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Abstract 

The binding number of several interesting types of graphs has been studied 

extensively in the literature. The determination of  the binding number of a 

graph G , in general seams to be a hard problem. So,  in this paper we study 

the binding number of some special graphs. Precisely his paper determines the 

binding number of the corona of the complete graphs with the paths and  their 

complements. 
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1. Introduction 

Woodall 1973 defined the binding number of a graph as follows. If ),(GVS  we 

write the open neighbourhood of the set S as ).()( vNSN Sv   The binding number 

of a graph ,G  denoted by )(Gb , is given by 

 ,
)(

min)(
S
SN

Gb FS  where  .)()(,:)( GVSNSGVSF   

Woodall 1973 determined the binging number of the complete graphs, complete 

bipartite graphs, paths and cycles.( Kane et al.,1981) computed the binding number 

for a variety of graph products. (Kittrel et al., 1994) found the binding number of 

cubic K hallian graphs. 

The corona(Shakhatreh et al.,2006) of two graphs 1G  and 2G  denoted by 21 GG   is 

defined to be the graph G obtained by taking one copy of 1G (which has 1n  vertices) 

and 1n  copies of 2G , and joining the thi  vertex of 1G  to every vertex in the thi copy of 

2G . If 2G  has 2n  vertices , then it follows from the definition  of the corona that 

21 GG   has )1( 21 nn   vertices and in general 21 GG   is not isomorphic to 12 GG  .  
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)(,,,, , ncpCPKK nnnmn and 2rK  stand for complete graph, complete bipartite graph, 

path, cycle , cocktail party graph and Ladder graph .   (AL-Tobaili, 2009)   determined  

the binding number of  nmn KK , . (AL-Tobaili, 2008) determined  the binding 

number of nnnnnn KPKmcpKrKKK  ,)(,, 2 and .nn KC  Also,( AL-Tobaili, 

2010) computed the binding number of 2rKKn  and ).(ncpKn  

In this paper  we continue  the study of  the binding numbers of the corona of  graphs. 

Precisely we determine the binding number of the  complete graphs with  paths and 

their complements.  

 

Proposition 1  (Woodall 1973 ).  If G is a graph on n vertices with minimum degree 

 , then                                                     

                                    .
1

)(





n
nGb  

 

2. Binding number of the corona of nK and mP  

Let    5,,,,)( 21  nvvvKV nn   and    .5,,,,)( 21  mbbbPV mm   Let 

).( mn PKVw   Then ,1)deg(  nmw  if nivw i  1,  and  
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Lemma 2.1  1   Let  .5 nm  Then  )( mn PKVX   such that  

),()( mn PKVXN   nKX  and ,)(
1




n

i miPX  

.
1

)(
min






n
mnmn

X
XN

 

Proof:    We have two cases: 

               (i) .1nKX  Then  .1
)(

 nm
X
XN

 

                (ii)  .12,  nllKX n .
)(

l
lmn

X
XN 
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Let  .1 nl Then  .
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n
n

X
XN




  

Clearly .
1

1,
1

min


















n
mnmnnm

n
mnmn

 

Lemma 2.2:  1   Let  .5 nm  Then  )( mn PKVX   such that  

),()( mn PKVXN   nKX  and ,)(
1




n

i miPX  


















.,1

,,
2

122
)(

min

oddismif

evenismif
mmn
mnmn

X
XN

 

Proof:  Since we are searching for the minimum of 
X
XN )(

 and since )(XN   is 

increasing by increasing X , so, we try to make )(XN  and X  as nearly as possible. 

This can be satisfied by the following cases: 

Case 1.  m is an even integer and  X consists  of all the vertices ibi :  is even from 

each of  some l )1( nl   copies of .mP  So, 

2

lmX   and .
2

)( llmXN   Therefore 

    
X
XN )(

= .
2

m
m 

 

Case 2.   m is an odd integer and  X consists  of all the vertices ibi : is odd from 

each of some l )1( nl   copies of .mP  Then  we get )
2

1
(




mlX  and 

.)
2

1
()( lmlXN 


  Thus .1

)(


X
XN

  

Case 3.  Let  1,1,  klkln . 

We consider two sub - cases : 

(i)  m  is an even integer and  without loss of generality let X consists of the whole 

vertices of  the l copies of mP   and  the vertices ibi : is even from each of the k  

copies of mP . So, ,
2

kmmlX  .
2

)( kkmmlXN   To, maximize X ,let 

1 nl and .1k  Thus    
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X
XN )(

= .
2

2

122

m
m

mnm
mnnm 





  

For, if  ,21
2

1
)12(

12
1

2

2

122














mnm
n

m
m

mnm
mnnm

 a contradiction. 

