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Abstract

In this paper an algorithm was introduced for capacitated transportation
problem with n-subscripts.

Introduction

Many world famous researchers like Dentzing, Hitchcock, Kantorovich and
Savourine et.al have proposed the theoretical and algorithm bases of the classical two-
index transportation problem. Most of the developments are based on linear
programming techniques.

Heley [3] and Junginger [4] introduced the multi-index transportation problem
with out capacities. In fact, the capacities of the transportation paths are
mathematically modeled as additional constraints to express very important real
needs. Obviously, this involves some theoretical and algorithmically compilations
which are often difficult to treat in general context. This justify in part, as most
absence of significant studies related to capacitated transportation problem with an
index greater than two.

In this paper, we focus our attention to the capacitated transportation problem with
n-index.

Statement of the problem
The capacitated n-index transportation problem (CTP) is formulated as follows:

m n b X
min. Z = Z Zz "'Zcijk...nxijk...n
i n=1

i=1  j=1 k=1
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s.t.

n p X )
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W

) Xy =0, forall n=123,...,x

n-1=1

M-

I
LN

In this problem ¢, ,,Bj 'Zk""’an'dijk...n and c,; ,are given and are such that for
all'i,jkl,...nwe have «;>0, 3,>0, y,>0,...,0,>0,d; ,>0and c; ,>O0.
This problem can be equivalently formulated as the linear program

ijk...n
min. [¢'x : Ax=Db,0<x<d ]

Where x,c,d e R™*, b e R™" P and A is a (m+n+...+X) (mn...x) matrix.
A feasible solution x = x;, , of (CTP) is called a program.

A program X is called basic if the columns of the sub matrix A, obtained from A
by keeping only the columns corresponding to the variables x., _such that

<d

ijk...n

0< x

ijk...n ijk...n

are linearly independent.
A basic program x is said to be degenerate if

rank ( Ax) =rank (A)

Given a basic program x, the n-tuple (i,j,...,n ) is called interesting if

0<x, <d

ijk...n ijk...n

We assume that the following feasibility assumption holds
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It results that
Rank (A)=(m+n+... +x) - (n-1)

It is useful to present the data of the problem via the following transportation
table. It consists of an array of (m + n + ...+x) rows and (mn...x) columns, n-1
additional rows and an additional columns. The entries of column Pj;._, of the first,
second, ...,n-1 additional rows are for the data of the quantities diy..n , Cij..n ,--- Xijk...n

respectively. The additional columns are for the data of quantities «;, B, 7y, 0,
respectively. Finally the entry of the array on the line corresponding to ¢, and the
column Py is 1if i =i’and O if not. Same as for S, x,,-...o, .

Algorithm

The following algorithm shares with the simplex method and the potential methods a
structure consisting in two phases, a finite convergence and the use of the pivot
principle.

Phase 1: (It finds a basic program or says that (CTP) is not solvable)

Step 1:
Initialization:

For all (ijk-..n), & =, B =PB;, 2= Zcr6y =c,and by, =0 (bij.n is a
boolean variable equal to 1 if Xij...n has already been determined and 0 if not yet),
E = {(i,j.k,...,n), such that bjj_.» = 0}.

Iteration:

While E # ¢ do

Choose an n-tuple (i,j,k,..mM)eE , such thatcy . =(i’jmjlg)€E Cy.n take
G =MIn(&;, B, Z G50 1), and by =1(ie., Xy | is determined), update

&f,,éi,;zg,...,&ﬁ as follows &; =a; —xg ., if a; =0 then take x; , =O0for all

(j.K-om) = (J,K,..., M) and by, =1 for all(j,k,...,n-1).
B; =B; — Xm0 If ,Bj =0 then take x; =0 for all(i,k,..,n) = (i, K,...,m and

b, , =1forall (ik,...n-1). 7, =y, —X

ijk...n

If 7,=0 then take x, =0 forall(i,j,1,..,n) =, j.I,...,m) and by, =1 forall

ijk..n?

(1,j,1,...,n-1). and similarly for,

=05;—X

n. o, a ke
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If &, =0 then take x,_ , =0forall(j,k,.n-1)# @,]j.k,..,n—1)and bij.n =1
forall (1, j, k,...,n-1).

