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Definition :1.1

Throughout this paper X and Y represents fuzzy topological spaces on which no
separation axioms are assumed unless explicitly stated. Let S be a fuzzy subset of a
space X. The fuzzy closure and the fuzzy interior of S in X are denoted by Fclx(S) and
Fintx(S) or simply Fcl(S) and Fint(S) respectively. A fuzzy subset S is said to be fuzzy
regular open ( resp. fuzzy regular closed ) if Fint (Fcl(S)) =S (resp. Fcl (Fint (S)) =S

Definition : 2.1

An fuzzy open cover { V. / a€ V } of a fuzzy topological space X is said to be
fuzzy regular if for each a€ V there exists a nonempty regular closed set F, in X, such
that F, & V,and

X =U{Fint(F,)/a€ V}.

Definition : 2.2

A fuzzy topological space X is said to be fuzzy weakly compact (resp. fuzzy quasi
H-closed ) if every fuzzy regular ( resp. fuzzy open) cover of X has a fuzzy finite
subfamily whose fuzzy closure is a fuzzy cover of X.

Definition : 2.3

A fuzzy topological space X is said to be fuzzy almost- regular if for each fuzzy
regular closed set F of X and each point x € X - F there exist disjoint fuzzy open sets U
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and V, such that F & U and x € X.

Definition : 2.4

A fuzzy subset K of a fuzzy topological space X is said to be fuzzy weakly compact
relative to X if for each fuzzy cover { V./ a€ V } of K by fuzzy open set of X satisfying
the following properties.

(i) There exists a finite fuzzy subset V, of V, such that K (1 U{ Fcl (V. )/ a€ Vo
}

(i) For each o€ V, V, contains a nonempty fuzzy regular closed set F,of x
and

K & U{ Fint (Fo )/ 0€ V } .

Definition : 2.5

Let F be a fuzzy filter on a space X. A point X € X'is called a y-fuzzy adherence
point of F if F/U(Ux) # 0.

Definition : 2.6

Let A be a fuzzy subset of a space X. A point x € X is called a y-fuzzy adherence
point of A if ANV # @ for every V€ U( Uy). The fuzzy set of all y-fuzzy adherence
points of A is called the y-fuzzy closure of A. If A contains the y-fuzzy closure of A
then it is called y-fuzzy closed.

Fuzzy sets Fuzzy Weakly Compact Relative to a Space .
Definition : 3.1

A fuzzy filter F on a space X is said to be fuzzy quasi-regular if there exists an
fuzzy open filter { on X, such that F =U ().

Theorem : 3.2
For a fuzzy subset A of a space X the following are equivalent.
(1) Ais fuzzy weakly compact relative to X.
(2) Every fuzzy open filter { with tral # 0 has a y-fuzzy adherence point in A.

(3) Every fuzzy filter T such that { is an fuzzy open filter and tral # 0 has an y-
fuzzy adherence point in A.

(4) Every fuzzy quasi-regular filter F = U( ) such that tra{ # 0 has an fuzzy
adherence point in A.
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(5) Every fuzzy filter F such that F is a fuzzy quasi-regular filter F = U () with
tral # 0 has an fuzzy adherence point in A.

(6) Every fuzzy filter F such that F is a fuzzy quasi-regular filter F = U ( C) with
tral # 0 has an fuzzy adherence point in A.

(7) Every fuzzy open ultra filter  with tral # 0 y-fuzzy converges.

(8) Let { Co/ a€ V } be a family of fuzzy closed set of X, such that for each a€ V
ther exists an fuzzy open set A, of X satisfying C. & A, and N{ Fcl (Ao) / a€
V}& X-A. Then there exists a finite fuzzy subset V, of V such that n{ Fint (C,)
| o€ Vo}& X-A.

Proof : (1) = (2)

Let { be an fuzzy open filter on X with tral # 0. Suppose that { A U ( Ux) = 0 for every
X € A. Then there exists fuzzy open sets Gx€ {, Ux€ Uxand A, € U (Ux), such that Gx
N Ax = ¢ and Ux & Fcl (Ux) & Ax . By Gx N Ax = @, we obtain

Fcl (Gx) N A, = ¢ and hence Fcl (Gx) N Fcl (Ux) = o.
Let us put Bx = X — Fcl ( Gx), then Fcl (Ux) & Bx and Bx € U (Ux) .
The family { Bx/ X€A } is a fuzzy cover of A by fuzzy open set of X and

A [T U{ Fint (Fcl (Ux) ) /xeA }. Therefore , there exists a finite number of points X1,
X2 ... xnin Asuch that, A JU{ Fcl ( By,) /1= 1,2,...n} , Therefore we have,,

N{X-Fcl(By)/i=12,...n} & X-A > (1)
Foreachi=1,2,...n, Gy & Fint (Fcl (G,,)) , Hence we have
X —Fcl (By,) =Fint (X - By)
= Fint (Fcl (Gy,)) €.

