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Abstract

In this paper, we study frames for bounded linear operators and defined the notion
of A,-operator frame for Banach spaces. A necessary and sufficient condition for
a sequence of bounded linear operators to be an .4,-operator frame has been given.
Some characterizations of .A;-operator frames have been discussed. Further, a
method has been given to generate a A-Banach frame using a Schauder frame. In
the sequel, an application of this method has been demonstrated.
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1. Introduction

Hilbert frames were formally introduced by Duffin and Scheaffer [8] in 1952 for Hilbert
spaces. A natural extension of the Hilbert frame to Banach spaces was introduced by
Grochenig in [9], called Banach frame. Since then a number of generalizations of frames
in Hilbert and Banach spaces have been appeared in the literature some of them are X ;-
frame [2], p-frame [1], G-frame [17], fusion frame [4], fusion Banach frame [12], retro
Banach frame [13] etc. The introductory part of Hilbert frames and related concepts can
be found in the textbook by Christensen [7] and articles by Casazza [3, 5].

Operator frames for Hilbert spaces were studied by Li and Cao in [15]. In 2012,
Chun Yan Li [16] generalized operator frames from Hilbert spaces to Banach spaces.
Recently, operator Banach frames in Banach spaces were introduced and studied by
Chander Shekhar [6]. During the study of reconstruction property in Banach frame

! Corresponding Author.



90 Mayur Puri Goswami and H. K. Pathak

theory, Kaushik et al.[14] introduced the concept of Banach A-frame by setting the
space of bounded linear operators. This notion was further generalized by the present
authors in [10] and defined A-Banach frames for operator spaces.

In the present paper, we define the notion of associated operator frames for operator
spaces and called it A -operator frame. Some characterizations of A;-operator frames
have been given which generalizes some results of Casazza et al.[2]. Moreover, we
develop a method to construct A-Banach frame by Schauder frames. Finally, we illustrate
this method by providing an application in the /; space.

2. Preliminaries

Throughout the paper, X denote a Banach space and X™ denote a dual space of X. We
assume that { X; } be a sequence of Banach spaces over IF (R or C). The family of bounded
linear operators from a Banach space X to a Banach space Y will be denoted by B(X, Y).
It X =Y, then we write B(X,Y) = B(X). An operator T € B(X,Y) is said to be
coercive if there exists m > 0 such that |7 (x)|| > m||x||, for all x € X. The range of T
will be denoted by Ran(T).

Definition 2.1. [2] A sequence space X, is called a B K -space if it is a Banach space
(n)
1,

and the coordinate functionals are continuous on X, i.e. the relations x, = {« i

x = (o} € Xq, lim x, :ximplythatnlingooe;”) =a; (j=1,2,...,n).

Definition 2.2. [9] Let X be a Banach space and X; be an associated Banach space of
scalar valued sequences, indexed by N. Let { f,} C X* and S : X; — X be given. The
pair ({ f,}, S) is called a Banach frame for X with respect to X if

(1) {fu(x)} € Xg4, foreach x € X,

(i1) there exist positive constants A and B with0 < A < B < oo such that
Allxllx = {fn)}Hx, < Bllxlix, x € X, (D
(ii1) S is a bounded linear operator such that

SUfn()}) = x, x € X.

The positive constants A and B, respectively, are called lower and upper frame bounds
of the Banach frame ({ f,,}, S). The operator S : X; — X is called the reconstruction
operator (or, the pre frame operator). The inequality (1) is called the frame inequality.

Definition 2.3. [6] Let X be a Banach space, {X;};cn be a sequence of Banach spaces
and T; € B(X, X;),i € N. Let A be an associated Banach space and S : A — X be an
operator. Then ({7;}, §) is called an operator Banach frame (OBF) for X with respect
to A if
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) {Tifle A feX,

(i1) there exist constants A and B with0 < A < B < o0 such that
Al fllx < I{Ti fHla = Bl fllx, feX.

