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Abstract

The exact expressions for normal stress and for crack shape have been
obtained by using Fourier transform method when cracks are opened by
two exterior wedges. It is observed that normal stress possess Cauchy type
singularity at crack tips while crack shape function is smooth.
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1. INTRODUCTION

When materials are manufactured there is possibility that hard particles are left
over. These hard particles are considered as wedges. It is difficult to make cracks
inside the body. But it is easy to pierce two similar wedges through edges of the
rectangle, then experiment can be performed. Now a days the fail-safe-design
concepts play an important role in the manufacturing of machines.

These design concepts depend mainly on crack-shape and stress-intensity factors.
The rectangular plates are very common in use. Therefore, the title problem is
important to investigate the displacement & stress-components. In 1920 AA
Griffith advanced the adequate theory of cracks which requires consideration of
cohesion of molecular force acting near the edge of the crack. He gave the energy
balance theory first time. In brittle materials, surface energy is the only source of
dissipation.

In smart devices it becomes very crucial that a crack is formed. Under electric
current or temperature change, the stress at crack tip shoots up. Hasanyan et. al.



2 Poonam Tripathi

[1] had discussed about cracked plates carrying non-stationary electrical current.
They reduced the problem to a system of singular integral equation with Cauchy
type singular kernels, Zhong et. al. [2] discussed the temperature change affects
the overall performance of smart devices. Liu [3] discussed the effects of
temperature dependant material properties on stress and temperature fields in a
cracked metal plate under electric current load.

There is good account of crack problems in [4, 5, 6]. The cracks in the medium are
discontinuity in the continuum. Therefore, the crack problems in mathematical
theory of elasticity generates mixed-boundary value problems. Sneddon [7] used
transform method in crack problem for the first time. Srivastava and Lowengrub
[8] used triple integral equation in solving two cracks problem in infinite medium.
Parihar and Kushwaha [9] extended the problem to infinite isotropic strip with
rigidly lubricated edges. Kushwaha [10] extended to rectangular domains with
rigidly lubricated edges.

Kushwaha [11] had done for crack opening due to body forces in orthotropic
infinite medium. Parihar and Sowdamini [12] had done three crack problem in
infinite isotropic medium. The authors of [12] had extended the problem to
orthotropic infinite medium in [13]. There are some more work in [14-17].

The title problem is important for fail-safe designs. Thus we see that the cracks
occupy the region y=0,b<|x|<c and wedges occupy y=0,c<|x|<a. The rectangle
is of length 2a and width 28. The cracks lie on X-axis while the y-axis passes through

the middle of width. Thus the physical problem is reduced to mathematical mixed-
boundary value problem as below.

o (2, Y) =0, (+a,y)=0,0<|y|<3 (1.1)

Oy (X,38) = 0,,(X,+8)=0,0<[x<a (1.2)

Gy (X,07)=0,0<|X <&, 5,,(x,0%)=0,b<[x|<c (1.3), (1.4)
u(x),c<|x<a

u,(x,0%) = 1.5

o ){0,0s|x|£b (1.5)

It is assumed that plane-strain conditions prevail. The geometry, see figure 1, of the
problem is symmetrical, therefore, the solution space will reduce to [0,a]U[0,5] and
the boundary conditions (1.1) — (1.5) will reduce to,

Ox(a,Y)=0,(a,y)=0,0<y<5 (1.6)

Oy (%,8)=0,,(X6)=0,0<x<a (1.7)
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Oy (X,0)=0,0<x<a,5,/(x,00=0,b<x<c (1.8), (1.9)
_ju(x),c<x<a
uy(x’o)_{0,0SXSb (1.10)

It is being checked throughout, see Burniston [18].
uy (x,07)>0,b<|x<c (1.11)

Which means that crack really opens out. It means that crack faces do not meet each
other except at crack tips.

The plan of the paper is as follows : Section-1 gives importance of the problem and
reduction to mixed-boundary value problem of mathematics. Section-2 formulates the
problem. Section-3 reduces the problem to triple series equation. Solution of triple
series equation is given in term of Fredholm integral equation of second kind in
section 4. Physical quantities are given in terms of solution of triple series. The
solution of Fredholm integral equation for rectangular wedge is given in section 6.
Discussions and conclusions are reported in section-7. The references are at the last.

