
International Journal of Computational Science and Mathematics. 
ISSN 0974-3189 Volume 3, Number 3 (2011), pp.  
© International Research Publication House 
http://www.irphouse.com 

 
 

A Partial Solution to an Open Problem in Strict 
Menger Probabilistic Metric Spaces 

 
 

K.P.R. Sastry1, G.A. Naidu2, P.V.S. Prasad3 and S.S.A. Sastri4 
 

18-28-8/1, Tamil Street, Chinna Waltair, Visakhapatnam-530 017, India 
E-mail: kprsastry@hotmail.com 

2,3Department of Mathematics, Andhra University 
Visakhapatnam-530 003, India 

E-drgolivean@yahoo.com, pvsprasad10@yahoo.in 
4Department of Mathematics, G.V.P. College of Engineering, 

Madhuravada, Visakhapatnam-530 048, India 
E-mail: sambharasas@yahoo.co.in 

 
 

Abstract 
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Introduction 
In Sastry et.al [3] an open problem in a strict Menger space is given, incidentally 
observing a fallacy in the argument of a result of Servet Kutucku and Sushil Sharma 
[6].  
 We use the notion of strict Menger space given in [3] and make use of this to 
prove a fixed point theorem (Theorem 2.1) in strict Menger spaces with min t-norm. 
An open problem (open problem 2.2) is also given at the end of the paper. 
 
We start with  
Definition 1.1: [4] A function ܨ: Թ ՜ ሾ0,1ሿ is called a distribution function if ܨ is 
non-decreasing, left continuous and inf௫∈Թ ሻݔሺܨ ൌ 0 and sup௫∈Թ ሻݔሺܨ ൌ 1. 
 
Definition1.2: [4] A triangular norm ׷כ  ሾ0,1ሿ ੨ ሾ0,1ሿ  ՜ ሾ0,1ሿ is a function 
satisfying the following conditions: 
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ߙ .1 כ 1 ൌ א ߙ ׊ ߙ  ሾ0,1ሿ, 
ߙ .2 כ ߚ ൌ ߚ כ ,ߙ ׊ ߙ  ,ሾ0,1ሿ ߳ ߚ
ߛ .3 כ ߜ ൒ ߙ  כ ,ߙ ׊ ߚ ,ߚ ,ߛ ߛ ݄ݐ݅ݓ ሾ0,1ሿ ߳ ߜ ൒ ߜ ݀݊ܽ ߙ ൒  ,ߚ
ߙ) .4 כ ሻߚ כ ߛ ൌ ߙ כ ሺߚ כ ,ߙ ׊ ሻߛ ,ߚ א ߛ ሾ0,1ሿ. 

 
 A triangular norm is also denoted by t-norm. For any ܽ, ܾ א ሾ0,1ሿ, if we define 
ܽ כ ܾ ൌ min ሼܽ, ܾሽ, then כ is a t-norm and is denoted by ‘min’. 
 
Definition1.3: [4] Let ܺ be a non-empty set and let ܨ: ܺ ൈ ܺ ՜ ु (The set of 
distribution functions). For ݌, ݍ א ܺ , we denote the image of the pair (p, q) by ܨ௣,௤ 
which is a distribution function so that ܨ௣,௤ሺݔሻ א ሾ0,1ሿ, for every real ݔ. Suppose F 
satisfies: 

ሻݔ௣,௤ሺܨ .1 ൌ 1 for all ݔ ൐ 0 if and only if ݌ ൌ  ,ݍ

௣,௤ሺ0ሻܨ .2 ൌ 0,  

ሻݔ௣,௤ሺܨ .3 ൌ  ,ሻݔ௤,௣ሺܨ
4. If ܨ௣,௤ሺݔሻ ൌ 1 and ܨ௤,௥ሺݕሻ ൌ 1 then ܨ௣,௥ሺݔ ൅ ሻݕ ൌ 1 where ݌, ,ݍ ݎ א ܺ. 