(i11) S is a bounded linear operator such that

SAT D) = f, feX
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2)

The positive constants A and B, respectively, are called lower and upper frame bounds
for the OBF ({T;}, S). The inequality (2) is called the frame inequality for the OBF. The

operator S : A — X is called the reconstruction operator.

Definition 2.4. [10] Let X and Y be Banach spaces. Let {x,} be a sequence in X,
A € B(X,Y)and S : By — B(X,Y) be an operator, where B; be a Banach space
of vector valued sequences associated with Y. Then ({x,}, A, §) is called a A-Banach

frame for B(X, Y) with respect to By, if
() {A(xn)} € Ba, A € B(X,Y)
(i1) there exist constants 0 < A < B < oo such that

AlAN = I{AG)HIB, = BIAIL A € B(X,Y)

(i11) S is a bounded linear operator such that

SH{A(xp)}) = A, A e B(X,Y).

Definition 2.5. [11] Let X be a Banach space. A pair ({x,}, {f»}) (where {x,} €

{fn} € X¥)is called a Schauder frame for X if
[0@)
x=> fa@)x,,  forallxeX
n=1
where the series in (4) converges in the norm topology of X.

3. A,-operator frame

Let us begin with the following definition of .A-operator frame.

3)

X,

“4)

Definition 3.1. Let X be a Banach space and {X;} be a sequence of Banach spaces. Let
X4bea BK-space. A countable family {A;} C B(X, X;) is called an A;-operator frame

for X with respect to Xy = @ X; if
ieN
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1) {Ai(x)} € X4, x € X.
(i1) there exist constants A and B with0 < A < B < oo such that

Allxllx < {A:(O)Hx, < Bllxllx, x€X. (5)

The positive constants A and B are called lower and upper .A;-frame bounds for X,
respectively. The inequality (5) is called .4 ;-frame inequality. If upper inequality in (5)
is satisfied, then {A;} is called an .A;-Bessel sequence for X with Bessel bound B. The
operator T : X — X, given by T'(x) = {A;(x)}, x € X is called an analysis operator.
If there exists a bounded linear operator S : X; — X such that S({A;(x)}) = x, for
each x € X, then the system ({A;}, S) becomes an operator Banach frame for X with
respect to X4. The operator S is called a pre-frame operator for {A;}.

Casazza et al. (in Theorem 2.1 [2]) characterized the Banach space X which have an
X 4-frame with respect to a given B K -space X;. Following result generalizes Theorem
2.1 [2] and provides a necessary and sufficient condition for a sequence {A;} C B(X, X;)
to be an .4 ,-operator frame for X with respect to an associated Banach space X .

Theorem 3.2. A sequence of operators {A;} C B(X, X;) is an Ay-operator frame for
X with respect to X if and only if X is isomorphic to a closed subspace of X.

Proof. Let A and B are the A;-frame bounds for A;-operator frame {A;}, then the
Ag-frame inequality is given by

Allxllx < {A:i()HIx, < Bllxllx, x€X. (6)

By using lower frame inequality in (6), the analysis operator T of {A;} is coercive. Thus
T is injective and has closed range. From the inverse mapping theorem, X is isomorphic
to the range 7' (X), which is a closed subspace of X,.

For the reverse part, assume that M 1s a closed subspace of X, and U is an isomor-
phism from X onto M. Let {JV;} be the sequence of coordinate operators on X, then
Wi({zj}jeN) =Zi, foralli € N.

Choose A;(x) = W;U(x),i € N. Then, for all x € X, we have

Ixl = 10 U@ < 1uux).

So that,
llxl
Tl < HA M = IV U O = 1Ux|| < IUHIx I, x € X.
That is
Allxllx = {A; ()}HIx, = Blixlx, x € X,
1
where A = m and B = ||U||. Hence, {A;} is an Ag-operator frame for X with

respect to X |
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In Theorem 2.4 [2] Casazza et al., gave a characterization of a Banach space X
possessing Banach frame. We now generalize Theorem 2.4 [2] and obtained a necessary
and sufficient condition of a Banach space X to possess an OBF with respect to X.