2. FORMULATION

The solution of above mentioned mathematical problem in (1.6) — (1.10) is
obtained by solving the following equations of equilibrium.
0G 4 aGXV:O 80Xy GGWZO

+ +
OX oy OX oy

2.1)

b

Where we have chosen p (Modulus of rigidity) as unit of measurement for stress and
n 1s Poisson ratio. The stress-strain relations are

21+ -
Sij = 26j +1(_—22)ekk8kk>|sj =Xy (2.2)

Li=j
8.9 . ., e =(U:+U;:), &4 =U,, +U
i00,i= j ij = (Ui j +Uji), 8 =Uyx +Uyy

Where (', ) over quantities refere to differential and ¢; are strain components and u;,
are displacement components and oj; are stress components. The solutions of (2.1) is

sought through Airy’s stress function method [19]. The solution of (2.1) is assumed in
terms of displacement components which will satisfy (2.1) through (2.2). We take

U (% Y) = 2(1; n {i sin(ianx <(1 -n)G,, + naﬁG>+%uXC(x,0) + i cos(Bm Y)Uye (% Bm) | (2.3)
n=1 n m=1
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2(1+n)
= (2.4)

Uy (%,y) =~ WWW+ZWN%JWMGU+ZI?mH = 1) Ho +BRH, X

m=1 m

(1—mH,xx+npiH

. nmw mmn
Wlth opn :? = chaBm :?JJXC(Xﬂﬁm):

Bm
2 20+ M) .
Uy (@102 Y) =11 =G0 +107G.X] =257, H (X P) = (Ep +XFy)sinhBpx)  (2.5)
G(an 5 y) = (Ah + an)COS(an y) + (Cn + yDn)Sinh(an y) (26)

where A,B,,C,,D, and E,,F, are six constants which are to be determined by given

six conditions.

3. REDUCTION TO TRIPLE SERIES EQUATION
The boundary conditions second of (1.6) — (1.7) and (1.8) after using (2.1) — (2.4),

we get,

a
En :_?Fmaphas'ana%'*'DnaS=0>anG:_Bn’ G.1)
1

And first of (1.6) — (1.7) give

Fnas =Y. (-D"as[A3 +a,B, +a,D,], (3.2)
n=1

> asag ()™ R, =B + Dyay (3.3)

m=1

where

a, =By, cosh(B,a),a, = aa, +sinh(B,a),a; = a, sinh(a,0)
a, =da, —cosh(a,8),a5 = o, cosh(a,8) + sinh(a,3) 3.4)

a, = {a—Z—?J B, +2cosh(B,a)

2(-1)" a3 (cosh(a,3),sinh(ot,3)) 2020 (1)) a2 - B2
ap + B " n 3.5)

(sinhocn8,cosh((xn8)>/((xﬁ + Bzm):|

(a7,a3) =
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(-)" a8 cosha,& oy <2—(—1)m>005h((1n8)
= 2 a2 8y = 2 . a2
an + By an +Bn (3.6)
<2—(—1)m cosh(Bma)>

ay; =a; +2ap,a, = +28y,a; =Py TP

aq + B
a, = 8,0 — 8,383,385 = o7 cosh(a,8), 85 = 085, 3.7)

&) = 8387 — A5, 8y = (8,83 —Ay89)/ 83,8y, = (333, —8s89)/ &3,

(3.9)

833 =8y —8y1y),qy4 =85 — Z(_l)naﬁa@lzals
n=1
Thus through five relations (3.1)-(3.3) we can find five constants in terms of sixth.
Now the mixed-boundary conditions (1.9) — (1.10) and using above relations between
constants we get the following triple series equation.

¢_0 e _ c<x<a

5 +nZ:;¢nCOS(anX)_{OSXSb (3.10)
ian¢ncos((xnx)=l33(x),b<x<c (3.11)
n=1

P3(X) = PZ(X) + Zand)n L—J COS(OLnX),¢n =3 Fm’d)o = I:0 (3 12)

n=1 a3
R =+> (x-T) mSBX) o gt anncap,,) (3.13)
m=1 23

Thus the solution of physical problem is reduced to the solution of triple series
equation (3.10) — (3.11).

