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Abstract 

This work presented and analyzed a mathematical model for unemployment 

using four dynamic variables. In this model we analyzed an effect of the action 

of the government and private sector to control unemployment without any 

delay and also observe the effect of presence of delay.  Also we analyzed the 

contribution of self-employment for decrease unemployment.  We found the 

non-negative equilibrium point of the system to check the stability. At last 

Numerical simulation is given to compare with analytical result.  

Key words: Employed persons, unemployed persons, self-employment, newly 

created Vacancies, present jobs, delay. 

 

1.   INTRODUCTION: 

Unemployment is one of the major problem for the world. Unemployment is not an 

issue for the particular territory but it is the serious problem for whole world. For a 

healthy economy of any country high unemployment rate is like a barrier.  

Nikolopoulos and Tzanetis ([6]) developed and analyzed a model for a housing 

allocation of homeless families due to natural disaster. Based on this concept Misra 

and Singh ([1, 2]) presented a nonlinear mathematical model for unemployment. 

G.N.Pathan and P.H.Bhathawala ([7]) developed a mathematical model for 

unemployment with effect of self-employment based on concept of above papers. 

N.Sirghi, M.Neamtu, and D.Deac presented in ([3]) a nonlinear dynamic model using 
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four variables: Number of unemployed persons, number of employed persons, number 

of present jobs in the market and number of newly created vacancies. In ([4]) M. 

Neamtu presented a model for unemployment   based on some concept of ([2, 3]) with 

adding a new variable number of immigrants. In [9] G.N.Pathan and P.H.Bhathawala 

developed a mathematical model for unemployment using four dynamic variables 

without any delay.   

Using concept of these papers we developed a dynamic mathematical model for 

unemployment with four variables: Number of unemployed persons, number of 

employed persons, number of present jobs in the market and number of newly created 

vacancies. We introduce an effect of self-employment with the assumption  that   

government and privet sector both tried to create new vacancies without any delay 

and after that we analyzed the impact of delay in creating new vacancies  by  

government and private sector.  

The paper is organized as follows: Section 2 describes Model for unemployment, 

Section 3 describes an equilibrium analysis, Section 4 describes the stability of 

equilibrium point, Numerical simulation describes in section 5 and Conclusion is 

given in section 6. 

 

2.   MATHEMATICAL MODEL: 

In this process we assume that all entrants of the category unemployment are fully 

qualified to do any job at any time t.  Number of unemployed persons,  )(tU  increases 

with constant rate 1a . The rate of movement  from unemployed class to employed  

class  is jointly proportional  to )(tU   and  ))()()(( tEtVtP  . Where )(tP  denoted 

the  present  jobs  in  the market available by government and private sector. 

Government and privet  sector try to create  new vacancies  denoted by )(tV  and  

number  of  employed persons  denoted  )(tE ,  Migration as well as death of 

unemployed  persons is proportional to their number with the rate 3a , many times 

employed person  leave the job  because of   dissatisfaction    or  fired from  their job 

and  joint unemployed class with the rate 4a .  Unemployed persons  have to create 

chances for self employment to survive. Unemployed person who start their own 

independent work and become self employed is proportional to its number with the 

rate 5a .  6a  is the rate of death and retirement of employed person. The variation in 

the present job is proportional to 1c   and depreciation rate in present jobs is 2c .   

and   are rate of newly created vacancies  and diminution  of newly created 

vacancies.   describes the delay  in creating new vacancies. 

UaEaUaEVPUaa
dt

dU
54321 )( 

                  
____(1) 
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EaUaEaEVPUa
dt

dE
6542 )( 

     
   ____(2) 

PcUc
dt

dP
21 

           
____(3) 

VtU
dt

dV
  )(

           
____(4) 

 

Lemma 1: The set  ={(





1

2

111 0,0,0:),,,
a

V
c

ac
P

a
EUVPEU  }, 

where ),min( 63 aa  is a region of attraction for the system (1) – (4) and it attracts 

all solutions initiating in the interior of the positive octant. 

 

Proof:  

From equation (1) – (2) we get, 

)()())()(( 631 tEatUaatEtU
dt

d
  

Which gives 

))()(())()(( 1 tEtUatEtU
dt

d
 

 

Where ),min( 63 aa .  

By taking limit supremum 


1))()(sup(lim

a
tEtU

t



 

from (3) we have 

)()( 21 tPctUc
dt

dP


 
 

 )(2
11 tPc

ac

dt

dP



 

 

 



228 Gulbanu Pathan and P.H. Bhathawala 

By taking limit supremum which leads to, 

2

11)(suplim
c

ac
tP

t



 

from (4) we have 

)()( tVtU
dt

dV
   

 )(1 tV
a

dt

dV





  

By taking limit supremum which leads to, 



 1)(suplim
a

tV
t




 

This proves the lemma. 

 

3.   EQUILIBRIUM ANALYSIS: 

The model system (1) - (4) has only one non negative equilibrium point 

*)*,*,*,(0 VPEUE  which obtained by solving the following set of algebraic 

equations. 