Theorem 3.3. A system ({A;}, S) is an OBF for X with respect to X if and only if X
is isomorphic to a complemented subspace of X .

Proof. Let ({A;}, S) be an OBF for X with respect to X;. Let T and S be analysis
operator and pre-frame operator, respectively, for the OBF ({A;}, S). Then ST = I is
an identity operator on X. Choose P = T §. Then P? = P and Ran(P) = Ran(T).
Therefore, P is a projection from X, to the range of 7. Thus 7 : X — Ran(T) is an

isomorphism and Ran(T) is complemented subspace of X .
For the reverse part, if U : X — M is anisomorphism, where M is the complemented
subspace of X;4. Then, by Theorem 3.2, ({A;}, S) is an OBF for X with respect to X .
|

If {x,} is a Hilbert frame for a Hilbert space H and V : H — H be an invertible
operator, then {Vx,} is a Hilbert frame for H (see Corollary 5.3.2 in [7]). Next, we
extend this result to the class .4;-operator frame.

Theorem 3.4. Let {A;} be an .A;-operator frame for X withrespectto Xyand V € B(X)
be an invertible operator. Then {A;V};cy is an A -operator frame for X with A ;-frame

A
bounds —r and B||V|.
V=

Proof. Let {A;} be an Ag-operator frame for X with respect to X;. Then, there exist
constants A and B with 0 < A < B < oo such that

Allxllx = I{AiHIx, = Bllxllx, x€X.
So that we can write,
AllVxlx = IfAi(Vx)}lx, < BlIVxllx, x € X.
Since V is invertible, we obtain

AV xllx < IHA(V)Ix, < BIV XL, x € X.

A
Hence, {A;V};en is an X -operator frame for X with frame bounds m and B||V|.

Corollary 3.5. Let {A;} be an Ay-operator frame for X with respect to X; and V :
X — X be an isometry. Then {A;V};en is an A -operator frame for X with the same
bounds.

Proof. Straight forward. [
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Corollary 3.6. Let {A;}be an .A;-operator frame for X withrespectto Xy and (/4+V) €
B(X) be an invertible operator. Then {A; + A;V};en is an Ag-operator frame for X

with A;-frame bounds and B(1 + ||V ).

Iz + V)=l

Proof. Let {A;} be an Ag-operator frame for X with respect to X;. Then, there exist
constants A and B with 0 < A < B < oo such that

Allxllx = I{AHIx, = Bllxllx, x € X.
So that we can write,
AllVxllx = I{Ai(VO}x, = BllVxllx, xeX.
Thus, for each x € X, we compute
I{(A; + AiV)x}x, < BA+[IVIDIxlx.
Again, since (I + V) is invertible, we compute
AN+ V)T el < AT+ VY@ < 1A + A V)@,
Thus, the required A-frame inequality is

AN+ V)7 xllx < 1A+ AiV)@Hx, < BA+ VD Ixllx. x € X.

Hence, {A; + A; V}ien is an Ag-operator frame for X with frame bounds

I+ V)=
and B(1 4 ||V ). [ |

Let {X;} be a sequence of Banach spaces. Define for 1 < p < oo,
00 1
. P
®pX; = {{xi} tx; € Xii € N, [[{xi}llp = (Z ||x,~||f’) < oo}
i=1
and @Goo X; = {{xi} cxi € X1 € N, [{xi}loo = sup [|x; ]| < OO}-
Let X, Y be Banach spaces and {X;};eN, {Yi}ien be sequences of Banach spaces.
Let {A;} and {®;} be sequences of operators in B(X, X;) and B(Y, Y;), respectively. In

the next result we shall show that, if {A;} and {©®;} are .A4-operator frames for X and Y
respectively, then {A; @ ©;} is an A 4-operator frame for X @ Y.

