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Abstract 
 

In this paper an algorithm was introduced for capacitated transportation 
problem with n-subscripts. 

 
 
Introduction  
Many world famous researchers like Dentzing, Hitchcock, Kantorovich and 
Savourine et.al have proposed the theoretical and algorithm bases of the classical two-
index transportation problem. Most of the developments are based on linear 
programming techniques. 
 Heley [3] and Junginger [4] introduced the multi-index transportation problem 
with out capacities. In fact, the capacities of the transportation paths are 
mathematically modeled as additional constraints to express very important real 
needs. Obviously, this involves some theoretical and algorithmically compilations 
which are often difficult to treat in general context. This justify in part, as most 
absence of significant studies related to capacitated transportation problem with an 
index greater than two. 
 In this paper, we focus our attention to the capacitated transportation problem with 
n-index. 
 
 
Statement of the problem  
The capacitated n-index transportation problem (CTP) is formulated as follows:  
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 In this problem nijknkji d ...,,...,,, σχβα and njkc ..1 are given and are such that for 
all i,j,k,l,…n we have iα >0, jβ >0, kχ >0,…, nσ >0, nijkd ... >0 and nijkc ... >0. 
 This problem can be equivalently formulated as the linear program 

 min. [ xct  : dxbAx ≤≤= 0,  ] 
 
 Where xmnpdcx ...,, ℜ∈ , xpnmb ++++ℜ∈ ... and A is a (m+n+…+x) (mn…x) matrix. 
 A feasible solution nijkxx ...=  of (CTP) is called a program. 
 A program x is called basic if the columns of the sub matrix xA obtained from A 
by keeping only the columns corresponding to the variables nijkx ... such that 

 0 < nijkx ... < nijkd ...  
 
are linearly independent. 
 A basic program x is said to be degenerate if  
 rank ( Ax ) = rank (A ) 
 
 Given a basic program x, the n-tuple ( i,j,…,n ) is called interesting if  

 0 < nijkx ... < nijkd ...  
 
 We assume that the following feasibility assumption holds 
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 It results that 
 Rank (A) = (m + n +… + x) – (n-1) 
 
 It is useful to present the data of the problem via the following transportation 
table. It consists of an array of (m + n + …+x) rows and (mn…x) columns, n-1 
additional rows and an additional columns. The entries of column Pij…n of the first, 
second, …,n-1 additional rows are for the data of the quantities dijk…n , cijk…n ,…,xijk…n 
respectively. The additional columns are for the data of quantities nkji σχβα ,...,,,  
respectively. Finally the entry of the array on the line corresponding to iα  and the 
column Pij…n is 1 if ii ′= and 0 if not. Same as for nkj σχβ ,...,,  . 
 
 
Algorithm 
The following algorithm shares with the simplex method and the potential methods a 
structure consisting in two phases, a finite convergence and the use of the pivot 
principle. 
 
Phase 1: (It finds a basic program or says that (CTP) is not solvable)  
 
Step 1:  
Initialization: 
For all (i,j,k,…,n), ii αα =ˆ , ji ββ =ˆ , kk χχ =ˆ ,…, nn σσ =ˆ and 0... =nujkb (bijk…n is a 
boolean variable equal to 1 if xijk…n has already been determined and 0 if not yet), 
 E = {(i,j,k,…,n), such that bijk…n = 0}. 
 
Iteration: 
While φ≠E  do  
Choose an n-tuple Enkji ∈),...,,,(  , such that nijkEnkjinkji cc ...),...,,(... min

∈
=  take 

),ˆ,...ˆ,ˆ,ˆ.(min ...... nkjinkjinkji dx σχβα= , and 1... =nkjib (i.e., nkjix ...  is determined), update 

nkji σχβα ˆ,...,ˆ,ˆ,ˆ  as follows ,ˆ
...nkjiii x−=αα  if 0ˆ =iα  then take 0... =njkix for all

),...,,(),...,,( nkjnkj ≠ and 1... =njkib  for  all ).1,...,,( −nkj  

 nkjijj x ...
ˆ −= ββ , if jβ̂  =0 then take nkjix ... = 0 for all ),...,,(),...,,( nkinki ≠  and 

1... =nkjib  for all ( i,k,…,n-1). nkjikk x ...
ˆ −= χχ , 

  If kχ̂ =0 then take nkijx ... = 0 for all ),...,,,(),...,,,( nljinlji ≠ and 1... =nkijb  for all 
( i,j,l,…,n-1). and similarly for, 
. 
n. nkjinn x ...

