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Introduction

The notion of a fuzzy set was introduced by L.A.Zadeh[10], and since then this
concept have been applied to various algebraic structures. The idea of “Intuitionistic
Fuzzy Set” was first published by K.T.Atanassov[1] as a generalization of the notion
of fuzzy set. I'- near-rings were defined by Bh.Satyanarayana [9] and G.L.Booth [2,
3] studied the ideal theory in I'-near-rings. W. Liu[7] introduced fuzzy ideals and it
has been studied by several authors. The notion of fuzzy ideals and its properties were
applied to semi groups, BCK- algebras and semi rings. Y.B. Jun [5, 6] introduced the
notion of fuzzy left (resp.right) ideals. In this paper, we introduce the notion of
intuitionistic fuzzy ideals in ['—near- rings and study some of its properties.

Preliminaries
In this section we include some elementary aspects that are necessary for this paper.
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Definition 2.1 A non—empty set R with two binary operations “+” (addition) and “.”
(multiplication) is called a near-ring if it satisfies the following axioms:
i. (R,+)1isa group,
ii. (R, .)is a semigroup,
ii. (x+y) z=x'z+y z forall x,y, z € R. It is a right near-ring because it
satisfies the right distributive law.

Definition 2.2 A I'-near-ring is a triple (M, +, I' ) where
1. (M, +)is a group,
il.  is a nonempty set of binary operators on M such that foreach o € I', (M, +, a
) is a near —ring,
. xo(yBz) = (xay)pz forallx,y,ze Mand a, B € T.

Definition 2.3 A subset A of a I'-near-ring M is called a left (resp. right) ideal of M if
1. (A, +)is anormal divisor of (M, +),
ii. ua(x+v)-uaveA(resp.xaue A)forallxe Ao ellandu,ve M.

Definition 2.4 A fuzzy set p in a ['-near-ring M is called a fuzzy left (resp.right) ideal
of M if
Lo p(x-y) 2 min{ p(x), uy) J,
.y +x-y)>ux),forallx,y e M.
. p(uo(x +v) -uawv) > p(x) (resp. p(xou) > w(x) ) forall x,u,ve Mand a € I'.

Definition 2.5 [1] Let X be a nonempty fixed set .An intuitionistic fuzzy set (IFS) A
in X is an object having the form A = { < x, pa(x) , va(x) >/ xe X }, where the
functions pa . X —[ 0, 1] and va: X — [ 0, 1] denote the degree of membership and
degree of non membership of each element x € X to the set A, respectively, and 0 <

Ha(x) +vax) < 1.

Notation. For the sake of simplicity, we shall use the symbol A= < p, va > for the
IFS A = {<x, pa(x), va(x) > /xe X }.

Definition 2.6 [1]. Let X be a non-empty set and let A = < pa va>and B=<pg vg>
be IFSs in X. Then
1. AcBiff ps < pupand vy > vg.
A=Biff AcBand BcA.
A=< VA, UA >.
ANB=( paAuUB ,VAVVE).
AUBZ( HAV UB ,VA/\VB).
LA = (“A ,l—uA), QA = (I—VA , VA).

Sk w

Definition 2.7. Let p and v be two fuzzy sets in a ['-near-ring For s, t €[0, 1] the set
U(u,s) = { xeu(x) > s } is called upper level of p. The set L(v,t)={xev(x) <t } is
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called lower level of v.

Definition 2.8. Let A be an IFS in a I' - ring M. For each pair <t, s > € [0, 1] with
t+s<1,theset Aci s>={x € X/ pa(x)> tand va(x) < s } is called a <t, s> — level
subset of A .

Definition 2.9. Let A=<pa va>be an intuitionistic fuzzy set in Mand let
te[0, 1]. Then the sets U(pa ;t) = {xeM : pa(x) >t} and L(va; t) = {xeM : va(x) <t}
are called upper level set and lower level set of A respectively.

Intuitionistic fuzzy ideals
In what follows, let M denote a ['—near-ring unless otherwise specified.

Definition 3.1. An IFS A = <pa va> in M is called an intuitionistic fuzzy left (
resp. right ) ideal of a I' — near-ring M if
HAX=Y) = { Ha(X) A pa(y)
Ha(Y ¥ X—y) 2 pa(X),
Ha(uoxtv)-uav) = pa(x) (resp. pa(xou) = pa(x) ),
Va(X—y) S { va(x) v va(y) },
VA(YTX —y) S va(x),
6. va(uo(xt+v)-uav) < va(x) (resp. va(xou) < va(x) ),
forallx,y,uuve Mand a € T

AR e

Example 3.2. Let R be the set of all integers then R is a ring.