 
 Then ሺܺ,  .ሻ is called a probabilistic metric spaceܨ
 
Definition1.4: [4] Let ܺ be a non empty set, כ a t-norm and ܨ ׷ ܺ ൈ ܺ ՜
ु satisfies: 

௣,௤ሺ0ሻܨ .1 ൌ ,݌ ׊ 0 א ݍ ܺ, 
ሻݔ௣,௤ሺܨ .2 ൌ ݔ ׊ 1 ൐ 0 if and only if ݌ ൌ  ,ݍ 
ሻݔ௣,௤ሺܨ .3 ൌ ,݌ ׊ ሻݔ௤,௣ሺܨ  א ݍ ܺ, 
ݔ௣,௥ሺܨ .4 ൅ ሻݕ ൒ כ ሺ ܨ௣,௤ሺݔሻ, ,ݔ ׊ ሻሻݕ௤,௥ሺܨ ݕ ൒ ,݌ ݀݊ܽ 0 ,ݍ ݎ א ܺ. 

 
 Then the triplet ሺܺ,   .ሻ is called a Menger spaceכ,ܨ
 
Definition 1.5: [5]  

1. Let ሺܺ, ݌ ሻ be a Menger space andכ,ܨ א ܺ. For ߝ ൐ 0, 0 ൏ ߣ ൏ 1, the ሺߝ,  -ሻߣ
neighbourhood of p is defined as ܷ௣ሺߝ, ሻ ߣ ൌ  ሼݍ א ܺ: ሻߝ௣,௤ሺܨ ൐ 1 െ  ሽ. It mayߣ
be observed that, if כ is continuous then the topology induced by the family 
ሼܷ௣ሺߝ, ݌ :ሻ ߣ א ܺ, ߝ ൐ 0, 0 ൏ ߣ ൏ 1ሽ is a Hausdorff topology on X and is 
known as the (ߝ,  .ሻ - topologyߣ

2. A sequence ሼݔ௡ሽ in X is said to converge to ݌ א ܺ in the ሺߝ,  ሻ -topology, ifߣ
for any ߝ ൐ 0 ܽ݊݀ 0 ൏ ߣ ൏ 1 there exists a positive integer ܰ ൌ ܰሺߝ,  ሻ suchߣ
that ܨ௫೙,௣ ሺߝሻ ൐ 1 െ ݊ where ߣ ൐ ܰ. 

3. A sequence ሼݔ௡ሽ in X is said to be a Cauchy sequence in the (ߝ,  ሻ-topology, ifߣ
for ߝ ൐ 0 and 0 ൏ ߣ ൏ 1 there exists a positive integer ܰ ൌ ܰሺߝ,  ሻ such thatߣ
ሻߝ௫೘,௫೙ሺܨ ൐ 1 െ ,݉ for all ߣ ݊ ൐ ܰ. 

4. A Menger space ሺܺ,  is continuous, is said to be complete if כ ሻ, whereכ,ܨ
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every Cauchy sequence in X is convergent in the (ߝ,  .ሻ -topology ߣ
 
Definition 1.6: [1] Let כ be a t-norm. For any ܽ א ሾ0,1ሿ, write כ଴ ሺܽሻ ൌ 1 and 
ଵכ ሺܽሻ ൌכ ሺכ଴ ሺܽሻ, ܽሻ ൌכ ሺ1, ܽሻ ൌ ܽ 
 
 In general define כ௡ାଵ ሺܽሻ ൌכ ሺכ௡ ሺܽሻ, ܽሻ ݂ݎ݋ ݊ ൌ 0, 1, 2 … .. 
 If ሼכ௡ሽ is equicontinuous at 1, that is  given 
ߝ ൐ ߜ ݏݐݏ݅ݔ݁ ݁ݎ݄݁ݐ 0 ൐ ݔ ݐ݄ܽݐ ݄ܿݑݏ 0 ൐ 1 െ ݏ݈݁݅݌݉݅ ߜ ௡כ ሺݔሻ ൐ 1 െ ݊ ׊ ߝ א ܰ. 
then we say that כ is a Hadzic type t-norm. 
 We observe that ‘min’ t-norm is of Hadzic type. 
 