Theorem 3.7. Let {A;} be an A;-operator frame for X and {®;};cy be an A-operator
frame for Y. Then {A; ® ©;};cn is an Ag-operator frame for X @ Y.

Proof. Since {A;} C B(X, X;) is an Ag-operator frame for X with respect to X; =
®ien X, there are frame bounds A and By (0 < Ay < B < 00) satisfying

Aplixlix = I{Ai()}Ix, < Billxllx, xeX. (7N
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Also, {®;};en C B(Y, Y;) is an Ay-operator frame for ¥ with respect to Y; = ®;enYi,
the A -frame bounds are given by A», B> (say). Then the corresponding frame inequality
is given by

Azliylly = IN®:iWHly, = Ba2liylly, yet. )

From (7) and (8) we obtain

Arlxllx + A2llyllx = {Ai ()} +{©:W}I < Billxlix + Ballyllx- ®)

Let A = min{A, A} and B = max{Bj, B;}. Then we get

Allx @ yllxey < [H(A; @ O;))(x ® Y}z, < Bllx @ yllxey-

Hence, {(A; & ©;)} is a Ag-operator frame for X @ Y with respectto Z; = (Xg D Yy).
[ |

Corollary 3.8. If A; = {A;j}jenisan Ay-operator frame for X; withrespectto ®; X;; =
Xé with A;-frame bounds A; and B; such that inf A; = A > 0 and sup B; = B < o0.
Then A = {P;enA;} is a Ag-operator frame for @;cnX; with respect to Z; = EB,-XQ
with A;-frame bounds A and B.

Similar to Hilbert frames [7], next result shows that the image of an .4;-operator
frame under a bounded linear operator is also an .A;-operator frame.

Theorem 3.9. Let {A;} C B(X, X;) be an Aj-operator frame for X with respect to
X4 =@®X;and S : X — X be abounded operator. Then {A; S} is an A,-operator frame
for X with respect to X; = @X; if and only if S is bounded below.

Proof. Let {A;S} be an A -operator frame for X with frame bounds m and n. Then we
have
mllx|lx < {A;iS()}HIx, < nlxlx, x € X.

Let A and B be A;-frame bounds for {A;}. Then we have

AllSxllx = I{Ai(S¥)}Ix, < BlISx|x, x € X.

Thus, we obtain
mlx|lx < BlISx|x., x € X.

This shows that ||Sx|| > §|lx||x, where § = % > 0. Hence, S is bounded below.

Further, assume that there exists § > 0 such that for each x € X, ||SX)| > §|x|x.
Then, we obtain

Adllxllx = AllSx]l < I{A: (S0} = BlSx| < BlISIlx|x,

therefore, {A; S} is an A4-operator frame for X with A;-frame bounds A§ and B||S]|.
[ |
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In the next two results, we obtain sufficient conditions for a sequence of operators in
B(X, X;) to be an Ay -operator frame.

Theorem 3.10. Let {A;} C B(X, X;) be an Ag-operator frame for X, with A,-frame
bounds A and B and let {®;} C B(X, X;) be an A;-Bessel sequence for X with bound
M < A, then {A; £ ®;} is an Ay-operator frame for X with A;-frame bounds (A — M)
and (B + M).

Proof. Consider the analysis operators S : X — Xy and Q : X — X, for A;-Bessel
sequences {A;} and {®;} are givenby S(x) = {A;(x)}and Q(x) = {®; (x)}, respectively.
Then, for every x € X, we have
{(A; £ OO} =IS(x) £ Q)
<I{A: O + {O: CO}I
<(B+ M)|x|.
Thus, {(A; = ®;)(x)} is a Bessel sequence for X. We also have for x € X,

I{(Ai + ©) )} =[S (x) £ Q)|
= [{A; O = [{Oi (oI
>(A = M)]jx]|.