4. SOLUTION OF TRIPLE SERIES EQUATIONS

To solve the triple series equation (3.10) — (3.11) we use the method of Parihar [20].
We assume the trial solution as,

oy =2f ; g(t)sin(c, t)dt —2a”" J-Caul’(t)sin(cxnt)dt (4.1)

0 =], tg(t)dt—éft“f(‘)d”ul(a) -

and using the relation
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a’2, t>x
qt Zsm(oc Deosa, X _ a/4, t=x
2 = n

0, t<x

(4.3)

then the substitution of (4.1) — (4.2) into (3.10) and using (4.3), it is satisfied

identically if,
j:g(t)dt =—u,(c)/a
The substitution of (4.1) into (3.11) and using the series

i sin(a,t)sin(a,X) g o
n 2

sinq(Xx—t)
sinq(X +t)|’

n=1

and then using [17] for inversion, we get

gty =—— [Ao(t)+j g(OK (X, t)dx} b<t<c

29( t)

u{(a)sin(qa)d o N aJ- au{(ot)sin(qo)dou
G(x,t) c G(a,t)

Ay (t)=aG(t,c) j +D
with
G(x,1) = cos(@x) — cos(qt), 0(X) = {|G(b,0)||G(x.c)|}
D is an arbitrary constant to be determined by (4.6) and (4.4). And
K(y,t)= 2 [, (x=T)sinh(B,x)sin(ot, y)6, (x, Dk

ZI (a” sm(ocny) cos(o, X)0, (X, t)dx

_ sin(gx)0(x)

(%0 G(x,t)

The equation (4.6) is Fredholm integral equation of second kind.

5. PHYSICAL QUANTITIES

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

The physical quantities of interest in fracture mechanics are crack shape and stress-
intensity factors. The crack shape is nothing but graph of crack opening displacement.
By knowing crack shape experimentally we can calculate required pressure to
generate such crack. The stress intensity factors are defined in terms of stress

components at crack tips.
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CRACK SHAPE

7

The crack shape will be plotted through the value of u,(x,0),b <|x| <c which will be

the value of series of left hand side in equation (3.10).

u, (x,0) :%U:g(t)dt + a‘lul(c)}, b<x<c

(5.1)

where g(t) will be obtained from the solution of Fredholm integral equation of second

kind.

STRESS COMPONENTS

The shear stress GXy(X,O) is zero for OS|X|Sa, therefore it will not play any role.

o (%,0) can be evaluated through the values of o, (x,0). Therefore, o, (x,0) is

important to evaluate. It is evaluated through the value of series in (3.11) after

transferring the right hand terms, except p(x), to the left hand side. It is given as

with

IC g(®sin(qt)
2

T dt+jbg(a)|:4(a x)do.

oy (X,0)=— ,0<x<b,c<x<a
a

_[uithsinta
¢ G(x.t)

Now using g(t) from (4.6) and then evaluating the integrals we get,

A@]((X)) Fa(0)— Iau (t()ss(lil(gt)dt 0<x<b
G, (X,0)=
Y CA e, _faul(t)sm(qt)dt, cox<a
0(x) ¢ G(xt)

100 =800+ [ GOK (@, dX,  F5(0 = ["9(@)F, (@, X)dx

F, (0, X) = i(—l)"aﬁ sin(aLot,) j: F,(sot,., X)ds

n=1

Fy(s0, 0 = 3 (X=T))sinh(B,) + 3 (<1)" <M>cosanx
m=1 n=l1 a3

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)
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STRESS-INTENSITY FACTORS

The stress-intensity factors at crack tip are defined as
[Ko.Mp, N, | = lim o= X[ 6,(%,0),6,5(X.0),5,,(x,0) |

[KeoMq,Ne = Tim <X =c[ o, (X,0),0,4,(X,0),0,,(%,0) |

x—c*

(5.7)

N, =N, =0 (5.8)

Since o,,(x,0) is in crack opening mode, therefore, it is more important in
fracture mechanics. Now we use (5.3) in (5.7) and evaluate the limits we get,

A (©
b

, K, = .y (x)=[qsin(qx)G(b,c)]"? 5.9
wi(b) T M 62

while A,(x) will be obtained from (5.4). F;(x) does not possess the

singularity at crack tips, therefore in limit it contributors zero.