Definitions 1.7: [6] Two self mappings A and B of a Menger space ሺܺ,  ሻ are saidכ,ܨ
to be  

1. compatible of type (P) if ܨ஺஻௫೙,஻஻௫೙ሺݐሻ ՜ 1 and ܨ஻஺௫೙,஺஺௫೙ሺݐሻ ՜ 1 for all 
ݐ ൐ 0 whenever {ݔ௡ሽ is a sequence in X such that ݔܣ௡, ௡ݔܤ ՜  in ݖ for some ݖ
X as ݊ ՜ ∞. 

2. compatible of type (P1) if ܨ஺஻௫೙,஻஻௫೙ሺݐሻ ՜ 1 for all ݐ ൐ 0 whenever ሼݔ௡ሽ is a 
sequence in X such that ݔܣ௡, ௡ݔܤ ՜ ݊ in X as ݖ for some ݖ ՜ ∞. 

3. compatible of type (P2) if ܨ஻஺௫೙,஺஺௫೙ሺݐሻ ՜ 1 for all ݐ ൐ 0 whenever {ݔ௡ሽ is a 
sequence in X such that ݔܣ௡, ௡ݔܤ ՜ ݊ in X as ݖ for some ݖ ՜ ∞.  

 
We need the following lemma. 
Lemma 1.8: [2] Let ሺܺ,  and כ ሻ be a Menger space with Hadzic-type t-normכ,ܨ
0 ൏ ܽ ൏ 1. Suppose ሼݔ௡ሽ is a sequence in X such that for any ݏ ൐ 0, ሻݏ௫೙,௫೙శభሺܨ ൒
௫బ,௫భሺܨ ௦

௔೙ሻ.  
 
Then ሼݔ௡ሽ is a Cauchy sequence. 
Definition 1.9: [3] Let ሺܺ,  ሻ is strictlyݐ௫,௬ሺܨ ሻ be a Menger space such thatכ,ܨ
increasing in ݐ whenever ݔ ് ,Then ሺܺ .ݕ  .ሻ is called a strict Menger spaceכ,ܨ
 
Example 1.10: [3] Let (X, d) be a metric space. Define ܨ௫,௬ሺݐሻ ൌ ௧

௧ାௗሺ௫,௬ሻ ݐ ׊ ൐ 0 and 
,ݔ ݕ א ܺ. If t-norm כ is ܽ כ ܾ ൌ min ሼa, bሽ ׊ ܽ, ܾ א ሾ0,1ሿ, then ሺܺ,  ሻ is a strictכ,ܨ
Menger space.  
 
 
Main results 
The following theorem is given in Sastry. et. al [3]. 
 
Theorem 2.1: [3] Let P, Q, R and C be self maps of a complete strict Menger space 
ሺܺ,  :satisfying כ ሻ with min t-normכ,ܨ

1. ܲሺܺሻ ك  ܴሺܺሻ, ܳሺܺሻ ك  ,ሺܺሻܥ 
2. there exists a constant ݇ א ሺ0,1ሻ such that ܨ௉௫,ொ௬ሺ݇ݐሻ ൒ ሻݐ஼௫,ோ௬ሺܨ כ

ሻݐ௉௫,஼௫ሺܨ כ ሻݐொ௬,ோ௬ሺܨ כ ሻݐ௉௫,ோ௬ሺ2ܨ כ ,ݔ ሻ for allݐொ௬,஼௫ሺ2ܨ ݕ א ܺ, ݐ ൐ 0,  
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3. either P or C is continuous, 
4. the pairs (P, C) and (Q, R) are both compatible of type (P1) or type (P2). 

 
 Then P, Q, R and C have a unique common fixed point. 
 The following open problem is posed in [3]. 
 
Open Problem 2.2: [3] Is Theorem 2.1 valid if 2ݐ in condition (b) is replaced by ݐߙ 
where ߙ א ሺ1,2ሻ? 
 Now we prove a fixed point theorem for four self maps on a complete strict 
Menger space which gives a partial solution to the open problem 2.2.  
 