0)( 54321  UaEaUaEVPUaa
                                   

____(5)

0)( 6542  EaUaEaEVPUa
    

                ____(6) 

021  PcUc                         ____(7) 

0 VU                           ____(8) 

Taking an addition of equation (5) and (6) 

 


6

31

a

Uaa
E




                     

____(9) 

From (7) 

2

1

c

Uc
P 

                            

____(10) 

 

 

0631  EaUaa
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From (8) 



U
V               ____(11)  


6

16

a

aUaa
EVP


                  ____(12) 

Where 
2

1

6

3

c

c

a

a
a 




 

Put values of equation (9) and (12) in (5) we get, 

021

2

0  AUAUA
                      

____(13) 

Where, 

620 aaaA  , 65643211 )( aaaaaaaA  , 

).( 6412 aaaA   

 

From equation (13)  

21

2

0)( AUAUAUh                        ____(14) 

                            

 

      1 

Since Ai, i =0, 1, 2 all are positive and number of changes in signs of equation (14) is 

only one. So, by Descart’s  rule  equation (14)  has only one positive solution say  

*U . So, we get the non-negative equilibrium point of model with coordinates: 

6

31 *
*

a

Uaa
E




 

2

1 *
*

c

Uc
P 

 



 *
*

U
V 

 

So, *)*,*,*,(0 VPEUE  is required non negative solution of the Model. 
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4.    STABILITY ANALYSIS: 

Stability of equilibrium point without any delay: 

To check the local stability  for  0  at equilibrium point  *)*,*,*,(0 VPEUE
 
we 

calculate the variational  matrix  M  of the model system (1) – (4) corresponding to 

*)*,*,*,(0 VPEUE
.
 





























 00

00 21

222221

221211

cc

llqq

llqq

M  

Where  

)(21 EVPal  , Ual 22  ,  53111 aalq  , 

4212 alq  ,   5121 alq  ,  64222 aalq   

The characteristic equation of  above matrix  is 

043

2

2

3

1

4  dddd                                          _____(15) 

Where 

 222111 cqqd ,   

 22121122222222112 )()( llcqqccqcqqd  , 

])([])([ 221221122222222113  llccqqqcccqqd 
 

        
),()( 22222221 cqlqlc    

 2222222121222112222114 )]([ cqllqccclcqqqcqd   

  

Since, 4321 ,,, dddd  are positive then all coefficients of  equation (15) are positive 

and  some algebraic manipulation convey that 321 ddd   and 4

2

1

2

3321 dddddd  . 

So, by Routh Hurwitz criteria all roots of equation (15) are negative or having a 

negative real part. Therefore equilibrium point  *)*,*,*,(0 VPEUE 
 

is locally 

asymptotically stable. 
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Stability  of equilibrium point with  delay: 

To check the local stability for 0  at equilibrium point  *)*,*,*,(0 VPEUE
 
we 

calculate the variational  matrix  M1  and M2 of the model system (1) – (4) 

corresponding to *)*,*,*,(0 VPEUE
 .   

)()( 21  txMtxM
dt

dx
                                                                     _____(16) 

Where  Ttvtptetutx )()()()()(   

)(tu ,  )(te , )(tp and )(tv  are small  perturbations around the equilibrium point  E0 
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Where )(21 EVPal  , Ual 22  ,  53111 aalq  ,  4212 alq  ,   5121 alq  ,     

             64222 aalq 
 

 The characteristic equation of system (16)  is  

0)( 32

2

143

2

2

3

1

4   ekkkjjjj
                   ______(17) 

Where 

 222111 cqqj ,   

2121122222222112 )()( lcqqccqcqqj   , 

])([])([ 21221122222222113 lccqqqcccqqj  
 

        
),( 2221  qlc  

 22211222112222114 ][ lqcclcqqqcqj  , 

21 lk 
,    

)( 1222222 qcqlk 
,    6221222223 )( aclqqclk  
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Now to check the stability of Eq. (17) we should not directly use Routh-Hurwitz 

criterion. 

We check that Hopf -bifurcation occurs and for that we have to show that Eq. (17) has 

a pair of purely imaginary roots.  For this we substitute  i  in Eq. (17) and we get  

 

0)( 32

2

143

2

2

3

1

4    iekikkjijjij
           ______(18) 

 0)sin)(cos( 32

2

143

2
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3

1

4   ikikkjijjij
 

  sincos)( 23

2

14

2

2

4 kkkjj 

0)cossin)(( 23

2

13

3

1   kkkjji                             ______(19) 

 

 Separating real and imaginary part of Eq. (19) we get 

 sincos)( 23

2

14

2

2

4 kkkjj 
                                         _____(20)                                                         

 cossin)( 23

2

13

3

1 kkkjj                              _____(21) 

 By squaring and adding Eq. (20) and Eq. (21)  

22

2

2

3

2

1

2

3

3

1

2

4

2

2

4 )()()(  kkkjjjj 
                   ______(22) 

By taking expansion of this  

04

2

3

4

2

6

1

8  rrrr 
                           ______(23) 

)2( 2

2

11 jjr  ,  ),22(
2

1314

2

22 kjjjjr   

)22(
2

23142

2

33 kkkjjjr  , )(
2

3

2

44 kjr   

Substituting  2  in above Eq. then we have 

0)( 43

2

2

3

1

4  eeeef                           _______(24) 

 

Where 
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If all 0ie  (i=1,2,3,4)  and satisfies Routh-Hurwitz criterion then there is no positive 

root of Eq. (24) i.e. all roots of Eq. (24) are negative or having a negative real part. 