6. SOLUTION OF FREDHOLM INTEGRAL EQUATION FOR SPECIAL
LOADING

We consider the case for constant and uniform wedge of width 2d. Then
u(x)=d and ul(x):%ﬂq)d:dl 6.1)

Then A, (t)=D (6.2)
we take for first approximation as
g(t)=2D/a%6(t) (6.3)

sin(qh/2) 5 _ G(b,b)

F(r/2,p) G(0,b)

Where F, E and TITare complete elliptic integrals of first, second and third type,
respectively, see Gratshteyn & Rizhik [21]. We make a substitution in the integrals
which have limit of integration as (b, ),

G(0,t) =G(0,c) — G(b,c)sin> 0 (6.4)

Then limit changes to (0,7/2). The integrals becomes numerically tractable. The limit
of interval is divided into m equal intervals defined as,

T
Pm = Pm-1 +%,m =12, ... 00 (65)
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Thus,

The numerical solution of (4.6) for special loading gives m linear equations as

_ g a NP

Aijgi(pj)_ BJ,AiJ_ aze(pi)
. K

With A, _—aze(pi)" 1,2,3..

d,j=12,3..m

.m

and K;=K(p;.t),p; =D/a’0(t;).b<t<c

9

(6.6)

(6.8)

(6.9)

Thus knowing g(t) from (6.9) —(6.11) we can easily plot crack shape from (5.1) with
n=0.25. Similarly the stress-intensity factors are evaluated from (5.10) — (5.11) and

A (x) from (5.4). The numerical results are shown graphically in next section. We
could have used the method of Fox and Goodwin [22].

o, (-a,y)=0,(-a,»)=0,0<|y|<d

Figure-3 : Crack shape Equ,(Xx,0) is
plotted against x/c with half wedge

E(I “," (.\'. 0)

6, (x.8)=0,(x8)=0,0<[x[<a

6, (x,8=0,(x,8=0,0<|x[<a

Figure-1 : Geometry of Problem.

LLL LLLL Z 4 L L LLLL oz
w
G, (x,0)=-px)|b<|x|<c fﬁ v G, (x,0)=-—px)| b<|x|<c
0, (x,0)=0[0<|x|<a = a G6,(x0)=0J0<|x|<a
®  Wedge Wedge v o ®  Wedge . Wedge
Wi s < i AB=AB'=d A
N S !
T LR ERN B
W (b, 0) T 3 5,0) (b, 0)
5,0 @O "R g ¢ Ce0) (. 0)
(¢, 0) L. A
< 2a »N o= % < 2a >
U (x. 0) {u(.\‘).ps\x <a s I i1 O)Z{li-l‘fl-\'\ﬁa
<|x|<b 5 E , 0<|x|<
0, 0<|x h o . . 0, 0<|x|<h
0, (x,-8)=0,(x-08)=0,0<|x|<a o, (x,-8=0,(x-0)=0,0<|x|<a

Figure-2 : Geometry of problem with

rectangular wedge.

=0,(a,»)=0,0<|y|<8

o, (a,y)

d/c=0.8— Half width of strip = 1.2 dlc i 0.8 i H}_'l?lft W:;ti;]h off Str(;p’ ::1 %
d/c=1.6—--—-- Half width of wedge = .05 d/c=16 a \v{,l‘d . ‘OL Yve’ lée, 0'7
Slc=3.0-~-- Wedge Length = 0.2 Ola=3.0' == edge Length = 0.2
06 n=025 n=0.25 B
054 Crack Length = 0.8 = 1 Crack Length =0.8
044 /_/,'/7,' C .08 /,"/:.//'
SRe g e 207
031 ¢ 2 > 007 CrackLength=04 27" /7
Crack Length = 0.4 gDy & ) 4 g e i
A /_’/'/ 72 - Pt ”
.02 s /7 .04 o /
2 va 2" 4
01 4% A .02+ /a 4
2 4 6 & 10 12 2 4 6 8 10 12
xle —> xlc —»

