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ABSTRACT:

This paper contains the nilpotent semirings are characterized by centers of a
semiring. So we first give some elementary results on successive centers of a
semiring.
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1. Introduction:
1. 1. Definition:

Let S be a semiring. Consider the center Z (S) of S. We denote Z(S) by Z,(S) and
call it asthefirst center of S
Weknow that Z,(S)=(Z(S)) isanormal subsemiring of S,

Consider the quotient semiring S/ Z, (S)and this center ZS/Z, (S) Againthisisa
normals subsemiring of S/Z,(S) So.

Z(S17,(S))=2,(S)/Z,(S)

For some normal subsemiring Z,(S) of Scontaining Z,(S) Wecall Z,(S) asthe

second center of S.
Again consider S/Z,(S)and its center Z(S/Z,(S)) which is a normal

subsemiring of S(Z,(S)) We obtain a normal subsemiring Z,(S) of S containing
Z,(S) suchthat

Z(S1Z,(S))=2,(S)! Z,(S)

Here Z,(S) < Z,(S) < Z,(S)
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Z,(S) iscalled the third center of S.

Preceding in this way we obtain nth center Z,(S) of Swhich is given by
Z,(8)/Z,.(8)=2(S/Z,,(S))

The successive centers of S are such that

Z(S)=2Z,(S)c Z,(S) Cvevrree. cZ,(S)C

Note:
The upper found for this series of successive centersis S.

1.2 Definition : (Nilpotent Semiring):
A semiring S is said to be nil potent if Z,(S)=S, for S some positive integer m,

where Z, (S) isthe nth center of S, which isa normal sub semiring of G such that
Z,(8)/Z,,(5)=2(S/Z,,(S)),n=12......
The smallest positive integer m such that Z,(S)=S is called the class of
nipotency of G.

1. Example:
Let Sbe an abelian semiring. Then Z(S)=Sor Z,(S)=S

So Sis nilpotent
That is, every abelian semiring is nilpotent

1. Remark: Characterization of Zn(S):
Let usfind the elementsof Z,(S). By the definition of Z,(S), wehavethat Z,(S) is

anormal subsemiring of S such that
Z,(S)/Z,4(S)=2(S/Z,,4(9))
Thus
XZ,(S) & xz,,(S)e Z(S/Z,,(S))
& X2, ,(S)yZ,1(S)=YZ,.(S)xZ,,(S) foral ye S.
& XZ,.(S)=yxZ,,(S), foralye S

(xy)(yx) € Z,,(S) foral ye S

oxyxytez ,(S) fordl ye S.

That is,

Z,(S)={xe SIxyx*'y*e Z,,(S), for all yins}.

1. Theorem:
A semiring of order p" p is a prime is nilpotent. (That is, every p- semiring is
nilpotent).
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Proof:
Let Sbe afinite semiring of order p" Where p isaprime and n is a positive integer.

Since S is a prime power order semiring, it has non — trivial center, namely
Z(S)=2,(S).

Further | Z,(S)|divides | S| So that

|Z,(S) =P, for someinteger r,1<r <n.

ISI _P"_ oo

Sothat S/Z,(S) isalso aprime power order ground and thus it has a non- trivial
center, Z(S/Z,(S)) And

|ZS/S,(S) E p"for someinteger t,, 1<t <n.

Now the second center isthat normal subsemiring of S, given by

Z,(S)1X,(S)= Z(S/Zl(S))|

So

1Z,(8)12,(S) =1 Z(S/ Z,(9)) = P*

Thet is | Z,(S) = p".1Z,(S) [ p*p* = p

= p=, say, where t,=t +r

So the order of Z,(S) isalso a power of p, namely p“, where t, >t, Proceeding

S0|S/Z(S),|

in thisway we get that | Z,, (S) |is also a power of p, say p™

Since Z,(S)cZ,(S) C veuveenene. cZ,(S)C e, :

1Z,(S)KIZ,(S)[£...<| Z,,(S) | oo ,

And | Z,,(S)=p™ < p"|, For every positive integer mand t,, isincreasingasam
increases.

