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Abstract
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Introduction
In Sastry et.al [3] an open problem in a strict Menger space is given, incidentally
observing a fallacy in the argument of a result of Servet Kutucku and Sushil Sharma
[6].

We use the notion of strict Menger space given in [3] and make use of this to
prove a fixed point theorem (Theorem 2.1) in strict Menger spaces with min t-norm.
An open problem (open problem 2.2) is also given at the end of the paper.

We start with
Definition 1.1: [4] A function F: R — [0,1] is called a distribution function if F is
non-decreasing, left continuous and inf,, g F(x) = 0 and sup,.g F(x) = 1.

Definition1.2: [4] A triangular norm =*: [0,1] x [0,1] — [0,1] is a function
satisfying the following conditions:
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axl=aVa €[0,1],

axf=F*xaVa/pfel[01],

y*8= axBVap,ydel0llwithy >aand § = B,
(@xB)*y=ax(B*y)Vapy €[01].

A triangular norm is also denoted by t-norm. For any a, b € [0,1], if we define
a * b = min {a, b}, then = is a t-norm and is denoted by ‘min’.

Definitionl1.3: [4] Let X be a non-empty set and let F: X X X — D (The set of
distribution functions). For p,q € X , we denote the image of the pair (p, q) by F, ,
which is a distribution function so that F, ,(x) € [0,1], for every real x. Suppose F
satisfies:

1.
2. Fyqa(0) =0,
3,
4

E,q(x) = 1forallx > 0ifand only if p = q,

Fyq(x) = Fgp(x),
IfE,,(x)=1and F,,.(y) = 1then F,.(x + y) = 1 where p,q,r € X.

Then (X, F) is called a probabilistic metric space.

Definitionl.4: [4] Let X be a non empty set, x a t-norm and F: X X X —
D satisfies:

1.

2.
3.
4.

F,4(0)=0Vp,q €EX,

Eqs(x)=1vx>0ifandonlyifp = g,

Fp,q(x) = Fq,p(x)vplq € X,
Er(x+y)2*(Fq(x),F-(y))Vx,y 2 0andp,q,r € X.

Then the triplet (X, F,*) is called a Menger space.

Definition 1.5: [5]
1. Let (X,F,x) be a Menger space andp € X. For € > 0,0 < A < 1, the (g, A)-

neighbourhood of p is defined as U, (e,4) = {q € X: F, 4(¢) > 1 — 4}. It may
be observed that, if x is continuous then the topology induced by the family
{Up(e,A):p€X,e>0,0<A<1} is a Hausdorff topology on X and is
known as the (g, A) - topology.

A sequence {x,} in X is said to converge to p € X in the (g, 1) -topology, if
forany e > 0 and 0 < A < 1 there exists a positive integer N = N (&, 4) such
that F, ,, (¢) > 1—Awheren > N.

A sequence {x,} in X is said to be a Cauchy sequence in the (g, 1)-topology, if
for e > 0 and 0 < 1 < 1 there exists a positive integer N = N(¢, 1) such that
E. x,(e)>1—Aforallm,n>N.

4. A Menger space (X, F,x), where = is continuous, is said to be complete if
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every Cauchy sequence in X is convergent in the (g, 1) -topology.

Definition 1.6: [1] Let * be a t-norm. For any a € [0,1], write *, (a) =1 and
*1 (@) =% (%o (a),a) =x(L,a) = a

In general define *,,,; (a) =* (%, (a),a) forn=10,1,2 .....

If {*n} IS equicontinuous at 1, that IS given
g€ > 0 there exists 6 > 0 such that x > 1 — § implies x, (x) >1—&cVne€N.
then we say that * is a Hadzic type t-norm.

We observe that ‘min’ t-norm is of Hadzic type.

Definitions 1.7: [6] Two self mappings A and B of a Menger space (X, F,*) are said
to be
1. compatible of type (P) if Fypx ppx,(t) > 1 and Fgax aax,(t) — 1 for all
t > 0 whenever {x,} is a sequence in X such that Ax,,, Bx,, = z for some z in
Xasn — oo,
2. compatible of type (P1) if Fypy gpx,(t) — 1 forall t > 0 whenever {x,} is a
sequence in X such that Ax,, Bx,, = z for some z in X asn — oo.
3. compatible of type (P,) if Fgax_ aax,(t) = 1 forall t > 0 whenever {x,} is a
sequence in X such that Ax,,, Bx,, = z for some z in X asn — oo,

We need the following lemma.
Lemma 1.8: [2] Let (X,F,x) be a Menger space with Hadzic-type t-norm =* and
0 < a < 1. Suppose {x,} is a sequence in X such that for any s > 0,F . . (s) =

s
E X0,X1 (a_”)

Then {x,} is a Cauchy sequence.
Definition 1.9: [3] Let (X,F,x) be a Menger space such that F,(t) is strictly
increasing in t whenever x # y. Then (X, F,*) is called a strict Menger space.