Take M =T'=R. Let a, b € M, a € I, suppose aab is the product of a, o , b
e R.

Then M is a I'- near-ring.

Define an IFS A = < ps ,va > in R as follows.

pa(0) =1 and pa(£l) = pa(F2) = pa(E3)=....=t  and va(0)=0and va(xl) =

Va(F2) =va(£3)=....=s, wheret € [0, 1] ,s € [0, 1]and t +s < 1.

By routine calculations, clearly A is an intuitionistic fuzzy ideal of a I'- near-ring
R.

Theorem 3.3. A is an ideal of a —near-ring M if and only if A = < pa , vz > where

®) 1 Xxe A ®) 0 Xxe A
AX) = VA(X) =
HA 0 Otherwise A 1 Otherwise

is an intuitionistic fuzzy left (resp.right) ideal of M.

Proof (=) : Let A be a left (resp.right) ideal of M.
Letx,y,u,veManda €T.
Ifx,ye A, thenx—ye A,y+x—y € A and (ua(x +v) -uav) € A. Therefore
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HAX=Y) = 1 2{ pa(x) A pa(y) },pa(y +x —y) =1 > pa(x) and
pa(ua(x +v) -uav) = 1 = pa(x) (resp. pa(xou) = pa(x) = 1),
VA(X—y) =0 < {va(x) v VA(y) },VA(y + X —y) =0 < va(x) and
va(uou(x +v) -uav) = 0 = vx(x) (resp. va(xau) = vi(x) = 0).

Ifx ¢ Aory ¢ A then px (x) =0 or pa (y) =0.

Thus we have
HA(X=Y) 2{ HARX) A pHA(Y) },HA(Y + X —y) = pa(x) and
pa(ua(x +v) -uav) > pa(x) (resp. pa(xou) > pa(x)),
VA(X—y) = {Va(x) v VA(Y) },VA(y + X —y) < Va(x) and
vi(uox +v) -uav) < va(x) (resp. va(xou) < via(x)).

Hence A is an intuitionistic fuzzy left (resp.right) ideal of M.
(<) : Let A be an intuitionistic fuzzy left (resp.right) ideal of M.
Letx,yeManda €T.

Ifx,y,u, v e A, then
HAGKX—Y) = { HA(X) A pa(y)) =1
VA —y) <{Va(x) v Vi(y)} =0

Sox-ye A.
HA(Y tx—y) = pa(x) =1
VA(y tx—y)<Vvax)=0

So(y+x-yeA.
Also

pax(uo(x +v) -uav) > pa(x) = 1 (resp. pa(xou) = pa(x) =1)
vix(uo(x +v) -uav) < vi(x) = 0 ( resp. va(xou) = vi(x) = 0)

So (ua(x +v) -uav)e A.
Hence A is a left (resp.right) ideal of M.

Theorem 3.4. Let A be an intuitionistic fuzzy left (resp.right) ideal of M and
t € [0,1], then

I U(ua; t) is either empty or an ideal of M.

II.  L(va;t)is either empty or an ideal of M.

Proof. (i) Let x, y € U(ua; t).

Then pa(x—y) > { pa(x) A pa(y) } >t,
Hence x—y € L(va;t).

Ha(y X —y) = pa(x) > t

Hence (y+x—y) € U(ua; t).
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Letx e M,a e "andu, v € U(pa; t).
Then pa(uou(x +v) -uav) > pa(x) >t and so (uou(x +v) -uav) € U(pa ; t).
Hence U(ua ; t) is an ideal of M.

II.Let x, y € L(va;t).
Then va(x-y) < {va(x) v va(y)} <t
Hence x—y € L(va;t).
va(y tx—y)Svax) <t.
Hence (y+x—y) € L(va;t).
Letx e M,a e"andu, v € L(va;t).
Then va(uo(x +v) -uav) < va(x) <tand so (uo(x +v) -uav) € L(va; t).
Hence L(va; t) is an ideal of M.

Theorem 3.5. Let I be the left (resp.right) ideal of M. If the intuitionistic fuzzy set A=
< Ha,va> in M is defined by

® p if xel
X)=
Ha s  Otherwise

if xel

u
and va(x) =
Ax) {v Otherwise
forallx e Mand a € I', where 0 <s<p,0<v<uandp+u<l1,s+v<1,then Ais
an intuitionistic fuzzy left (resp.right) ideal of M and U(pa ; p) = 1= L(va; u).