Therefore by (1) we obtain X — A € (. This is a contradiction .
2)=CB)=@A@=0)=0®=@=0=Q1)
4) = (8):
Let I(V) be the family of all finite fuzzy subsets of V. Suppose that ,
N{ Fint (Cy)/ a€ V }& X — A for every Ve I(V).

Then F={ Ngey F int (Cy) / VE I(V) } isan fuzzy open filter base with tra F + 0.
Thus U(F) is a fuzzy quasi- regular filter on X, such that tr # 0. By (4), there exists
a point xeA such that U(F) / Ux # 0. Put P ={ Ngev Ao/ VE I(V)}, then it is an
fuzzy open filter base such that U(F) & P.

Therefore P A Ux # 0, and hence x € Fcl (A,) for every a€ V.
Thus we obtain xen{ Fcl (A,) / o€ V }. This is a contradiction because
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N{Fcl (Ay) / ae V}& X-A.
3)=(1):

Let { A,/ a€ V } be an fuzzy open cover of A with property (i). For each o€ V there
exists a nonempty fuzzy regular closed set C, such that C, & A, and

A & U{ Fint (C,) / a€ V}. We consider the family {X - A,/ a€ V} of fuzzy closed sets.
For each a€e V, X - Cy is fuzzy openin X, X - C, [1 X - Aqand n{ Fcl (X-C,) / ae V }

X -U{Fint (C,)/ a€ V} & X— A, by (8) there exists a finite fuzzy subset V, of V such
that

N {Fint (X — Ao/ a€ Vo} & X— A, Therefore we obtain A & U{ Fcl (A o) / a€ Vo}.
This shows that A is fuzzy weakly compact relative to X.

Fuzzy Weakly Compact Continuous Functions.
Definition : 4.1

A function f : X — Y is said to be fuzzy weakly compact continuous if for each xe
X and each fuzzy open neighbourhood V of f(x) having the complement fuzzy weakly
compact relative to Y, there exists an fuzzy open neighbourhood U of X such that f (U)
& V (i.e FWCC — Fuzzy Weakly Compact Continuous Functions ).

Theorem : 4.2
For a function f : X — Y the following are equivalent.
(1) fis FWC — continuous.
(2) If Vis fuzzy openin Y and Y — V is fuzzy weakly compact relative to Y, then
f-1(V) is fuzzy open in X.

(3) If Fis fuzzy closed in Y and fuzzy weakly compact relative to Y, then f 1(F) is
fuzzy closed in X.

Proof : (1)=(2

Let V be an fuzzy open set of Y. such that Y — V is fuzzy weakly compact relative
to Y. Let

x € f1(V). Then f (x) € V and there exists an fuzzy open neighbourhood U of x such
that

f(U) & V. Therefore we have x € U & f1(V).
This shows that (V) is fuzzy open in X.
2) = (3
This is obvious.
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3= (1) :

Let x € X and V an fuzzy open neighbourhood of f(x) such that Y -V is fuzzy weakly
compact relative to Y. By (3), f 1(Y — V) is fuzzy closed in X and hence

U =f (V) is an fuzzy open set containing x such that f (U) & V.

Lemma: 4.3

If Aiand A; are fuzzy weakly compact relative to a space X, then A1U Ay is fuzzy
weakly compact relative to X.

Proof :

Let v = {V./a € V }beafuzzy cover of A1U Az by fuzzy open sets of X satisfying
property (P). Then v is a fuzzy cover of A1,A satisfying (P), and hence for each i =
1,2 there exists a fuzzy finite subset V; of V such that Ai & U{ Fcl (V «) / a€ Vi }.

Therefore, we have AjUA2 & U{ Fcl (A ) / a€ ViU V2 }.
This shows that A1UA: is fuzzy weakly compact relative to X.
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