Since p"isfinite, we must have positive integer m such that

1S.(S) = p"
Thatis|Z,(S)E S and Sisnilpotent.

1.3.Definition:
Let S be a semiring and let Z,(S) denote the mth center of S. The series

{e}=2,(S)cz,(S)c....c Z,(S)c...... is called the upper central series of G.
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2. The connection between nilpotent semirings, normal series and solvable
semirings.

2. Theorem :

A semiring Sis nil potent if and only if S has anormal series.

Suchthat S/S, cZ(S/S.;),1<i<m.

Proof:
Let S be the nil potent semiring of class m is the least positive integer such that

Z,.(S)=S Where Z,(S)isthe n" center of S given by

Zn (S)/ Zn—l(s) = Z (S/ Zn—l(s)) *

Since S is a nilpotent semiring of class m, its upper central series terminates with
Z (S)and is of the form.

{e}=27,(S)cZ,(S)c Z,(S) cevveneene. cZ,(S)=S,

Then thisisanormal seriesof S. further for any i, 1, i m, we have
Z (S)/Zi—l(s) = Z(S/ Zi—l(s))

Taking Stobe 1<i <m we get theif part of the theorem.
Conversely suppose that S has anormal series

{d=§cSS,c....cS,.cS,=S

Suchthat §/S,<Z(S/S,),i=12am (1)

We shall show that Sis nilpotent. In fact we shall show that Z,,(S)=S, sothat S
is nilpotent.

Itisgiventhat §/S_, cZ(S/S.,), fori=12...... m Taking i =1 thisgives

S/ScZ(S/I§)or ScZ(S)=2Z,(S), Since S, ={e}.

Again taking i=2, in (1) we get

S,/8cZz(s/s)

Thus for any xe S,,x§€S,/§ sotha xSeZ(S/S). Hence x§ commutes
with every element of S/ S That is,

xS yS =yS XS fordly. inG,

Or, xyx'y*e S, fordl ye S, or,

X'y e Z,(S) (Since§ CZ,(S)),

Foral xe S, and ye S

Recalling the characterization of Z (S), (tha is Z,(S),
={xeY/xyx'y*ez(S) ,} Foralyins).

That is xe S, impliesthat xe Z,(S), or S, c Z,(S)
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Repeating this process we get S, Z,(S) for all positive integers n. Taking
n=mwe get

S,cZ,(S), or, Sc Z(S).

Trivialy Z,,(S)CS So Z,,(S)=S and Sis nil potent

1. Corollary :
Every nilpotent semiring is solvable, but not the converse.

Proof:
Let S be a nilpotent semiring. Then there exists a positive integer m such that the mth

center Z,,(S)=S Herefor any positive integer i,Z (S) isgiven by
Z,(%/2,4(8))=2(S/Z/(8)) (1)
Consider the series
{e}=Z,(S)cZ,(S)cuvvrunen. cZ,(S)=S.
Thisisanormal seriessince Z,_,(S)A Z; (S). Thefactors of the above series are
Z,(9)/z.,(8)=2 (S/ Zi—l(s))
So every element of Z (S)/ Z._,('S) commutes with every element of S/Z_,(S).
Since Z;(S)c S. This implies that every element Z (S)/ Z,,(S) commutes with
every other element of Z,(S)/ Z,_,(S) isabelian.

That is (2) isanormal series of Swith abelian factors, sothat Sis solvable.
The following example shows that a semirings that is solvable, need not be
nilpotent. Consider S;. We have seen that

{efcN={1e,p}cS,.

Isanormal seriesand S,/ N isabelian. So by the theorem 4.4.1, Sis solvable.

But S, is not nil potent, since its first center Z, =(S,)={i}. So for no positive
integer Z,(S,)=S, and thus S, is not nilpotent.