Proof . Letx, y € M and o€l
If at least one of x and y does not belong to I, then
Ha(X—Y) = 8 = {HA(X) A pa(Y) ],
VAX=Y) SV = {Va(X) V Va(y) }.
If x, ye 1, then
x —y € land so pa(x=y) =p = {pa(x) A pa(y)} and
VA(X=Y) =V = {Va(X) V Va(Y)}.
HA(Y T X —y) =8 = pa(x),
VA(Y + X —y) SV =Va(X).
If x, ye 1, then
(y +x—y) € Tand so pa(y + x —y) = p = pa(x) and
VA(Y + X —y) =V = va(X).
Ifu,vel, xe Mand a €T, then (ua(x +v) -uawv) € I,
pa(uo(x +v) -uav) = p = pa(x) and va(uoux +v) -uav) = u = va(x).
(resp. pa(xou) =p = pa(x) and va(xax) =u = va(x) )
Ify ¢ I, then pa(uo(x +v) -uav) = s = pa(x), va(uoux +v) -uav) = v = va(x).
(resp., pa(xou) = s = pa(x) and va(xou) = v = va(X) )

Therefore A is an intuitionistic fuzzy left (resp.right) ideal.

Definition3.6. Let f be a mapping from a '—near-ring M onto a I'—near-ring N. Let A
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be an intuitionistic fuzzy ideal of M. Now A is said to be f—invariant if f(x) = f(y)
implies pa(x) = pa(y) and va(x) = va(y).

Definition 3.7 [2]. A function f: M — N, where M and N are ['—near-rings, is said to
be a I'— homomorphism if f(a +b) = f(a) + f(b), f(aab) = f(a)af(b), for all a, b € M
ando €T

Definition 3.8 Let f: X — Y be a mapping of a '—near-ring and A be an intuitionistic
fuzzy set of Y. Then the map f_l(A) is the pre-image of A under f, if

Hfil(A) (x) = pa(f(x)) and Vfil(A) (x)=va(f(x)), for all x € X.

Definition 3.9. Let f be a mapping from a set X to the set Y. If A = <ua, va>and B =
< pg, Vg > are intuitionistic fuzzy subsets in X and Y respectively, then the image of
A under f'is the intuitionistic fuzzy set f(A) = < pga), via) > defined by

_ V w00 it e,

pe ay(x) = o

0 Otherwise,

A\ v,0 i Ty e,

Vf_l(A)(X) = Jxef(y)
1 Otherwise,

forally €Y.

(b) the pre image of A under f is the intuitionistic fuzzy set f'(B) = < Mf_l(B), vf'l(B) >
defined by

_ V oy i 102,

pe” y(x) = {rer o0

0 Otherwise,

/\ vy i 0=,

Vf_l(B)(X) = Jyef0
1 Otherwise,

for all x €X, where uf'l(B)(X) = up(f(x)) and vf'l(B)(X) = vp(f(x)).

Theorem 3.10. Let M and N be two I'-near-rings and 6: M —>N be a
I'- epimorphism and let B=<pg, vg> be an intuitionistic fuzzy set of N. If
07'(B)=< uefl(B) , vefl(B)> is an intuitionistic fuzzy left (resp.right) ideal of M, then B
is an intuitionistic fuzzy left (resp.right) ideal of N.

Proof. Let x, y, u, v € N and ael’, then there exists a, b, ¢, d € M such that
0(a)=x, O(b) =y, 6(c)=1u, 6(d) = v.

It follows that pg(x—y) = ug(6(a)—0(b)) = us(6(a—b))

= o (a-b)> { o 1)) A bo (e)(b)}

= {us(6 (a)) A us(6(b))}
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= {us(x) A pa(y)}

ve(x—y) = ve(8(a)-6(b)) = v(6(a—b))

=vo '@)(a-b) < {vo  By(@) v vo ' m)(b)}

= {ve(6(a)) v vg(6(b))}

= {ve(X) v ve(¥)}.

u(y +x —y) = us(8(b) + 8(a)-6(b)) = us(8(b + a-b))

= o )b +a-b) > pg ' 8)(a)

= us(6(a))

= up(x)

ve(y +x —y) = vg(B(b) + 6(a)-0(b)) = vg(B(b + a-b))

=ve (b +a-b)< vo (B

= vg(6(a))

= VB(X).