Example 1.10: [3] Let (X, d) be a metric space. Define F, ,, (t) = Hdzxy) vt >0and

x,y €X. If tnorm = is a* b = min{a, b}V a,b € [0,1], then (X,F,x) is a strict
Menger space.

Main results
The following theorem is given in Sastry. et. al [3].

Theorem 2.1: [3] Let P, Q, R and C be self maps of a complete strict Menger space
(X, F,*) with min t-norm =* satisfying:
1. P(X) < R(X),Q(X) c Cc(X),
2. there exists a constant k € (0,1) such that Fpy oy (kt) = Fgyry(t) *
Fpy cx(t) * Fgy gy (£) * Fpy pyy (2t) * Fyy, o (2t) forall x,y € X, t > 0,
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3. either P or C is continuous,
4. the pairs (P, C) and (Q, R) are both compatible of type (P,) or type (P,).

Then P, Q, R and C have a unique common fixed point.
The following open problem is posed in [3].

Open Problem 2.2: [3] Is Theorem 2.1 valid if 2t in condition (b) is replaced by at
where a € (1,2)?

Now we prove a fixed point theorem for four self maps on a complete strict
Menger space which gives a partial solution to the open problem 2.2.

Theorem 2.3: Let P, Q, R and C be self maps of a complete strict Menger space
(X, F,x) with min t-norm = satisfying:
1. P(X) € R(X),Q(X) € C(X), there exists a constant k € (0,1) and «a €
(2k,2) such  that Fpy 0y (kt) = Feyx ry(t) * Fpy cx(t) * Foy gy () *
Fpy ry(at) * Foy cx(at) forall x,y € X,t > 0,
2. either P or C is continuous,
3. the pairs (P, C) and (Q, R) are both compatible of type (P1) or type (P>).
Then P, Q, R and C have a unique common fixed point.

Proof: Let x, € X. By (a), there exist sequences {x,} and {y,} in X such that
Pxyn = RXzn41 = Yan @Nd Qxzn41 = CXopiy = Yoprr forn=10,1,2 ...
Step 1: By taking x = x5, ¥ = x3,,44 forall t > 0 in (b), we get
przn:Qx2n+1 (kt) =
chzn'Rx2n+1 (t) * przn'cxzn(t) * FQx2n+1,Rx2n+1 (t) * FPxZn'Rx2n+1(at) *
Qx2n+1,Cx2n(at)
FYZnJ/Zn+1 (kt) = FYZn—LYZn(t) * FYZnJ/Zn—1 (t) * F)’2n+1J’2n (t) * FYZnJ’Zn (at) *
2n+1Y2n-1 (C(t)
2n-1Y2n (t) * FY2n+1,3/2n(t) * F)’2n+1,y2n—1 (at)

at at
2n—1,3/2n(t) * F)’2n+1J’2n (t) * FY2n+1J/2n (?) * FYZn,YZn—1 (?)

an-1Y2n (a?t) (+ X'is a strict Menger space)

vt U o

v

B,
E,
E,

v

at
2n+1.Y2n+2 (kt) = FYZn,y2n+1 (?)

Yynel (KO = B, (%t) foralln e N

t
Therefore F, , ()= F, (:—k) Vt>0,n€Nand -->1

By Lemma 1.8, {y,,} is a Cauchy sequence.
Since (X, F,x) is complete, it converges to a point z in X. Also its sub sequences
{Pxan} = 2, {Cx2n} = 7,{QX2n41} = zand {Rxppn 41} - z.

Similarly, we can prove that E,

Hence F,

Case (i): Cis continuous, (P, C) and (Q, R) are compatible of type (P,)
CCxyy = Cz, CPxyy, — Cz (*+ Cis continuous)
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and PPx,, — Cz (~ (P, C) is compatible of type (P>))

By taking x = Px,,,y = x5,411n (b), we get

Fppsyp,0x3ms: (KD
= FepxynRagnss () * Fopxyn,cPxgn (8) * Fox,p it Rxpnss (6
* Fppyyn Ragnsq (AT) *

FQx2n+1,CPx2n(at)

On letting n — oo, we get

FCZ,Z (kt) = FCz,z(t) * FCZ,CZ(t) * Fz,z(t) * FCz,z(at) *I'ycz (at)

= FCz,z (t) * FCZ,z (at)

If Cz # z, Fg,,(kt) < Fg,,(t) (v 0<k <1)

and F¢, ,(kt) < Fep,(at) (~k <2k < a)

o Feg o (kt) < Fep ,(t) * Fey,(at) < Fe, ,(kt), a contradiction.