(ii) m is an odd integer and  without loss of generality let X consists of the whole 

vertices of  the l copies of mP   and  the vertices ibi : is odd from each of the k  copies 

of mP . So, ,
2

1







 


mkmlX .
2

1
)( kmklmlXN 







 
  To, maximize X , let 

1 nl and .1k  Thus   

 

X
XN )(
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12
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12
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This completes the proof of Lemma 2.2. 

Lemma 2.3:  1   Let  .5 nm  Then  )( mn PKVX   such that  

),()( mn PKVXN   nKX  and ,)(
1




n

i miPX   


















.,1

,,
1

)(
min

oddismif

evenismif
mnmn

mnmn

X
XN

 

Proof:  We consider two cases: 

Case(I):    fvKX fn ,  is fixed, .1 nf   We have the following sub-cases: 

(a)  For some fixed ,1, njj   mjPX   and    .,
1

jiPX n

i mi 
   

(a.1)  .jf   Then .)(,1 mnXNmX   Thus   

                  
X
XN )(

.
1




m
mn

 

(a.2)   .jf   Three sub-sub cases to be considered: 

(a.2.1)  .XPmj  Then  .121)(,1  nmmmnXNmX  Therefore                 

X
XN )(

.
1

12






m
mn

 

(a.2.2)  m  is an even integer and X  consists the even vertices from the copy .mjP   
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Then   .
2

1)(,
2

1
mmnXNmX   Thus               

                   
X
XN )(

.
2

232






m
mn

 

(a.2.3)  m  is an odd integer and X  consists the odd vertices from the copy .mjP     

Then   .
2

1
1)(,

2

1
1







mmnXNmX Therefore               

                   
X
XN )(

.
3

323






m
nm

 

(b) For some fixed ,1, njj   mjPX   and    .,
1

jiPX n

i mi 
  

(b.1)  .jf   

(b.1.1) X  consists the whole vertices of some l )11(  nl  copies of mP  of 

  .,
1

jiPn

i mi 
  Then  .1)(,1 mmlnXNmlX   To maximize ,X  let   

.1 nl  Hnce 
X
XN )(

.
1

1






mnm
nnm

  

(b.1.2)  m is an even integer and  X  consists the even vertices of some 

l )12(  nl  copies of mP  of   .,
1

jiPn

i mi 
  Then  

.
2

1)(,
2

1 mlmnXNlmX   To maximize ,X  let 

.1 nl So, 
X
XN )(

.
2

22






mnm
mnnm

 

( b.1.3 ) m is an odd integer and  X  consists the  vertices ibi :  is odd from each  of 

some l )12(  nl  copies of mP  of   .,
1

jiPn

i mi 
  Then  

.
2

1
1)(,

2

1
1 mmlnXNmlX 







 








 
  To maximize ,X  let 

.1 nl  Thus 
X
XN )(

.
1

1






mnnm
mnnm

 

(b.2 )  .jf   

(b.2.1)  .mfPX   
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(b.2.1.1) X  consists the whole vertices of some l )21(  nl  copies of mP  of 

  .,
1

jiPn

i mi 
  Then  .)(,1 mlmnXNmlmX   To maximize ,X  let 

.2 nl  Therefore 
X
XN )(

.
1




mnm
mnnm

  

(b.2.1.2) m is an even integer and  X  consists the even vertices of some 

l )22(  nl  copies of mP  of   .,
1

jiPn

i mi 
  Then  

.
2

)(,
2

1 mllmnXNmlmX   To maximize ,X  let 

.2 nl  Thus 
X
XN )(

.
2

2






nm
nnm

 

(b.2.1.3) m is an odd integer and  X  consists the  odd vertices   from each  of some 

l )22(  nl  copies of mP  of   .,
1

jiPn

i mi 
  Then  

.
2

1
)(,

2

1
1 mmlnXNmmlX 







 








 
  To maximize ,X  let 

.2 nl  Hence 
X
XN )(

.
2

nnm
nnm



  

(b.2.2) .mfPX   

(b.2.2.1) X  consists the whole vertices of some l )21(  nl  copies of mP  of  

  .,
1

jiPn

i mi 
  Then  .1)(,1 mlmnXNmlX   To maximize ,X  let 

.2 nl  So, 
X
XN )(

.
12

1






mnm
mnnm

 