Also

ue(ua(x +v) -uav) = pug(B(c)a(B(a)+6(d))-6(c)ab(d)) = pa(B(coatd)-cad))
= o ' (g)(cauatd)-cad) > o (g)(a) = pa(0() = pa(x)

ve(uo(x +v) -uav) = ve(0(c)ou(0(a)+0(d))—0(c)ab(d)) = ve(B(ca(at+d)-cad))
= vo i)(ca(atd)-cad)< vo~ 1)(a) = va(0(a)) = ps(x)

Similarly, pg(xou) > ug(x) and ve(xou) < v(x).
Hence B is an intuitionistic fuzzy left (resp. right) ideal of N.

Theorem 3.11. An intuitionistic fuzzy set A= < s, va4 > in a '—near-ring M is an
intuitionistic ~ fuzzy  left  (resp. right) ideal if and only if
Act e ={ XeM| pa(x) >t, va(x)<s} is a left (resp.right) ideal of M for pa(0)=>
t, va (0) <s.

Proof.(=) Suppose that A = < pa, va > is an intuitionistic fuzzy left (resp.right) ideal
of M and let pa(0) >t, va(0) <s. Letx,y,u,v e Ac¢ s>andae .

Then pa(x) >t, va (X) <sand pa(y)>t, va(y)<s.

Hence pa(x—y) = {pa(x) A pa(y) } = t,

VAX=Y) S {Va(X) Vv va(y) } <s.

HA(Y T X —y) = pa(x) 2 t,

VA(Y + X —y) S va(x) <s.

pa(uo(x +v) -uav) > pa(x) >t and va(uo(x +v) -uav) < va(x) <s

(resp. pa(xou) > pa(x) >t and va(xoau) < va(x) <s).

Therefore x—y € Act &, (Y + X —Yy)€ Aot s> and (uoux +v) -uav) € Ac; o forall x,
y € A<t s-and ael.

So A<t s is a left (resp. right) ideal of M.

(<) Suppose that A (- 1s a left (resp. right) ideal of M for pa(0)>t and
va(0) <s.

Let x, y € M be such that pa(x) = ti, va(x) = s1, na(y) = t2 and va(y) = sa.
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Then x € A=t 52 and y € Agrg 5oz

We may assume that t; <t; and s,> s; without loss of generality.

It follows that A<z, 52> < Ay 512 sothatx, y € Aaty, 533

Since A<ty sz is an ideal of M, we have x—y € “zinsz (y + x —y)e
Azt 3z and

(uo(x +v) -uav)e A=ty 5= forallo e T

HAX=Y) 2 11 2 = {HA(X) A HA(Y) ],

VA(X=Y) <s1<82= {Va(X) vV va(y)}-

Ha(y X —y) =t > o= pa(x),

VA(y +X - y) <81<s= VA(X).

pa(uo(x +v) -uav) > t; > t, = pa(x) and

va(uou(x +v) -uav) < sp< sy = va(X).

Therefore A is an intuitionistic fuzzy left (resp.right) ideal of M.

Theorem 3.12. If the IFS A=<pa, va> 1is an intuitionistic fuzzy left
(resp.right) ideal of a ['—near-ring M, then the sets Mpa={xeM /pa(x) = pa(0)} and
Mva={xeM /va(x) = va(0)} are left (resp.right) ideals.

Proof. Letx, y,u,v e Musand o € T'.

Then pa(x) = pa(0), pa(y) = pa(0).
Since A is an intuitionistic fuzzy left (resp.right) ideal of a '-near-ring M, we get

Ha(x—y) = {pa(X) A pa(y)} = pa(0).

But pa(0) > pa(x—y). So x—y € Mua.
HA(Y X =y) = ua(x) = pa(0).

But pa(0) = pa(y +x —y). So (y +x —y) € Mpa.
Ha(ua(x +v) -uav) = pa(x) = pa(0) (resp. pa(xom) = pa(x) = pa(0)).

Hence (ua(x +v) -uav) € Mua.

Therefore Mp4 is a left (resp.right) ideal of M.

Similarly, let x, y, u, v.€ Mv, and a € I'. Then va(Xx) = va(0), va(y) = va(0).
Since A is an intuitionistic fuzzy left (resp.right) ideal of a '-near-ring M,
VaX=y) = {va(x) v va()} = va(0).

But vA(0) <va(x—y). So x—y € Mva.

va(y +x —y) < va(x) = va(0).

But vAo(0) <va(y + X —y). So (Y + X —y) € Mva.

va(uoux +v) -uav) < va(x) = va(0) (resp. va(xau) < va(x) = va(0) ).
Hence (ua(x +v) -uav) € Mva.

