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Abstract

In this paper, we discuss properties of implicative filter. We introduce the
notion of strong implicative filter and investigate some properties with

interesting illustrations. Also, we introduce the dual of kernel denoted as ker
and derive some properties of it. We obtain the relation between an
implicative filter and strong implicative filter in lattice Wajsberg algebra.
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1. INTRODUCTION

Mordchaj Wajsbreg [6] introduced the concept of Wajsberg algebras in 1935 and
studied by Font, Rodriguez and Torrens in [4]. They [4] defined lattice structure of
Wajsberg algebras. Also, they [4] introduced the notion of a implicative filter of
lattice Wajsberg algebras and discussed some of their properties. Basheer Ahamed
and Ibrahim [1, 2] introduced the definitions of fuzzy implicative filter and an anti
fuzzy implicative filter of lattice Wajsberg algebras and obtained some properties
with illustrations.
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In the present paper, we discuss the properties of implicative filter. We introduce the
notion of strong implicative filter of lattice Wajsberg algebra, and discuss some
properties with examples. Further, we discuss some related properties of implicative
and strong Implicative filters of lattice Wajsberg algebra with useful illustrations.

Finally, we define dual of kernel (ker) of a lattice implication homomorphism and
investigate the properties of implicative and strong implicative filters related to ker.

2. PRELIMINARIES

In this section, we review some basic definitions and properties which are helpful to
develop our main results.

Definition 2.1[4] Let (4,—, *, 1) be an algebra with quasi complement “ *” and a
binary operation “—” is called Wajsberg algebra if and only if it satisfies the
following axioms for all x, y, z € 4.

(1) l->x=x

(i) =y = (y=2) = @>2)=1
(i) (x—=>y)>y=@->x)>x

(iv) (K =>y)->@-x=1

Proposition 2.2[4] The Wajsberg algebra (4, —, *, 1) satisfies the following
equations and implications for all x, y, z € 4.

(1) x—->x=1

(1) HKx->y=y-ox=1thenx=y
(i) x->1=1

iv) x-=@p-x=1

(v) Ifx->y=y—>z=1thenx—>z=1
W) x=)) - (o0 o) =1
(Vi) - (yo2)=y- @ -2)

(viii) x> 0=x->1"=x"

(ix) (x)"=x

(x) X' -oy =y-ox
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Proposition 2.3[4] TheWajsberg algebra (4, —, *, 1) satisfies the following equations
and implications for all x, y, z €A.

(1) Ifx<ythenx—>z >2y—>z

(i1) Ifx<ythenz->x<z-y

(i) x<y—-ziffy<x-:z

iv)  (Vvy)=xTAyY)

V)  (xAY)=ExTVy)

vi) (xVy)=z=x-2)A{H—-2)

(vi) x> @PAz)=x-=>y)A(Kx-2)

(vii) (x=y)V(y-x)=1

(ix) x=>@Vz=Kx-=>yV@x-=2)

x) @Ay =z=@Ex->pyVEx-2)

xi) @AY)Vz=xVz2)A(Vz)

(xi))  (xAY) =z =(x—y) > (x—2)

Definition 2.4[4] The Wajsberg algebra 4 is called a lattice Wajsberg algebra if it
satisfies the following conditions for all x, y € 4.

(1) A partial ordering " < "on a lattice Wajsberg algebra 4, such thatx <y
if and only if x -y =1
(i)  (Vy)=x-y)-y

(i)  (xAy)=((x* = y*) = y*)*. Thus, we have (4, V,A, *, 0, 1) is a lattice
Wajsberg algebra with lower bound 0 and upper bound 1.

Definition 2.5[4] Let 4 be a lattice Wajsberg algebra. A subset F of 4 is called an
implicative filter of 4 if it satisfies the following axioms for all x, y€A4.

(1) leF
(i) x€Fandx—>y€Fimplyy€F.

Definition 2.6[3] Let 41 and A be lattice Wajsberg algebras, f: 41 — A2 be a mapping
from Aito A4, if for any x, y € 41, f(x = y) = f (x) = f () holds, then f'is called an
implication homomorphism from A4ito 4.
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Definition 2.7[3] Let A1 and 4> be lattice Wajsberg algebras, f : 41 — 4> be an
implication homomorphism from 4; to A2, is called a lattice implication
homomorphism from A4 to A> if it satisfies the following axioms for all x, y € 4

D SEAN=S)A L)
(i) Vv =f)ViK)
(i) (") =[]

Definition 2.8[3] Let f': A1—4> be an implication homomorphism, the kernel of f
written as Ker( /) is defined as Ker( f) = {x€A1/ f(x)=0}.