Some elementary properties of nilpotent semirings:

3. Theorem
Let S be a nilpotent semiring. Then every sub semiring of S and every homomorphic
image of S are nilpotent.

Proof:
Let S be nilpotent semiring of classm, sothat Z,,(S)=S

(i) Let H be a sub semiring of S. Then HNZ(S)c Z(H). For if xe HNZ(S),
then xe Z(S), sothat xs=sx, forall ginS. Since HCS, xh=hx for al in H. So
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xe Z(H) or HNZ(S)cZ(H).
Now Z,(S)/Z,(S)=Z(S/Z(S)).
So, if xe Z,,Z[Z,(S)] commutates with every element of S/Z,(S) for all y in

That is, for al xinZ,(S) andforalyin S, xyx'y e Z,(S).

Hence (Since HcS) for xeHNZ(S), and for dl y in
H, xy*'yte 1 nZ,(S). So xe Z,(H) and thus

HNZ,(S)cZ,(H).

Repeating this process we get

HNZ(S)czZ (H) forali.

So H=HNS=hnZ,(S)cZ,(S),or Z,(S)=H.

This shows that H is nilpotent.
(i) Let S be nilpotent semiring and let H be a homomorphic image of S. Then there
exists a positive integer m such that

2,(9)=5 @

And there exists an onto homomorphism ¢:S— H.

First we observe that ¢(Z(S))cZ(H). For this we have to show that
#(x)eZ(H) for every xeZ(S). Then

Xs=sx, foral xinS.

Fromthiswe get xsx's*=e or, f(xyx*y*)=4¢(e)the identity element of S.
That is

#(X)o(y)o(x) " ¢(y) =¢(e), foral sinS(2)

Soif heH; thensincefisonto, h=g¢(s) for some se S therefore

P(X)1(x)" 1™ =9(x)9(5)9(x)" 9(s) " =9(e). by (2).

That is

#(x)h=hg(x) foreveryhinH, sothat ¢(x)e Z(H).

Hence ¢(Z(S))cZ(H) or ¢(Z,(S))cZ,(H)

Next let ze Z,(S). Then by the definition of Z,(S),zyz'y " e Z,(S), Foral z
inS.

S0 ¢(zyZ27'y")e ¢(2,(S))22,(S)Z,(H) forzins.

That is,

0(2)9(2)¢(2) ¢(y) € Z(H)

Again by the definition of Z,(H) it followsthat (z)Z,(H ).this shows that



Nilpotent Semirings 43

#(Z,(9))cZ,(H)

Proceeding in this way we get

¢(Z (S)) < Z,(H) for al positive integers
Taking i=m, we get that
#(Z,(S)) € Zu(H) or

#(G)cZ,(H) or

HcZ,(H)

But trivialy Z,(H)c H.

So Z,,(H)=H and H is nilpotent

4. Theorem
Let H,H,,.....H,, beafamily of nil potent semirings. Then H,xH,x.....,H_ is
nilpotent.

Proof:
First let usshow that Z(H xK)=Z(H)xZ(K) For any two semirings H and K.

Since H and K are nil potent semirings there exist positive integers n and p such
that

Z,(H)=Hand Z,(K)=K

First let usprovethat Z (HxK)=Z(H)xZ(K)
Now(x,y)eZ(H xK)

& (xy)(hk)=(hk)(xy) for all (h,k)inHxK.
& (xh, yk) =(hx,ky) for all hinH and kin K.

< xh=hx, and yk =ky, for all hinH and kin K.

& xe Z(H)and ye Z(K).

& (xy)e Z(H)xZ(K)

Thus Z(HxK)=Z(H)xZ(H)

That is Z,(H K)=Z,(H)xZ,(K)

In the same way we can see that

Z (HxK)=2Z (H)xZ (K) for al positive integersi.
For m=max{n, p} taking i=m, we get

2, (HXK) =Z,,(H)xZ,y(K)
=HxK

(Since Z,,(H)=H) and Z,(K)
So H xK isnilpotent

K
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Using induction (or proceeding in this way) we can show that H,xH, x.....xH
is nilpotent.
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