(b.2.2.2) ) m is an even integer and  X  consists the even vertices of some 

l )22(  nl  copies of mP  of   .,
1

jiPn

i mi 
  Then  

.
2

1)(,
2

1 mlmnXNlmX   To maximize ,X  let .2 nl  Then 

X
XN )(

.
22

22






mnm
nnm

 

(b.2.2.3) m is an odd integer and  X  consists the  odd vertices   from each  of some 

l )22(  nl  copies of mP  of   .,
1

jiPn

i mi 
  Then  
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.
2

1
1)(,

2

1
1 mmlnXNmlX 







 








 
  To maximize ,X  let 

.2 nl  Then 
X
XN )(

.
2mnnm

nnm



  

( c ) .,,,2,1, fimiPX mi    

 The union   .,
1

fiPn

i mi 
 contains 1n  copies of .mP  Let us divided these 1n  

copies of mP  into two groups l  and .k  That is let .1 kln   

(c.1)  .mfPX   

(c.1.1)  Let m  be an even integer and let without loss of generality  that X  consists 

the whole vertices of the l  copies of mP  and also consists the even vertices  from each 

of the k copies of mP . Then   .
2

)(,
2

1
kmmlmnXNkmmlmX   Let 

2 nl  and .1k Then 

             
X
XN )(

.
2

22






mnm
mnnm

 

(c.1.2) Let m  be an odd integer and let without loss of generality that X  consists the 

whole vertices of the l  copies of mP  and also consists the vertices ibi :  is odd from 

each of the k copies of mP . Then   

.
2

1
)(,

2

1
1 







 








 


mkmlmnXNmkmlmX  Let 2 nl  and 

.1k Then              
X
XN )(

.
32

122






mnm
mnnm

 

(c.2) .mfPX   

(c.2.1) X  consists the whole vertices of the copies l and .k Then 

.1)(,1 mkmlmnXNmkmlX  So, 

        .
)(1

)(1)(

klm
klmn

X
XN




   

Let  .1 nkl Then  
X
XN )(

.
1

1






mnm
nnm

 

(c.2.2) m  is  an even integer and the l copies contained in X and also X  consists the 

even vertices  from each of the k copies of mP . Then   
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.
2

1)(,
2

1
kmmlnXNkmmlX   Let 2 nl  and .1k Therefore 

             
X
XN )(

.
232

2322






mnm
mnnm

 

(c.2.3) m  is  an odd  integer and X  consists the whole vertices of the l  copies of mP  

and also consists the vertices ibi :  is odd from each of the k copies of mP . Then   

.
2

1
1)(,

2

1
1 







 








 


mkmlnXNmkmlX  Let 2 nl  and .1k Thus               

X
XN )(

.
332

3322






mnm
mnnm

 

Case(II):    .12,,,, 21  nlvvvKX ln   Then ).(XNKn   Divided the 

copies of mP into two groups l  and .k  That is .1,2,  klkln  

(a) X does not contain any vertices from any copy of the k  copies of mP . Then we 

take ,mllX  .)( mlnXN   Let 1 nl and .1k Then  

                .
1

)(






mnnm
mnnm

X
XN

 

(b) X contains vertices from each copy of some k  copies of mP . 

(b.1) m  is an odd integer and X  consists  the vertices ibi :  is odd from each of some  

k copies of mP .  Then ,
2

1







 


mkmllX .
2

1
)( 







 


mkmlnXN  Let 

1 nl and .1k Therefore  

                           .
122

122)(






nnm
mnnm

X
XN

 

(b.1.2) m  is an even integer and X  consists  the  even vertices from each of some 

k copies of mP .  Then ,
2

kmmllX  .
2

)(
kmmlnXN   Let 1 nl and 

.1k Thus  

                           .
222

22)(






mnnm
mnnm

X
XN

 

( c ) X  consists the whole vertices of each copy of the k  copies of  mP  except one 

copy , say mjP such that .XPmj   
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( c.1)   m  is an even integer and X  consists  the  even vertices from the copy mjP   

Then ,
2

)1(
mmkmllX  .

2
)1()(

mmkmlnXN   Let 2 nl and 

.2k Then  

                           .
4222

22)(






mnnm
mnnm

X
XN

 

( c.1.2) m  is an odd integer and X  consists  the vertices ibi :  is odd  from the copy 

.mjP   Then ,
2

1
)1(




mmkmllX .
2

1
)1()(




mmkmlnXN  Let 

2 nl and .2k Then  

                           .
322

122)(






mnnm
mnnm

X
XN

 

We collect all the results in case of m  is  an even together in the following claim.   