Figure-4 : Crack shape Equ,(X,0) is
plotted against x/c with half wedge
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width = .05 width =0.1.

dc=08— Half width OfSlrip =12 K Half width of strip = 1.2
d/c=1.6—-——-- Half width of wedge = .15 Ky Half width of wedge = .05
Se=3.0-=--— Wedge Length = 0.2 9.0 n=025 Wedge Length = 0.2
n= 0.25 Crack Length = 0.2
154 . Crack Length = 0.8
e -
E 124 7 <
o e &
<. .094 3 _ ~ {;' 73
Lg Crack Length = 0.4 //4;., ,}. E,
06 P /.//
Sl 77
o 4
.03 z
2 4 6 8 1.0 L2 (3.0) 3 8 12 L5 20
xle —» Slc —»
Figure-5 : Crack shape Equ,(X,0) is Figure-6 : \/aKi ,i=b,c are plotted
plotted against x/c with half wedge against 8/c half width of wedge =0.5
width =0.15
K. Half width of strip = 1.2 " Half width of strip = 3.0
Ky == === Half width of wedge = .1 5— Ky <omiom oo o Half wu;hh of wedge = .05
n=0.25 Wedge Length = 0.2 n=025 Wedge Length = 2.0

Crack Length =0.2 Crack Length = 0.2

(3,0) 5 8 12 15 2.0 (.3,0) ] 8 12 1.5 2.0

Figure-7 : \/aKi,izb,c are plotted Figure-8 : \ﬁEKi,izb,c are plotted
Po

against 0/c with half wedge width =0.1
against 0/c with width of strip as 6.0.

K s = @

K; Half width of strip = 2.0 K oo Half width of strip = 3.0

Ky == Half width of wedge = .05 10— b= Half \\(ldlh of “‘Cdgc:q'l

9.0 n=0.25 Wedge Length =0.2 n=025 Wedge Length = 2.0

Crack Length = 0.2

Crack Length =0.2

[T K. i=bc

(.3,0) 5 8 1.2 1.5 20 (.3.0) ) 8 12 1.5 20

Figure-9 : \/aKi,i =b,c are plotted Figure-10 : \/aKi,i:b,c are plotted

against 6/C with half width of strip as  against 6/¢ with half width of wedge = .1
2.0.
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Half width of strip = 2.0
o Ky === Half width of wedge = .05
) n=0.25 Wedge Length = 2.0

Crack Length =0.2

/q I\"‘i b, ¢
® ¢

(.3,0) ) 8 1.2 135 2.0

Figure-11 : \/aKi,i =b,c are plotted against &/c.

7. DISCUSSION AND CONCLUSION

Discussion

D1

In getting the solution of equations of equilibrium (2.1) we used the Principle
of Linear Superposition [4].

D> For getting the solution of Fredholm integral equation of second kind (4.6),
first we expanded the non-singular kernel K(a,t)interms of {&"®} , n=1, 2,
... m and then evaluated certain integrals and summed some series involved
there.

D3 When 6/c>1 we need only upto n = 1, 2, 3, 4 which gives fast convergence
while stability of solution is also maintained. When &/c<1 we need more
terms and convergence is also slow.

D4 We used Simpson’s one third rule for numerical evaluation of integrals.

Ds The linear system of equations given by (6.7) — (6.9) are solved by Gauss-
Jordan Method.

Conclusion

C As o6/c (thickness) of rectangle increases the crack opening is becoming
smaller (Figures 3, 4, 5)

C When crack length is small then crack shape is like straight line (Fig. 3, 4, 5).

Cs When length of rectangle i.e. a increases from 1.2 to 2, then trend of C;

follows.
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Cs4 (a) When crack length is small the stress-intensity factors K,,K. are also
small correspondingly.
(b) As d/c¢ increases the stress-intensity factors decreases. (Figures 6-11).
Cs As 2a increases the stress intensity factors decreases. (Figures 6-11).
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