Theorem 2.3: Let P, Q, R and C be self maps of a complete strict Menger space 
ሺܺ,  :satisfying כ ሻ with min t-normכ,ܨ

1. ܲሺܺሻ ك   ܴሺܺሻ, ܳሺܺሻ ك  ݇ ሺܺሻ, there exists a constantܥ  א ሺ0,1ሻ and ߙ א
ሺ2݇, 2) such that  ܨ௉௫,ொ௬ሺ݇ݐሻ ൒ ሻݐ஼௫,ோ௬ሺܨ כ ሻݐ௉௫,஼௫ሺܨ כ ሻݐொ௬,ோ௬ሺܨ כ
ሻݐߙ௉௫,ோ௬ሺܨ כ ,ݔ ሻ for allݐߙொ௬,஼௫ሺܨ ݕ א ܺ, ݐ ൐ 0,  

2. either P or C is continuous, 
3. the pairs (P, C) and (Q, R) are both compatible of type (P1) or type (P2). 

 Then P, Q, R and C have a unique common fixed point. 
 
Proof: Let ݔ଴ א ܺ. By (a), there exist sequences ሼݔ௡ሽ and ሼݕ௡ሽ in X such that 
ଶ௡ݔܲ ൌ ଶ௡ାଵݔܴ ൌ ଶ௡ାଵݔܳ ଶ௡ andݕ ൌ ଶ௡ାଶݔܥ ൌ ݊ ଶ௡ାଵ forݕ ൌ 0, 1, 2 … 
Step 1: By taking ݔ ൌ ,ଶ௡ݔ ݕ ൌ ݐ ଶ௡ାଵ for allݔ ൐ 0 in (b), we get 
ሻݐ௉௫మ೙,ொ௫మ೙శభሺ݇ܨ ൒
ሻݐ஼௫మ೙,ோ௫మ೙శభሺܨ כ ሻݐ௉௫మ೙,஼௫మ೙ሺܨ כ ሻݐொ௫మ೙శభ,ோ௫మ೙శభሺܨ כ ሻݐߙ௉௫మ೙,ோ௫మ೙శభሺܨ   כ
 ሻݐߙொ௫మ೙శభ,஼௫మ೙ሺܨ 
ሻݐ௬మ೙,௬మ೙శభሺ݇ܨ ֜ ൒ ሻݐ௬మ೙షభ,௬మ೙ሺܨ כ ሻݐ௬మ೙,௬మ೙షభሺܨ כ ሻݐ௬మ೙శభ,௬మ೙ሺܨ כ ሻݐߙ௬మ೙,௬మ೙ሺܨ כ
  ሻݐߙ௬మ೙శభ,௬మ೙షభሺܨ
 ൒ ሻݐ௬మ೙షభ,௬మ೙ሺܨ כ ሻݐ௬మ೙శభ,௬మ೙ሺܨ כ  ሻݐߙ௬మ೙శభ,௬మ೙షభሺܨ
 ൒ ሻݐ௬మ೙షభ,௬మ೙ሺܨ כ ሻݐ௬మ೙శభ,௬మ೙ሺܨ כ ௬మ೙శభ,௬మ೙ܨ ቀఈ௧

ଶ
ቁ כ ௬మ೙,௬మ೙షభܨ ቀఈ௧

ଶ
ቁ 

 ൒ ௬మ೙షభ,௬మ೙ܨ ቀఈ௧
ଶ

ቁ (׶ X is a strict Menger space)  
 