 

Claim 2.1:  
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m
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Proof:  We show that every element of the above set  is greater than  

.
232

2322





mmn
mnmn

 

 Suppose not,  that is   every element of the above set is less than .
232

2322





mmn
mnmn

 

Let us take ,
232

2322

2

22










mmn
mnmn

mmn
mnmn

 implies 

                                          mnmmnmnmmn 8621244 2222   

                                         ,43622 mmmnn   a contradiction , since 

.5 nm  

In a similar  manner we can show  for the rest elements of the above set.  

Similarly we collect all the results in case of m  is an odd together in the following 

claim 
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Claim2.2:  
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Proof: Proof is similar to the proof of Claim 2.1. 

    Also, collect all the results in case of there is no restriction on  m  together in the 

following claim. 

Claim 2.3: 
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1
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Proof:  Proof is similar to the proof of Claim 2.1. 

From Claim 2.1 and Claim 2.3, we have 

Claim 2.4: 

.
11

,
232

2322
min
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mnmn

mnmn
mnmn

mmn
mnmn

 

Proof:  Proof is similar to the proof of Claim 2.1. 

Also, by Claim2.2 and Claim 2.3, we have 

Claim 2.5: .1
1

,1min 












mnmn
mnmn

 

This completes the proof of Lemma 2.3.   

 By Lemma 2.1, Lemma 2.2 and Claim 2.4 , we have 

Claim 2.6:  

.
11

,
2

122
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1
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Proof: Proof is similar to the proof of Claim 2.1. 

  Also, by Lemma 2.1, Lemma 2.2 and Claim 2.5 , we have 
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Claim 2.7:  

  .
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Proof: Proof is similar to the proof of Claim 2.1. 

Theorem 2.1   Let  .5 nm  Then 
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PKb mn  

Proof: By Lemma 2.1, Lemma 2.2, Lemma 2.3, Claim 2.6 and Claim 2.7, theorem 

follows. 

 

3. Binding  number of the corona of nK and mP  

Clearly two vertices ),1()(, mjiPVbb mji   are nonadjacent if and only if 

1 ji  and adjacent  if and only if .2 ji  Also, 
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Lemma 3.1  Let  .7 nm  Then 

  )( mn PKVX   such that  ),()( mn PKVXN   nKX  and 
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i miPX  .
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n
mnmn

X
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Proof:  Proof is similar to the proof of Lemma 2.1. 

Lemma 3.2  Let  .7 nm  Then  )( mn PKVX   such that  ),()( mn PKVXN   

nKX  and   ,
1




n

i miPX  .
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1)(
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X
XN

 



54 Saad S. ALtabaili 

Proof:  We consider the following cases: 

(a) X consists only three vertices of the form 21,,  iii bbb from each of 

some )1( nll   copies of .mP  Then  .)1()(,3 lmlXNlX   Thus 

.
3

)( m
X
XN

  

(b) X consists at least two  vertices  ji bb ,  such that 3 ji from each of 

some )1( nll   copies of .mP  Then  .)(, lmlXNmlX   Thus 

.
1)(

m
m

X
XN 

  

(c ) X consists at least two  vertices  ji bb ,  such that 3 ji from each some l  

copies of mP and X consists only three vertices of the form 

21,,  iii bbb )1( mi  from each of some )1,,2(  klnklk  copies of .mP Then  

.)1()(,3 kmklmlXNkmlX  Let 1 nl  and .1k  Thus 

.
3

1)(
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It can be easy seen that .
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Lemma 3.3  Let  .7 nm  Then  )( mn PKVX   such that  ),()( mn PKVXN   

nKX  and   ,
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Proof:   Consider two cases: 

Case(I):   ,fn vKX   for some fixed .1, nff   

(I.1)         ,mjPX   for some fixed mjj 1,  and   .,
1
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i mi 
  

(I.1.1)    .jf   Then .)(,1 nmXNmX   Thus 
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For, if  
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,3n  a contradiction. 