3. MAIN RESULTS
3.1. Properties of implicative filters

In this section, we discuss and investigate some properties of implicative filter of
lattice Wajsberg algebra.

Proposition 3.1.1. Let F# @ be an implicative filter of lattice Wajsberg algebra 4
then x <yandx € Fimply y € F forall x, y € 4.

Proof. Let F' be an implicative filter of A. By the definition 2.5 of an implicative filter
x<yifandonlyifx—>y=1€F,x<yand x € Fimplyy € F. i

Proposition 3.1.2. Let F be a non-empty subset of 4. Then F is an implicative filter of
A if and only if it satisfies forallx, y€ Fandz € 4,x <y — zimplies z € F.

Proof. Let F be implicative filter of 4. By the Proposition 3.1.1, x < y and x € F’
implyy€F.Letz€ 4, wehavex <y — z.

Suppose x < x = 1 for all x € F. By the definition 2.5 of implicative filter, we have
leF. Letx—>y€Fandx€F,x—>(y—>y)=1,x<x- yimpliesy € F.
Therefore, we get F' is an implicative filter. i

Proposition 3.1.3.Let 4 be a lattice Wajsberg algebra, F' € A. F' is an implicative filter
of 4 if and only if it satisfies the following:

(1) leF
(i1) Foranyx, y,z€A4,x > y€F,y—>z€ Fimplyx > z€F.
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Proof. Suppose that F' is an implicative filter of 4, x - y€F, y - z€F.
By (x = y) = ((y = 2) = (x = 2)) = 1€F, it follows that (x = z) EF.

Conversely, if F' € A satisfies (i) and (ii) we have x and x = y € F.

It follows that 1 - x € F, x = y €F, and hence, we gety =1 - y € F. ]

Proposition 3.1.4.Let F be a non-empty subset of lattice Wajsberg algebra A. F'is an
implicative filter of 4 if and only if it satisfies the following:

(1) leF

(i1) Foranyx, y,z€A4,(z=>y)>x€F,y€EFimplyz > x€F.

Proof. Suppose that (i) and (ii) hold. If x = y €F and x € F, then (1 - x) - y EF,
which implies y =1 — y € Fand F is an implicative filter.

Conversely, if F'is an implicative filter, and (z > y) > x€F,y € F,thenbyx <z - x
and y < z - y. It follows that (z - ) > x < (z > y)=(z - x) <y = (z » x) and
hence, we have y =(z = x) € F, which implies z = x € F. i

Proposition 3.1.5. Let 41and 4> be any two lattice Wajsberg algebras, f is a lattice
implication homomorphism from Aito 4. If F> € 4> is an implicative filter of A2, then
f~Y(F>) is an implicative filter of 4;.

Proof. Let 1, and 1,be the greatest elements of4; and A», respectively.

Since f(1;) =f(1; = 1,) =1, € F», implies 1, € f~1(F>).
If xand x > y € f~1(F), then, we have f(x) € F> and f(x) > f(y) =f(x = y) € F.
It follows that £(y) € F>, and hence y € f~1(F>).

Therefore, f~1(F>) is an implicative filter of 4. O

Definition 3.1.6. Let 4iand 4> be lattice Wajsberg algebras, 11and 1:be the greatest
elements of 41 and A4, respectively. Let f: A1 —A2 be an implication homomorphism,

then dual of kernel of f'written as ker(f)is defined by ker(f)= {x/x € A1, f(x) =12}.

Proposition 3.1.7.Let Aiand 4> be any two lattice Wajsberg algebras, 1;and 12be the
greatest elements of 4i1and Aorespectively, f is an implication homomorphism from

Aito A2, ker(f) is an implicative filter of 4.
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Proof. Given that f'is an implication homomorphism, then f'(11) =12, and hence 1:€
ker(f). If x and x — y€ ker(f), then, we have f (x) =1, and f (x = y) = I»
Now, f(y)=1=/()

=f(0)=50)
=f(x = y) = 12, since f is implication homomorphism

Hence, we get y € ker(f). Therefore, ker(f)is an implicative filter of 4. i

Note. Let / be an implication epimorphism from Aito A>. fis a lattice implication
isomorphism if and only if ker(f) = {1:}, where 1, is the greatest element of 4.