Hence, {A; + ©;} is an Ay -operator frame for X, with respect to X, and having desired
Ag-frame bounds (A — M) and (B + M). [ |

Theorem 3.11. Let {A;} C B(X, X;) be an A;-frame for X with frame bounds A and
B. Let {®;} C B(X, X;) be such that {®;(x)} € Xg4, forall x € X and let {A; + ©;}
be an A4 ;-Bessel sequence for X and with bound M < A. Then {®;} is an A -operator
frame for X with bounds (A — M) and (B + M).

Proof. The Ag-frame inequality for the Ag-operator frame {A;} C B(X, X;) is given
by

Allxll < I{Ai()HIx, < Bllx]l, x € X.
Since, {A; 4+ ©;} is an A4-Bessel sequence for X, we have
I{(Ai + ©) ()} = M]x]|, x e X.

Thus we compute,

(A= M)|lx|| <I{A: O} = H(A; + ©) (O}

<I{®; O}
<A GO+ [H{(A: + ©) (O
<(B+ M)|xI|. x € X.

Hence, {®;} is an Ag-operator frame for X having desired frame bounds (A — M) and
(B+M). |
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4. A-Banach frame

Let X and Y be Banach spaces. We now give a characterization of the Schauder frame
that the Banach space B(X, Y) of bounded linear operators from X into Y is isomorphic
to the Banach space B, given by (10) associated with Y. Consequently, we can generate
a A-Banach frame by Schauder frame as shown in Theorem 3.3 below. Before proceed
to the main result we need to prove the following Lemma.

Lemma 4.1. Let X and Y be Banach spaces and let {x,,} C X, {f,} C X be sequences
such that f,(x) #0, (x € X,n =1,2,...). Let B; be the linear space of sequences of

elements
n
Ba = {{zn} cY| sup sup |y fi)u| < oo} (10)
1<n<oo xeE i=1 Y
lxl<1
associated with Y and endowed with the norm
n
Hzadlls, = sup sup | Y fi(x)zi (11)
1<n<oo xeE Y

<1 =1

Then B, is a Banach space.

Proof. If ||{z,}llB, = O, then sup || fi(x)z1]l = 0. This gives z; = 0 and hence,

xeE
xl<1

2
‘ Y fiz

sup = sup [|f2(x)z2]| =0
E . E
NER <1

gives zp = 0. Continuing in this way, we obtain z,, = 0 (n = 1,2,...). Hence, norm given
in (13) is well defined.

Now we shall show that the space B, defined in (10) is a Banach space. Let {z,gk)}
(k =1,2,...)be aCauchy sequence in B;. Then for every € > 0 there exists a positive
integer ng such that

n
II{Zf,k)} — {z,(,’")}ll = sup sup Z fi(x)(z,gk) — z,(m)) ‘ <€, (k, m > ng).
l1<n<oo xeE i=1 Y
lxl<t =
Hence,

I fu () (P — 20| <

" n—1
2 fi@eE =" H +| 2 fw0E? =) H
i=l i=1

< 2e (k,m >ng,n=1,2,...).
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Since f,(x) #0,foralln =1,2,...,

2¢
| fu (O]

28 — ™) <

Consequently, for each n > 1 the sequence of vectors z,gk) (k=1,2,...) is convergent
to a vector z,,. Hence, from the inequalities

n
' Zfi(X)(Zlgk)_ng)) <€, (k,m >no;n=1,2,...).
i=1
We obtain for m — oo,
n
Z‘fl(‘x)(zl(k)—Zl) SG, (k>no’n:1’2’)
i=1
Then
ax ntl n+l
2 i) - ‘ > A =) 30 i - ‘
n+l n
= Y r@ - = e - Z’@)H
i=l i=I
n+l "
=|| 2 fito i - z§“>” + ’ > S - z,@)H
i=1 i=1
<2e.
Hence,
n+l et
Y fi@z| <2+ | > fiozP|.

