to

<|z(t) - 2()|+ [[6 (t.s) - G (¢, 8)[[v(s)|ds

to

< |z(t) - z(z)| + f\G(t,s) - G(z,s)|¢(s)w (q)ds.

to
Similarly, we have

| u(t) —u'(r)|<|z'(t) - z'(2)|+ f\Gl(t,s) -G, (z,9)|¢(s)yw (q)ds

to

< [¢(s)w (a)ds.
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Therefore from the above two estimates, it follows that

max {Ju(t) —u(z)|,|u't) -u'(z)]} >0, as t—r.

Asaresult UT (B) isan equi-continuous setin ac* (J.rR)-Nowan application
of Arzela-Ascoli theorem yields that the multi T is completely continuous operator on
AC*(J,R).

Step 1V: Next we prove that T has closed graph. Let {Xn} - ACl(J,R) be a
sequence such that X, — X, and let {y, | be a sequence defined by y, € TX,, for
eachne N such that y, — Yy.. We must show that Y. € TX.. Since Yy, eTX,
thereexistsa v, e Si (x, ) such that
4
Ya(t) = 2(t) + [ G (t,s)v,(s)ds"
to
Consider the linear and continuous operator £ : L*(J,R) — AC*(J,R) defined
by
by
Lv(t) = [G(t,s)v(s)ds"
to

max{[y, (1) - 2(0) - (v (1) - z())]

Now teJ

Vo) = 20 - (v (0 - 2 ()|

—>0 as n— ow.

:”yn - Y

From Lemma 3.2 it follows that (,C o St ) is a closed graph operator and from

the definition of £ one has

Yo - Z€ (E og(xn))-

As X, = X and y, — V., thereisav, e St (x. ) such that

y. (t) = z(t) + TG (t,s)v.(s)ds’

Hence the multi T is an upper semi-continuous operator on 3_(0) .

Thus, T is an upper semi-continuous and compact operator on 3, (0) . Now an
application of Corollary 2.2 yields that either (i) the operator inclusion X € TX has a
solution in B (0), or (ii) there is an element Ue X with HUH =TI such that
AU € Tu for some A >1. We show that the assertion (ii) is not possible. Assume the
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contrary. Then proceeding with the arguments as in Step I, we obtain which is a
contradiction to (3.9). Hence BVP (1.1) — (1.2) has a solution u on J such that HUH <r
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