ˆ −= σσ , 
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 If 0ˆ =nσ  then take 0... =nijkx for all )1,...,,,()1,...,( −≠− nkjinkj and 1... =nijkb  
 for all ( i, j, k,…,n-1). 
 
Step 2: 
Take 
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i. If 0∈=  , then x = (xijk…n) is an initial basic program for the problem 

(CTP), we denote it by )0(x . Go to Phase 2. 
ii. Construct a problem )~(MCTP by the procedure described in (P1) below, 

and find an initial basic program )0(x  for the problem )~(MCTP  ,as in step 
1. 

 
 Then, 0)0(

1,...,1,1,1 =++++ xpnmx  

  ( )( ...
)0(

nijkxx = , with i = 1,2,…,m+1 , j = 1,2,…,n+1, k = 1,2,…,p+1,…, n = 
1,2,…,x+1). 
 If )0(x  is optimal then the problem (CTP) is not solvable. Stop. 
 Improvement of a basic program for )~(MCTP . 
 Initialization: 0,1∈>=r is given, 
 Determine )(rx  as in phase 2. 
 If =∈+++

)(
1,...,1,1

r
xnmx  , then )( )(

...
)( r

nijk
r xx = , with i = 1,2,…,m , j = 1,2,…,n, k = 

1,2,…,p,…, n = 1,2,…,x, is an initial basic program for the problem (CTP). Go to 
Phase 2. 
 If )(rx  is optimal (Phase 2), then the problem (CTP) is not solvable. Stop.  
 Do r = r+1 and repeat 1), to 3). 
 Next, we describe the second phase. 
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Phase 2: (Research of an optimal program for (CTP) 
When Phase 2 starts, we known an initial basic program )0(x  . Take r = 0. 

 Determine the set )(rI of the interesting n-tuple (i,j,k,…,n). 

 For all )(),...,,,( rInkji ∈ , solve the linear system 
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 For all (i,j,k,…,n) )(),...,,,( rInkji ∉  take 
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 If the following optimality conditions holds 
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 Then the program )(rx is optimal. Stop. 
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 Construct via the procedure described in (P2) below, a cycle )(rμ  containing some 
interesting n-tuple (i,j,k,…,n) and the non interesting n-tuple (i0,j0,k0,…,n0) 
corresponding to )(

,...,,, 0000

r
nkjiΔ . 

Take, 

 )(rσ  =  {(i,j,k,…,n) such that (i,j,k,…,n) is a n-tuple forcoming the cycle )(rμ }, 

  −)(rσ = {(i,j,k,…,n) such that (i,j,k,…,n) )(rσ∈ , with 0... <nijkα }, 
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  +)(rσ  = {(i,j,k,…,n) such that (i,j,k,…,n) )(rσ∈  , with 0... >nijkα }, 
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 Do r = r+1 and repeat a), to e) until the optimality condition holds. 
 
 The above algorithm makes appeal to the following procedures: 
 
(P1)- Construction of a problem 
The problem )~(MCTP  is obtained from problem (CTP) by adding four fictitious 
points with indices m+1, n+1, p+1,…, x+1 such that: 

 Mcccc nijknklninjkmxpnm
~...,0 1......,1,...,11,...,1,1,1 ===== −++++++  

 
(where M~  is a very large number) and there are no limitation on the capacities for the 
paths involving a fictitious point. 
 
(P2)- Determination of cycles 
A cycle )(rμ is determined by the solving the linear system 
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 The non null solutions nijk ...α  are called coefficients of the cycle )(rμ  .  
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