Hence Cz = z.

Step 3: By taking x = z,y = x5,44 In (b), we get
Fpz0xmsa (KE) = Fegray, o, (€) * Fpy oy (8) * Fox, o Rxgney (6) * Fpzrey,,, (@)
* FQx2n+1'CZ(at)
On letting n — oo, we get
FPz,z(kt) = Fz,z(t) * FPZ,Z (t) * Fz,z (t) * FPz,z(at) * Fz,z (at)
= FPZ,Z (t) * FPZ,Z (at)
Thus Pz = z.

Step 4: Since P(X) € R(X), there exists w € X such that z = Pz = Rw
By taking x = x,,,y = win (b), we get
Fpx, ow(kt) = Fey, rw(t) * Fpy, cx, (£) * Fou pw () * Fpy, gy (at)
* Fow,cx,, (@t)
On letting n — oo, we get
FZ,QW (kt) 2 FZ,Z (t) * FZ,Z (t) * FQW,Z (t) * FZ,z (at) * FQW,Z (C(t)
2 FQW,Z (t) * FQW,Z(at)
Thus Qw = z
“Rw=Qw =1z
Since (Q, R) is compatible of type (P,), we have RQw = QQw.

Therefore Rz = Qz.

Step 5: By taking x = x,,,y = z in (b), we get
Fpy, 0z(kt) = Fey, rz(£) * Fpy, cx, (£) % Fozp () * Fpy, pz(at) * Fo,cx, (at)
On letting n — oo, ewe get
Fz,Qz (kt) = FZ,QZ(t) * Fz,z (t) * FQZ,QZ (t) * FZ,QZ (at) * FQz,z (at)
2 FQz,z (t) * FQZ,Z ((Xt)
Thus Qz = z.
~Pz=Qz=Cz=Rz=12z.
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i.e. z is a common fixed point for P, Q, R and C.

Case (ii): P is continuous and (P, C), (Q, R) are both compatible of type (P,)
PPx,, = Pz, PCx,, — Pz (>~ P is continuous)
CPx,, — Pz (- (P, C) is compatible of type (P>))

Step 6: By taking x = Pxy,, V = Yans1in (D), we get

Fppsyp,qx3ms: (KD
= FepxynRagnss () * Fopxyn,cPxgn (8) * Fox,p it Rxpnss (6
* Fppy Ragnsq (AT) *

FQx2n+1,CPx2n(at)

On letting n — oo, we get

FPz,z(kt) = FPZ,Z (t) * FPz,Pz(t) * Fz,z(t) * FPz,z(at) * z,Pz(at)

= FPZ,Z (t) * FPZ,Z (at)

Thus Pz = z.

Using step 4 and step 5, we get z = Qz = Rz.

Step 7: Since Q(X) < C(X), there exists w € X such that z = Qz = Cw.
By taking x = w,y = x,,41 Iin (b), we get
FPW,Qx2n+1 (kt) = FCW,Rx2n+1 (t) * Fpw,cw () * FQx2n+1,Rx2n+1(t) * FPW,Rx2n+1 (at) *
FQx2n+1,CW(at)
On letting n — oo, we get
FPW,Z(kt) = FZ,Z (t) * FPW,Z(t) * Fz,z(t) * FPW,Z (at) * FZ,Z (at)
= FPW,Z (t) * FPW,Z (at)
Thus z = Pw, since z = Qz = Cw, hence Pw = Cw.
(P, C) is compatible of type (P2), we have CPw = PPw i.e. Cz = Pz.
~z=Pz=Cz=Qz=Rz
i.e. z is a common fixed point for P, Q, R and C.
~ z Is a common fixed point for P, Q, R and C when C is continuous( or P is
continuous) and (P, C), (Q, R) are compatible of type P, ( or P;)

Step 8: For uniqueness v be common fixed point for P, Q, R and C.
Take x = z,y = v in the condition (b), we get
Fpz0v(kt) = Fezpy(t) * Fpy oz (t) * Foy py(t) * Fpypy(at) * Fop o (at)
= Fz,v(kt) = Fz,v(t) * Fz,z(t) * v,v(t) * z,v(at) * v,z(at)

2 F(8) * F, p(at)

Thusv =z.
We conclude our paper with an open problem.

Open Problem 2.4: If 1 > k > %and a € (2k, 2), is the result valid ?
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