 Similarly, we can prove that ܨ௬మ೙శభ,௬మ೙శమሺ݇ݐሻ ൒ ௬మ೙,௬మ೙శభܨ  ቀఈ௧

ଶ
ቁ  

 Hence ܨ௬೙,௬೙శభሺ݇ݐሻ ൒ ௬೙షభ,௬೙ܨ  ቀఈ௧
ଶ

ቁ for all ݊ א ܰ  

 Therefore ܨ௬೙,௬೙శభሺݐሻ ൒ ௬೙షభ,௬೙ܨ  ቀఈ௧
ଶ௞

ቁ ݐ ׊ ൐ 0 , ݊ א ܰ ܽ݊݀ ఈ
ଶ௞

൐ 1 
 By Lemma 1.8, ሼݕ௡ሽ is a Cauchy sequence. 
 Since ሺܺ,  in X. Also its sub sequences ݖ ሻ is complete, it converges to a pointכ,ܨ
ሼܲݔଶ௡ሽ ՜ ,ݖ ሼݔܥଶ௡ሽ ՜ ,ݖ ሼܳݔଶ௡ାଵሽ ՜ ଶ௡ାଵሽݔand ሼܴ ݖ ՜  .ݖ
 
Case (i): C is continuous, (P, C) and (Q, R) are compatible of type (P2) 
ଶ௡ݔܥܥ ՜ ଶ௡ݔܲܥ ,ݖܥ ՜ ׶) ݖܥ C is continuous) 
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and ܲܲݔଶ௡ ՜  (is compatible of type (P2) (P, C) ׶) ݖܥ
By taking ݔ ൌ ,ଶ௡ݔܲ ݕ ൌ   ଶ௡ାଵin (b), we getݔ
ሻݐ௉௉௫మ೙,ொ௫మ೙శభሺ݇ܨ

൒ ሻݐ஼௉௫మ೙,ோ௫మ೙శభሺܨ כ ሻݐ௉௉௫మ೙,஼௉௫మ೙ሺܨ כ ሻݐொ௫మ೙శభ,ோ௫మ೙శభሺܨ
כ ሻݐߙ௉௉௫మ೙,ோ௫మ೙శభሺܨ  כ

 ሻݐߙொ௫మ೙శభ,஼௉௫మ೙ሺܨ 
On letting ݊ ՜ ∞, we get 
ሻݐ஼௭,௭ሺ݇ܨ ൒ ሻݐ஼௭,௭ሺܨ כ ሻݐ஼௭,஼௭ሺܨ כ ሻݐ௭,௭ሺܨ כ ሻݐߙ஼௭,௭ሺܨ כ  ሻݐߙ௭,஼௭ሺܨ
  ൒ ܨ஼௭,௭ሺݐሻ כ  ሻݐߙ஼௭,௭ሺܨ
If ݖܥ ് ,ݖ ሻݐ஼௭,௭ሺ݇ܨ  ൏ ׶ሻ ሺݐ஼௭,௭ሺܨ  0 ൏ ݇ ൏ 1ሻ 
and  ܨ஼௭,௭ሺ݇ݐሻ ൏ ׶ ሻ ሺݐߙ஼௭,௭ሺܨ ݇ ൏ 2݇ ൏  ሻߙ
׵  ሻݐ஼௭,௭ሺ݇ܨ ൏ ሻݐ஼௭,௭ሺܨ כ ሻݐߙ஼௭,௭ሺܨ ൑  .ሻ, a contradictionݐ஼௭,௭ሺ݇ܨ 
Hence ݖܥ ൌ   .ݖ
 
Step 3: By taking ݔ ൌ ,ݖ ݕ ൌ  ଶ௡ାଵ in (b), we getݔ

ሻݐ௉௭,ொ௫మ೙శభሺ݇ܨ ൒ ሻݐ஼௭,ோ௫మ೙శభሺܨ כ ሻݐ௉௭,஼௭ሺܨ כ ሻݐொ௫మ೙శభ,ோ௫మ೙శభሺܨ כ ሻݐߙ௉௭,ோ௫మ೙శభሺܨ
כ  ሻݐߙொ௫మ೙శభ,஼௭ሺܨ

On letting ݊ ՜ ∞, we get   
ሻݐ௉௭,௭ሺ݇ܨ ൒ ሻݐ௭,௭ሺܨ כ ሻݐ௉௭,௭ሺܨ כ ሻݐ௭,௭ሺܨ כ ሻݐߙ௉௭,௭ሺܨ כ  ሻݐߙ௭,௭ሺܨ
 ൒ ሻݐ௉௭,௭ሺܨ כ  ሻݐߙ௉௭,௭ሺܨ
Thus ܲݖ ൌ  .ݖ
 