(0. ¢]
Since, each series Z fi(x)zlfk) is convergent and since Y is complete, it follows that

i=1

o0
Z fi(x)z; converges, so that

i=1

sup sup

n
Y fi0z
1<n<oo xe€E

Ixj<1 - =1

< Q.
Y
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Hence, {z,} € B;. Moreover,

n
k
129 —zull= sup sup | DG —z)| e k> no).
lsn<oo xeE |l ;= Y
lxll<1 =
Hence, By is a Banach space associated with Y. |

We now prove the aforesaid result.

Theorem 4.2. Let X and Y be Banach spaces and let ({x,}, {f,}) (where {x,} C X,
{f2} C X™) be a Schauder frame for X such that f,(x) # 0, (n = 1,2,...). Then
the Banach space B(X, Y) is isomorphic, by the mapping A — {A(x,)}, to the Banach
space of sequences of elements

By = {{zn} CY| sup sup | Y fi)u| < oo} (12)
1<n<oo xeE i=1 Y
lxl<1
associated with Y and endowed with the norm
n
Hzndlls, = sup sup | Y fi(x)z (13)
l1<n<oo x€E Y

Ixj<1 - =1

Moreover, the system ({x,}, A, S) is a A-Banach frame for B(X, Y) with respect to B,
where S : B; — B(X, Y) be the corresponding A-frame operator.

Proof. By Lemma 4.1, B, is a Banach space associated with Y. Now, let A € B(X,Y)
be arbitrary. Put A(x,,) = z,, (n = 1,2, ...) and define {A,} C B(X,Y) by

An(¥) =) fiz,  (xeX.n=12,...).
i=1
Then we have, since ({x,}, { f»}) 1s a Schauder frame,
A(x) = A(Z ﬁ(x)xl-) =) fiz = lim Y fi)z = lim Ay(x).  (x € X).
i=1 i=1 i=1

Hence, by the principle of uniform boundedness

Y fiz

sup  sup = sup ||All < o0
1§n<oo”))ccﬁ£] i=1 Y I<n<oo

and thus {z,} = {A(x,)} € B;. Also,

n
1Al < sup [[Axll= sup sup | Y fi(x)z
1<n<oo 1<n<oo x€E

Ixj<1 - =1

= [I{A )} I, -
Y
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On the other hand, forevery x € X andn =1, 2, ..., we have

Y fiwa| = HA(Z fi(x)xi) Y fiox
i=1 Y i=1 i=1

< IIAII)
Y

< BJIAl,
Y

n
where, B = || Z fi(x)xi|ly < oo. Hence,
i=1
I{A ) }HIB, < BIIAL-
Since, A € B(X, Y) was arbitrary, we obtain the A-frame inequality

IAL < I{A G B, < BIALL A € B(X,Y).

This proves that the mapping A — {A(x,)} is an isomorphism of B(X, Y) into B,.
Define, S : By — B(X,Y) by S{A(x,)}) = A, A € B(X,Y). Then S is a bounded
linear operator and hence ({x,}, A, S) is a A-Banach frame for X with respect to 5,;. B

Finally, we prove the following result as an application of Theorem 3.3.

Corollary 4.3. Let X =[] and Y be an arbitrary Banach space. Let {x,} be a sequence
of unit vectors in X. Then B(X, Y) is linearly isometric by the mapping A — {A(x,)}
to the Banach space of sequences of elements

Ba = {{za} C F| sup |lzall < 00} =loo

1<n<oo

associated with Y and endowed with the norm

H{zn}llB, = sup |lzall. (14)

1<n<oo

Moreover, the system ({x,}, A, §) is a A-Banach frame for B(X, Y') with respect to B,
where S : B; — B(X, Y) be the corresponding A-frame operator.

Proof. Define a sequence { f,,} in X* by
fulx) =&, where x = {£,} € 1.

Then, we obtain
o0
Z Sun(xX)x, = x.
i=1

Hence, ({x,}, { f»}) is a Schauder frame for X. Also, B, is a Banach space with norm
given by (14). Further,

zadll = sup sup || Y &zill= sup |zl

ISHOOZ;?OZISI i=1 1<n<oo

Hence, result follows by applying Theorem 3.3. [
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