Step 2:
Take

e:iai =) b, =Zp:ck ;..ziun , such that
a =a, —Zn: Zp: Y X With i =1,2,..,m

j=1 k=1  n=1

m P X
b =7, _Z Z D X With j=12,...n
i=1 k=l n=1
Ck - Zk _Z Z Xijk...n Wlth k =1,2,..., p
i=1  j=1 n=1
and for

W

u, =0, —i Zn: e D X With n=1,2,...,

i=1  j=1  n-l=l

If e=0 , then X = (Xij..n) IS an initial basic program for the problem
(CTP), we denote it by x© . Go to Phase 2.

ii. Construct a problem CTP(M)by the procedure described in (P1) below,

and find an initial basic program X for the problem CTP(M) ,as in step
1.

Then, x© 0

m+1,n+1, p+1,...,.X+1 =

( X =(Xgn), Withi =12,..m+1,j=12..,n+l, k=12..,p+l..,n=
1,2,... x+1).

IfXx® is optimal then the problem (CTP) is not solvable. Stop.
Improvement of a basic program for CTP(M ).

Initialization: r =1,e> 01is given,

Determine X as in phase 2.

If X0 g =€ o then x® =(x ), with i = 1,2,...m , j=12..n k =

1,2,...p,..., n = 1,2,...%, is an initial basic program for the problem (CTP). Go to
Phase 2.

If X is optimal (Phase 2), then the problem (CTP) is not solvable. Stop.
Do r =r+1 and repeat 1), to 3).

Next, we describe the second phase.
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Phase 2: (Research of an optimal program for (CTP)
When Phase 2 starts, we known an initial basic program x© . Take r = 0.

Determine the set 1" of the interesting n-tuple (i,j k,...,n).
For all (i, j,k,...,n) € 1, solve the linear system

(r) (r) (r) () —
Ui "tV + W " o+ Py’ =G n -

For all (i,j.k,...,n) (i, j,k,...n) & 1 " take
AS)

ijk..n = GCi

i — @O+ 4+ p()
and
r{ ={AY), Such thatx(y , =0}.

Fér) ={A(.,rk)n Such that Xi(j?..n = dujk...n }

If the following optimality conditions holds

A(i;@...n >0 For all A‘J@mn er{"

and
AP <0 Forall AV

(r)
ik = ijk.n € [

Then the program x is optimal. Stop.

Determine

(r _ i o(r) d(r)
Ai;,jo,ko,...,no = min '[Aijkr...n - Auj|:...n]SUCh that
A el withASyY <0,

A e, with AYY >0

and specify if A, eI {"(orer").

Construct via the procedure described in (P,) below, a cycle 4" containing some
interesting n-tuple (i,j,k,...,n) and the non interesting n-tuple (io,jo,Ko,-..,No)
corresponding to A%”

ig, Jo: Koo *
Take,
o = {(ijk,...,n) such that (i,j,k,...,n) is a n-tuple forcoming the cycle "},

o= {(i,j.k...,n) such that (i,j k,....n) e ¢ withe,, . <0},

ijk...n
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o ={(ijk....n) such that (i,jk,...n) e ™ , with o, , >0},
(n (n ;
If AV k.0, €10, determine
(r _ :
61 - (i,j,kTIrl;])ea(” (lek n uk...n)’
(n _ ; (r
62 - (i,j,km:]?ea(r)*(dijk"n lek .n /auk n)
" = min(@l(”,Hz(”),
Next, take
1 - - -
X" =D+ g 00, Ko ) € OFULKE (G oK) 200,
else (A, , . eT{"), determine
(r _ ;
91 - (i,j,kTIr?)ea (Xuk .n uk n) !
(n _ ; ("
02 _(i,j,kmlpeo—(’)’(dijk”n Xuk n/ auk n)
" = min(@l(”,Hz(”)
next, take
1 - - -
X" = {0~ ay 07, Keen) € 003 UKD G Ken) 2 00,

Do r = r+1 and repeat a), to e) until the optimality condition holds.
The above algorithm makes appeal to the following procedures:

(P1)- Construction of a problem
The problem CTP(M) is obtained from problem (CTP) by adding four fictitious
points with indices m+1, n+1, p+1,..., x+1 such that:

=0,c

Cm+l n+l,p+l,.., 1 ¥m+l, jk..n = Ci,n+l,k|...n = = Cuk .n-1 — M

(where M isa very large number) and there are no limitation on the capacities for the
paths involving a fictitious point.

(P2)- Determination of cycles
A cycle 1" is determined by the solving the linear system
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Zaijk...n Pic.o = =P ioko..n,

(i, j.K,un)el (r)

The non null solutions «;

i are called coefficients of the cycle " .
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