Step 4: Since ܲሺܺሻ ك ܴሺܺሻ, there exists ݓ א ܺ such that ݖ ൌ ݖܲ ൌ  ݓܴ
By taking ݔ ൌ ,ଶ௡ݔ ݕ ൌ  in (b), we get ݓ

ሻݐ௉௫మ೙,ொ௪ሺ݇ܨ ൒ ሻݐ஼௫మ೙,ோ௪ሺܨ כ ሻݐ௉௫మ೙,஼௫మ೙ሺܨ כ ሻݐொ௪,ோ௪ሺܨ כ ሻݐߙ௉௫మ೙,ோ௪ሺܨ
כ  ሻݐߙொ௪,஼௫మ೙ሺܨ

On letting ݊ ՜ ∞, we get 
ሻݐ௭,ொ௪ሺ݇ܨ ൒ ሻݐ௭,௭ሺܨ כ ሻݐ௭,௭ሺܨ כ ሻݐொ௪,௭ሺܨ כ ሻݐߙ௭,௭ሺܨ כ  ሻݐߙொ௪,௭ሺܨ
 ൒ ሻݐொ௪,௭ሺܨ כ  ሻݐߙொ௪,௭ሺܨ
Thus ܳݓ ൌ  ݖ
׵ ݓܴ ൌ ݓܳ ൌ  ݖ
Since (Q, R) is compatible of type (P2), we have ܴܳݓ ൌ   .ݓܳܳ
 
 Therefore ܴݖ ൌ  .ݖܳ
 
Step 5: By taking ݔ ൌ ,ଶ௡ݔ ݕ ൌ  in (b), we get ݖ

ሻݐ௉௫మ೙,ொ௭ሺ݇ܨ ൒ ሻݐ஼௫మ೙,ோ௭ሺܨ כ ሻݐ௉௫మ೙,஼௫మ೙ሺܨ כ ሻݐொ௭,ோ௭ሺܨ כ ሻݐߙ௉௫మ೙,ோ௭ሺܨ כ  ሻݐߙொ௭,஼௫మ೙ሺܨ
On letting ݊ ՜ ∞, ewe get 
ሻݐ௭,ொ௭ሺ݇ܨ ൒ ሻݐ௭,ொ௭ሺܨ כ ሻݐ௭,௭ሺܨ כ ሻݐொ௭,ொ௭ሺܨ כ ሻݐߙ௭,ொ௭ሺܨ כ  ሻݐߙொ௭,௭ሺܨ
 ൒ ሻݐொ௭,௭ሺܨ כ  ሻݐߙொ௭,௭ሺܨ
Thus ܳݖ ൌ  .ݖ
׵ ݖܲ ൌ ݖܳ ൌ ݖܥ ൌ ݖܴ ൌ  .ݖ
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i.e. ݖ is a common fixed point for P, Q, R and C. 
 
Case (ii): P is continuous and (P, C), (Q, R) are both compatible of type (P2) 
ଶ௡ݔܲܲ ՜ ଶ௡ݔܥܲ ,ݖܲ ՜ ׶) ݖܲ ܲ is continuous) 
ଶ௡ݔܲܥ ՜  (is compatible of type (P2) (P, C) ׶) ݖܲ
 