3.2. Strong Implicative Filters

In this section, we introduce strong implicative filters of lattice Wajsberg algebra and
investigate some properties with illustrations.

Definition 3.2.1. Let 4 be a lattice Wajsberg algebra. A subset F of 4 is called a
strong implicative filter of 4 if it satisfies the following axioms for all x, y, z € 4.

(1) leF

(i) x—->(@-oz)€Fand x>y€EFimplyx—>z€F.

Example 3.2.2.Let A = {0, a, b, 1} be a set with Figure (1) as partial ordering. Define

13 2

a unary operation “*” and a binary operation “—” on A as in the Table (1) and
Table (2).

X x* - 0 a b 1 O

0 1 0 1 1 1 1

a | b a | b | 1] b |1 a b
b a b a a 1 1

1o 1o a| b |1 0

Table (1) Table (2) Figure (1)
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Define V and A operations on A4 as follow:

xVy)=x—->( -y and (xAy)=((x* - y*) - y*)* forall x, y € A. Then, we have
A 1is a lattice Wajsberg algebra.

Consider the subset F' = {a, b, 1} of A, then F is a strong implicative filter of A.
But, the subset G = {0, a, 1} of 4, then G is not a strong implicative filter of A.
Since 1 = (a =0) =b €G.

Example 3.2.3. Let 4 = {0, a, b, ¢, 1} with 0 <a < b < ¢ <1, we define "A" and
"V"asx Ay=min{x, y} and x V y = max{x, y} for all x, y € 4. Also, define a unary

13 2

operation “ *” and a binary operation “—”" on 4 as in the Table (3) and Table (4).

X x* - 0 a b c 1

0 1 0 1 1 1 1 1

a c a c 1 1 1 1

b b b b c 1 1 1

c a c a b c 1 1

1 0 1 0 a b c 1
Table (3) Table (4)

Then, we have 4 is a lattice Wajsberg algebra.

Consider the subset F' = {b, ¢, 1} of 4, then F is a strong implicative filter of A.
But, the subset G = {a, b, 1} of 4, then G is not a strong implicative filter of A.
Since b = (1—=a)=c € G.

Example 3.2.4. Let A = {0, a, b, ¢, d, 1} be a set with Figure (2) as partial ordering.
Define unary a operation ““ #” and a binary operation “—” on A4 as in the Table (5) and
Table (6).

X x* - 0 a b c d 1 1

0 1 0 1 1 1 1 1 1

a c a c 1 b c b 1 a b
b d b d a 1 b a 1

c a c a a 1 1 a 1 d c
d b d b 1 1 b 1 1

1 0 1 0 a b c d 1

Table (5) Table (6) Figure (2)
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Define V and A operations on A4 as follow:

xvy)=x->(@-yand xAy)=((x* - y*) » y*)* forall x, y € 4. Then, we have
A 1is a lattice Wajsberg algebra.

Consider the subset F' = {b, ¢, 1} of A4, then F is a strong implicative filter of A.
But the subset G = {c, d, 1} of A4, then G is not a strong implicative filter of 4.
Since ¢= (1- d) =a €G.

Proposition 3.2.5. Every strong implicative filter F of 4 is an implicative filter.

Proof. Let F be strong implicative filter of 4 and x - y € F and x € F for all x, y €A4.
Replace z by y in the definition 3.2.1.

Then, we have x = (y =z)=x—> (y =)
=x -1
=x€F.

Also,x = y € F. Then, we getx - z € F.

Thus, every strong implicative filter is an implicative filter. i

Note. The converse may not be true. In Example 3.2.3, {1} is an implicative filter but
not a strong implicative filter since a - (b—> 0)=a - b =1 € {1}, and @ =0 =

c &{l}.

Proposition 3.2.6. Let F be an implicative filter of 4 such that x— (y = (y = z)) EF
and x € F imply x — z for all x, y, z € 4. Then F'is a strong implicative filter of A.

Proof. Let x=> (y > (y—>z)) € Fandx - y€ Fforallx, y, z € 4.
From (vii) of definition 2.2 and (i1) of definition 2.1, we have

x= (=2 =y (x> 2) < (k=) = (= (= 2).
By the Proposition 3.1.1 we get, (x = y) = (x—> (x > z2)) EF.

Since x — y, we have x — z € F.Therefore, F'is a strong implicative filter. O

Next, we show the definition of the closed interval [a, 1].