Therefore Mv, is a left (resp.right) ideal of M.

Definition 3.13. A I'-near-ring M is said to be regular if for each a € M there exists
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anx € M and a, B € I such that a = aaxfa.

Definition 3.14. Let A= <pa va> and B=<pg vg> be two intuitionistic fuzzy
subsets of a I'-near-ring M. The product AI'B is defined by
V A\ (V) ) if X=(Up(v+w)—uyw),u,v,weM, r
RS A CAC VAU L g S IR U RV A
0 otherwise,

(VA(u)VVB(v)) if  X=(Uy(v+w)—upw),u,v,weM, yel

1 otherwise.

v AFB(X) = < x=(uy(v+w)—uyw)

Theorem 3.15. If A =< pa, va> and B =< ug, vg > are two intuitionistic fuzzy left
(resp. right) ideals of M, then ANB is an intuitionistic fuzzy left (resp. right) ideal of
M. If A is an intuitionistic fuzzy right ideal and B is an intuitionistic fuzzy left ideal,
then AI'B < ANB.

Proof. Suppose A and B are intuitionistic fuzzy ideals of M and let x, y, z, z' € M and
ael.
Then
HanB(X—Y) = HA(X=Y) A UB(X=Y)
> [Ha(X) A pa(W)] A [ ps(X) A pa(y)]
= [1a(x) A pue(x)] A [ Ha(Y) A pa(Y)]
= pans(X) A Lans(Y),
VANB(X—Y) = VA(X—Y) V VB(X-Y)
<[va(®) v va()] v [ ve(x) v ve(y)]
= [va(®) v ve(x)] v [ va(y) v vB(Y)]
=vanB(X) V vans(y).
HanB(Y +X=y) = pa(y + x=y) A us(y +X-Y)
> [ma()] A [me(x)]
= pans(X) A Lana(Y),
VanB(Y T X=y) = Va(y + x-y) v vg(y + x-y)
< [va(®)] v [ve(x)]
=vane(X) V vanp(y).

Since A and B are intuitionistic fuzzy ideals of M, we have

Ha(xa(y+z)-xaz) > pa(x) , va(xa(ytz)-xaz) < va(x)  and  pp(yox) > pp(x),
ve(yox) < vp(X).

Now pans(xaly+z)-xaz) = pa (xo(y+z)-xaz) A U (xoy+z)-xoz)

> HaA(X)AHB(X) = pans(X)(resp. pans(yox) = Hans(X)),

vans(Xo(y+z)-xaz) = va(xay+z)-xaz) v vp(xa(y+z)-xoz)

> VA(X)V vg(X) = vans(X)(resp. VAQB(YOLX) < VAQB(X)).

Hence ANB is an intuitionistic fuzzy left ideal of M.
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To prove the second part if parg(x) = 0 andvars(x) = 1, there is nothing to show.
From the definition of AI'B, pa(x) = pa(yo(z+z')— yaz') > pa(z),
VA(X) = va(yo(z+z")— yaz') < va(z).

Since A is an intuitionistic fuzzy right ideal and B is an intuitionistic fuzzy left
ideal, we have

HA(X) = pa(zay) = pa(2), Va(X) = va(zay) < va(2),

HB(x) = pp(zoty) > us(2), VB(X) = ve(zay) < vp(2).

Hence by Definition 3.5,

parn(0) =V {1a() A a2}

< pa(X) A pp(x)
= Hanp(X)
and

vare(x) = x=/y>z {va(y) v ve(2)}

> va(x) v v(x)
= vans(X) which means that AI'B < ANB.

Theorem 3.16. A I'-near-ring M is regular if and only if for each intuitionistic fuzzy
right ideal A and each intuitionistic fuzzy left ideal B of M, AT'B = AnB.

Proof. (=) Suppose R is regular. ATB < AnB. Thus it is sufficient to show that
ANB < AI'B. Let a € M and a, Be I'. Then, by hypothesis, there exists an xe M
such that a = aoxfa.

Thus

Ha(a) = pa(aoxPa) = pa(aox) > pa(a),

va(a) = va(aaxBa) < va(aax) < va(a).

So pa(aax) = pa(a) and va(aox) = va(a).

On the other hand,

HArB(8) =V a= aoxpa [Ha(a0x) A pp(a)] > [pa(a) A ps(a)] = pa~s(a) and
VArB(a) = A a= aaxpa [Va(a0x) v vg(a)] < [va(a) v ve(a)] = vang (a).
Thus AnB < AI'B . Hence AT'B = AnB.
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