 (I.1.2) .jf   

(I.1.2.1)  X  consists only three consecutive vertices from the copy .mfP   

  

Then .11)(,31 mmnXNX   Thus 

      
4

22)( 
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X
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 (I.1.2.2) X  consists  at least two vertices yx bb ,  such that 3 yx  from the copy 

.mfP   Then .1)(,1 mmnXNmX   Thus 
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(I.2)   .
1




n

i miPX   

(I.2.1) .XPmf   

(I.2.1.1) X  consists only three consecutive vertices from each of some )11(  nll  

copies other than the copy .mfP  Then  ).1()(,31  mlmnXNlmX  Let  

.1 nl  Thus 

       
23
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X
XN

).4......(
1




mnmn
mnmn

 

(I.2.1.2) X  consists  at least two vertices yx bb ,  such that 3 yx  from each of 

some )21(  nll  copies other than the copy .mfP   Then 

.)(,1 lmmnXNlmmX   Let  .2 nl  For if, ,1 nl implies that 
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).()( mn PKVXN   Thus 
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(I.2.1.3) X  consists  at leas two vertices yx bb ,  such that 3 yx  from each of 

some l  copies of mP  and X  consists only three consecutive vertices from each of 

some k  copies of  mP ).1,,12(  klnkl   Then 

).1()(,31  mklmnXNklmX  Let  2 nl  and .1k  Thus 
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(I.3) .XPmf    

(I.3.1)  X  consists  at leas two vertices yx bb ,  such that 3 yx  from each of some 

)11(  nll  copies of mP . .1)(,1 lmnXNlmX   Let  1 nl .  Thus 
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(I.3.2) X  consists only three consecutive vertices from each of some l  copies of  

mP ).11(  nl   ).1(1)(,31  mlnXNlX  Let  1 nl .  Thus 
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X
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(I.3.3) X  consists  at leas two vertices yx bb ,  such that 3 yx  from each of some 

l  copies of mP  and X  consists only three consecutive vertices from each of some k  

copies of  mP ).1,,12(  klnkl   Then 

).1(1)(,31  mkmlnXNkmlX  Let  2 nl  and .1k  Thus 
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Case(II):    .12,,,, 21  nlvvvKX ln  Then  ).(XNKn   Let there exist at 

least one vertex, say, )( nf KVv  and ,XKv nf   otherwise ).()( mn PKVXN    

Clearly  the vertices lvvv ,,, 21    are joined to the copies mlmm PPP ,,, 21  respectively. 

Let there are k copies of mP  that are different from the mlmm PPP ,,, 21   
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)12(  nkl copies. Consider the copy .mfP  

(II.1)  X  consists  at least two vertices yx bb ,  such that 3 yx  from each of the k  

copies of mP . 

(II.1.1)  .mfPX    Then .)(, mkmlnXNmkmllX    

(II.1.1.1)  .0k  Thus 
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mln

X
XN




  To maximize X , let .1 nl So, 
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 (II.1.1.2)  .1k  Then .1 lnk  Therefore  
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  To maximize X , let .2 nl Hence 
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(II.1.2)  .,, 21  iiimf bbbPX   Then 

.1)(,3  mmkmlnXNmkmllX  

(II.1.2.1) .0k  Take .1 nl  Then 
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(II.1.2.2)  .1k  Then as in (II.1.1.2), we get 

                     
1

1)(






mnmn
nmn

X
XN

).13......(
1




mnmn
mnmn

 

(II.2)  X  consists only three consecutive vertices from each of the  k  copies of  mP . 

(II.2.1) .mfPX   Then  ).1()(,3  mkmlnXNkmllX  Let  

2 nl  and 1k .  Thus 
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 .,, 21  iiimf bbbPX   Then  
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.1)1()(,33  mmkmlnXNkmllX  Let  2 nl  and 1k .  

Thus       
42

2)(






mnmn
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X
XN

).15......(
1




mnmn
mnmn

 

Case(II.3) Let  .1,1,  babak  Let  X  consists  at least two vertices yx bb ,  

such that 3 yx  from each of the a  copies and only three  consecutive vertices 

form each of the b copies of mP . Thus  

).1()(,3  mbmamlnXNbmamllX  To maximize ,X let 

.1 ba  Then 

mnmn
mnmn

X
XN

2

1)(
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The proofs of (2) up to (16) is similar to (1). 

Thus by (1) up to (16), Lemma 3.3 follows. 

From Lemma 3.1, Lemma 3.2 and Lemma 3.3, we have  the following claim. 

Claim 3.1 .
11
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Proof: Assume on the contrary that 
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A contradiction. 

Similarly we can show that  .
13

1










mnmn
mnmn

nmn
nmn

 

Hence the claim is proved. 

Theorem 3.1  Let .7 nm  Then 

                                            .
1

1
)(






mnmn
nmnPKb mn  
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Proof:  For small values of m  and n  the theorem can easy to prove. Let  .7 nm  

Then by  Lemma 3.1, Lemma 3.2, Lemma 3.3, and Claim 3.1, theorem follows.  
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