So, by Routh-Hurwitz criterion equilibrium 0E  is asymptotically stable for all delay 

0 . 

Contrary if all ie  does not satisfy the Routh-Hurwitz criterion then there is at least 

one positive root 0  exist of Eq. (24)  for 04 e .  From this we get that   

0)(
2

3

2

4  kj  since 034  kj  so , 034  kj . Which gives the condition for the 

existence of pair of purely imaginary roots ( i )  of  Eq. (17). 

      034  kj  

 0)(})()({ 2162656423622  ccUaaaaaaUaaEVPaac    ___(25) 

 

From  Eq. (20)  and Eq. (21) we  get 
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For positive  0  we have corresponding 0  is given by  
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n=0, 1, 2, 3….. 

  

By Butler’s lemma we can say that equilibrium  0E  remains stable for  0  . 

Now to check that Hopf- bifurcation occurs at  0  we have to check that  0  satisfies 

the transversality condition. 

 

Lemma 2:   Transversality   condition is  
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Proof:   By differentiating Eq. (17) with respect to  , we have  
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Here   )2( 2

2

11 jjm  , )22( 31

2
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2

242 jjkjjm  , 

)22( 3142
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33 kkjjkjm   

Since condition (25)   is satisfied then we have positive 0  and for that Transversally   

condition is satisfies.  

This shows that if condition (25) satisfies then equilibrium 0E  is asymptotically 

stable for 0   ( i.e.  ),0[ 0  ) and   unstable for 0  . The condition of Hopf-

bifurcation is satisfied so, periodic solution occurs   when   passes the 0  for 

equilibrium 0E . 

 

5.   NUMERICAL SIMULATION: 

For the Numerical simulation using MATLAB 7.6.0 we consider the following data, 

50001 a ,   05.02 a ,   004.03 a ,   01.04 a ,   07.05 a ,   06.06 a ,  

004.01 c , 001.02 c , 4.0 ,   2.0 ,     

The equilibrium values of the model are: 

13737* U ,   54948*P ,  82417* E ,   27474* V . 
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The  eigenvalues  of the variational  matrix corresponding to the equilibrium point 

*)*,*,*,(0 VEPUE   of  model system (1) - (4) (for 0 ) are: 8359.686 , 

5623.0 , 0439.0 and 003.0 . All  eigenvalues   are  negative. So, equilibrium 

*)*,*,*,(0 VEPUE   is locally asymptotically stable. 

Using above data, Fig.1 and Fig. 2 represent the graph of variations in the number of 

unemployed persons with respect to time with difference values of 2a and 5a

respectively.  Fig.1 shows that if rate of unemployed persons to join employed class is 

increases than number of unemployed person decreases. Fig.2 indicates that if rate of  

self-employment goes higher than number of unemployed person goes lower but we 

also observe that for very high rate of self employment we get only limited decrement 

in unemployment.  

Using  above  all values  including  values of equilibrium point in  Eq. (23)  we get 

0 =0.3535. Put this value  of 0  in  Eq. (26) we have critical value of  is  

4873.50  . 

Fig.1 

 

Fig. 2 
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6.   CONCLUSION: 

The paper proposed and analyzed a nonlinear mathematical model for unemployment 

using four dynamic variables: Number of unemployed persons, number of  present 

jobs in the market, number of employed persons and newly created vacancies. We  

find that equilibrium point is locally asymptotically stable without any condition in 

absence of delay. But in presence of delay equilibrium point is not always stable. In 

presence of delay equilibrium point is stable with some condition i.e. if condition (25)   

satisfies   then we get 00    such that equilibrium point is stable for 0    and 

unstable for 0  .  Theoretical calculation is verified by Numerical simulation 

which is done   using  MATLAB 7.6.0 

From above calculations we can see that in absence of delay we get the equilibrium 

point without any condition.  That is unemployment can reduced by improving more 

newly create vacancies and with higher rate of self-employment. Variation of present 

jobs also effects the unemployment positively and also negatively according with its 

increasing or decreasing rate respectively.  In presence of delay we get stability with 

some conditions. It means it is more  tough to control unemployment in presence of 
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delay in compare of absence in delay. From Fig.2 it can be observe that with high self 

employment rate there is a limited decrement in unemployment. Therefore, to 

decrease unemployment needs very high self employment rate and also good efforts 

of government and private sector in creating new vacancies without any delay.  
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