Definition 3.2.7. Let 4 be a lattice Wajsberg algebra, a € A. The interval [a, 1]
defined as [a, 1] = {x/x € 4, a < x} of A denoted as I(a).
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Proposition 3.2.8. Let 4 be a lattice Wajsberg algebra, a € 4, then {1} is a strong
implicative filter of 4 if and only if /(a) is an implicative filter of 4 for any a € A.

Proof. Suppose that {1} is a strong implicative filter of A.
Forany a €4, 1 € 4 is trivial. If x €l(a) and x - y €(a), thena<x, a < x > y,
Thatis,a—=>x=1€ {1} and a—=(x—y)=1 € {1}. It follows thata —» y €{1},a <y,
and hence y € I(a). Thus, I(a) is an implicative filter of 4.

Conversely, assume that /(a) is an implicative filter of 4 for any a € A4.
Forany x, y,z€A4,if x> (y > z) € {1} andx > y €{l}, then x <y - z, x <,
it follows that x <z because /(x)is an implicative filter, hence x - z =1 € {1}.
Therefore, we have {1} is a strong implicative filter of 4. ]

Proposition 3.2.9. Let A be a lattice Wajsberg algebra, F S A. The following
statements are equivalent

(i)  Fisastrong implicative filter
(1))  F'is an implicative filter and for any x, y € 4, x = (x = y) € F implies
xXoy€eF
(ii1)) F'is an implicative filter and for any x, y, z € 4, x = (y = z) € F implies
(x=y) = (x> 2) €F
(iv) 1€Fandforanyx, y,z€ A4,z —>(x— (x> y)) € Fand z €F imply
x—>y€eF.
Proof.
() = (ii).
For any x, y €4, if x > (x—y) € F, since x » x =1 € F, from (i1) of definition 3.2.1 we
havex » y € F.

(i) = (iii).

Assume that (ii) holds. For any x, y, z € 4, suppose x — (y —z) € F, from (vii) of
proposition 2.2, (i), (ii) of proposition 2.3 and (vi) of proposition 2.2, we have
x->(y-z) <x- ((x -y)->(x- z)). Therefore, from proposition 3.1.1 and
(vii) of proposition 2.2, weget x> (x—=> ((x—=>y)—=z2)=x-=>(x 2 y)=>(x—>2z2)) EF.
From (i1) and (vii) of proposition 2.2, we have

x=>((x=y)=z2)= (x> )= —>z)€F.

(i) = (iv).
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Now assume that (iii) holds and we prove (iv). In fact, 1 €F 1is trivial
For any x, y, z € A, suppose z =»(x = (x—y)) EF and z € F, then x = (y—>z) €F.
From (ii) of definition 2.5, we havex 5 y=1->(x—=>y)=(x = x) > (x o y) EF.

@iv) = (i).

Suppose x€F and x—-y€F, then we get x - (1> (I —-y) = x >y€F,
It follows that y =1 — y € F and hence F is an implicative filter. For any x, y, z € 4,
x> (—-z)EFandx > y€EF,

Now, (x= (y=z)) = ((x=y) = (x = (x—2)))
=(x=y) = (= (v = 2) = (x = (x—2)))
= (=) = (= (x = 2)) = (x = (x—2)))
= (x=y) = (= (V (x—2)))
= (=) = (k=) V (= (x=2))) =1 EF.
It follows that (x > y) - (x > (x > z) € Fand hence x >z € Fbyx = y € F and (iv).O

Proposition 3.2.10. Let 4 be a lattice Wajsberg algebra, Fi and F» are any two
implicative filters of 4, F'y € F>. If F) is a strong implicative filter, so is F>.

Proof. Suppose x = (x—=y) € F», we only to prove x = y € F».
Now x— (x= ((x = (x =)= ) = (x = (x =) = (x = (x =) = 1 €FL.

It follows that x = ((x = (x =y))—> ») € F1C€ F>.
That is, (x = (x =y)) = (x =y) €F> and hence x =y € F,. Therefore, we have F>is a
strong implicative filter. i

4. CONCLUSION

In this paper, we have introduced the notion of strong implicative filter of lattice
Wajsberg algebra, and discussed some of their properties with examples. Further, we
have shown that some related properties of implicative and strong implicative filters
of lattice Wajsberg algebra with useful illustrations. Finally, we have defined ker of a
lattice implication homomorphism and investigate the properties of implicative and

strong implicative filters related to ker.
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