Step 6: By taking ݔ ൌ ,ଶ௡ݔܲ ݕ ൌ  ଶ௡ାଵin (b), we getݕ
ሻݐ௉௉௫మ೙,ொ௫మ೙శభሺ݇ܨ

൒ ሻݐ஼௉௫మ೙,ோ௫మ೙శభሺܨ כ ሻݐ௉௉௫మ೙,஼௉௫మ೙ሺܨ כ ሻݐொ௫మ೙శభ,ோ௫మ೙శభሺܨ
כ ሻݐߙ௉௉௫మ೙,ோ௫మ೙శభሺܨ  כ

 ሻݐߙொ௫మ೙శభ,஼௉௫మ೙ሺܨ 
On letting ݊ ՜ ∞, we get 
ሻݐ௉௭,௭ሺ݇ܨ ൒ ሻݐ௉௭,௭ሺܨ כ ሻݐ௉௭,௉௭ሺܨ כ ሻݐ௭,௭ሺܨ כ ሻݐߙ௉௭,௭ሺܨ כ  ሻݐߙ௭,௉௭ሺܨ
 ൒ ሻݐ௉௭,௭ሺܨ כ  ሻݐߙ௉௭,௭ሺܨ
Thus ܲݖ ൌ  .ݖ
Using step 4 and step 5, we get ݖ ൌ ݖܳ ൌ   .ݖܴ
 
Step 7: Since ܳሺܺሻ ك ݓ ሺܺሻ, there existsܥ א ܺ such that ݖ ൌ ݖܳ ൌ  .ݓܥ
By taking ݔ ൌ ,ݓ ݕ ൌ   ଶ௡ାଵ in (b), we getݔ
ሻݐ௉௪,ொ௫మ೙శభሺ݇ܨ ൒ ሻݐ஼௪,ோ௫మ೙శభሺܨ כ ሻݐ௉௪,஼௪ሺܨ כ ሻݐொ௫మ೙శభ,ோ௫మ೙శభሺܨ כ ሻݐߙ௉௪,ோ௫మ೙శభሺܨ  כ
 ሻݐߙொ௫మ೙శభ,஼௪ሺܨ 
On letting ݊ ՜ ∞, we get 
ሻݐ௉௪,௭ሺ݇ܨ ൒ ሻݐ௭,௭ሺܨ כ ሻݐ௉௪,௭ሺܨ כ ሻݐ௭,௭ሺܨ כ ሻݐߙ௉௪,௭ሺܨ כ  ሻݐߙ௭,௭ሺܨ
  ൒ ሻݐ௉௪,௭ሺܨ כ  ሻݐߙ௉௪,௭ሺܨ
Thus ݖ ൌ ݖ since ,ݓܲ ൌ ݖܳ ൌ ݓܲ hence ,ݓܥ ൌ  .ݓܥ
(P, C) is compatible of type (P2), we have ݓܲܥ ൌ ݖܥ .i.e ݓܲܲ ൌ  .ݖܲ
׵ ݖ ൌ ݖܲ ൌ ݖܥ ൌ ݖܳ ൌ   ݖܴ
i.e. ݖ is a common fixed point for P, Q, R and C. 
 is a common fixed point for P, Q, R and C when C is continuous( or P is ݖ ׵
continuous) and (P, C), (Q, R) are compatible of type P2 ( or P1) 
 
Step 8: For uniqueness ݒ be common fixed point for P, Q, R and C. 
Take ݔ ൌ ,ݖ ݕ ൌ  in the condition (b), we get ݒ
ሻݐ௉௭,ொ௩ሺ݇ܨ ൒ ሻݐ஼௭,ோ௩ሺܨ כ ሻݐ௉௭,஼௭ሺܨ כ ሻݐொ௩,ோ௩ሺܨ כ ሻݐߙ௉௭,ோ௩ሺܨ כ  ሻݐߙொ௩,஼௭ሺܨ
ሻݐ௭,௩ሺ݇ܨ ֜ ൒ ሻݐ௭,௩ሺܨ כ ሻݐ௭,௭ሺܨ כ ሻݐ௩,௩ሺܨ כ ሻݐߙ௭,௩ሺܨ כ  ሻݐߙ௩,௭ሺܨ
  ൒ ሻݐ௭,௩ሺܨ כ  ሻݐߙ௭,௩ሺܨ
 
 Thus v = z. 
 We conclude our paper with an open problem. 
 Open Problem 2.4: If 1 ൐ ݇ ൐ ଵ

ଶ
 and ߙ א ሺ2݇, 2ሻ, is the result valid ? 
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