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Abstract

Resently, J. Harjani, B. Lopez and K. Sadarangani establi established for
mappings satisfying a rational type contractive condition in partially ordered
metric space. In this paper, we obtain some corresponding coupled fixed point
theorems in partially ordered metric spaces by employing a rational type
contractive condition.
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1. Introduction

The notion of coupled fixed points was introduced by Chang and Ma [3]. Since then,
the concept has been of interest to many researchers in metrical fixed point theory.
Bhaskar and Lakshmikantham [2] established coupled fixed point theorems in a
metric space endowed with partial order by employing the following contractivity
condition: For a mapping 70 X x X — X, there exists £ € (0, 1) such that

d (T(x,y), T (u,v)) S%[d(x,u)+d(y,v)]Vx,y,u,ve X, x2u,y<v. Harjani et al [5]

estabished some fixed point theorem in partially ordered metric space setting by using
a contractive condition of rational type. In this paper, we shall prove corresponding
coupled fixed point theorems in partially ordered metric space by employing some
notions of Bhaskar and Lakshmikantham [2] as well as a rational type contractive
condition.
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2. Preliminaries

Definition 2.1: Let (X, d) be a metric space. An element ( X,y ) € X x X is said to be
a coupled fixed point of the mapping T: X x X — X if T(X, y) =x and T(y, x ) =y.
Definition 2.2: Let ( X, <) be a partially ordered set and T: X x X — X. We say that
T has the mixed monotone property if T( X, y) is monotone nondecreasing in x and
monotone nonincreasing in y, that is for all x, y € X,

V xp, xp€ X, x1<xp = T(x, )< T (x2,))
V oy, y»eX, 1<y =>Txy)2T (x,)7)

3. Main results

Let (X, <) be a partially ordered metric set and d be a metric on X such that ( X, d ) is
a complete metric space. We also endow the product space X x X with the following
partial order: for (x,y), (u,v) e XxX,(u,v)<(X,y) ©x>u,y<v.

Theorem 3.1: Let (X, <) be a partially ordered metric set and suppose that there exists
a metric d on X such that (X, d ) is a complete metric space. Let T: X x X — X be a
continuous mapping which has the mixed monotone property such that,

for some a, f€[0,]) ,V x,y,u,ve X ,x#u,we have

d(T(x, ), T(wv) < Ed(x, Tl y)) s Tlu, V))j dx, T(x, y) )+ fdx,u), a+B<1. (1)

d(x,u)+d(x,T(x, y))
Then T has a coupled fixed point.

Proof. Choose (X, yo) € X x X and set x; =T (X0, ¥0), Y1 = T (Yo, X0), and in general,
Xn+l = T (Xn, YH), Ynt1 = T (YH, Xn)-

With x0< T(x0, yo) = X1 (say) and yo> T (yo, Xo) = y1 (say). By the iterative process
above, x, =T (x4, y1) and y» = T (y1, X1). Therefore,

Tz(XOa yO) =T (T (XO, yo)’ T (YO, XO)) =T (Xla yl) = X2,
and T(yo, x0) =T (T (yo, %0), T (x0, Y0)) = T (31, X1) = y2.

Due to the mixed monotone property of T, we obtain

x=T*(X0, yo) = T(x1, Y1) = T(Xo, yo)=X1, y>=T"(y0, X0) = T(y1, x1) < T(y0, X0) = y1.

In general, we have that forn € N,

Xnr1 = T (X0, Y0)=T(T"(x0, Y0), T"(¥0, X)), Yur1 = T""'(¥0, X0) =T(T"(y0, Xo), T"(Xo,

¥o))

It is obvious that

x0< T(Xo, yo) = X1 < Tzz(xo, Vo) =X2<......... <T%(X0, Y0) = Xn< cvrvrnnnnn. ,
and yo> T(yo, X0) = v1=> T (Yo, X0) = ¥2>......... > T(Y0, X0) = Yo =eevvnnnen ,

Therefore, we have by condition (1) that
d(Xn+l, Xn) = d (T(Xn, Yn), T (Xn-l, Yn-l) )

< a{d(xn > T(xn > Vn ) ) + d(xn—l > T(xn—l > V-1 ))

d(xn’xn—l)+d(xnaT(xnaJ’n))

J d(xnaT(xnayn))+:Bd(xnaxn—1)
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zo{d(xnaxnﬂ )+ d(xn—laxn )J d(xn,xn+1 )+ ﬂd(xn,xn—l)

d(xn s Xp—1 )+d(xn > Xp+1 )
=a d(Xn, Xn+l) +B d(Xna Xn-l)
from which it follows that

d(xn,xnﬂ)ﬁ(%Jd(xn,xn_l) ............. 2)

d(}’n+1, YH) = d (T(YH, Xn)a T (YH-la Xn-l) )

< d()’naT(J’naxn)) d()’n— aT(J’n— s Xp— )) )+
_a[ d@mymﬂ+d@;T0%J;»le@mTU%’n» By, yn1)

d(ynaynﬂ )+d(J’n—lsyn)J
= Ay ype )+ Bd(Vnsyna1)
O{d(yn’yn—l)'i'd(yn’ynﬂ) (i nend

=a d(yn, yn+l) +B d(yna yn-l)
d<yn,yn+1>s[i}d<yn,yn_l> ............. 5)

-
From (2) and (3),
s+ O ) 12 @15 G o)

Let &, = d(xp, Xn11)+d(Vn, Yni1) and /lzli. Then, we have from (4) that
o

Sn< A1 A2 < oo SA00: e (5)

If o= 0, then (Xo, Yo) is a coupled fixed point of T.

Suppose that &y > 0. Then, for each r € N, we obtain by (5) and the repeated
application of triangle inequality that

d(Xn, Xn+r) + d(yn, ym—r) < [d(Xn, Xn+l) + d(Xn+l, Xn+2) +et d(Xn+r-l, Xn+r)]

+[d(Yn, Yn+1) + d(ym—l, Yn+2) tee Tt d(ym—r-l, ym—r)]

= [d(Xn, Xn+l) + d(YH, ym—l)] + [d(Xn+l, Xn+2) + d(ym—l, Yn+2)]

+teeet [d(Xn+r-l, Xn+r) + d(ym—r-l, ym—r)]

<On+ Ont1 T+ Onir1

n r

< /1(11—/;)50 —0as n— oo ....(6)

Therefore, {x,}, {ya} are Cauchy sequences in (X, d).

Since (X, d) is a complete metric space, there exist x*, y*€X such that
lim x, =x*and lim y,=y*. We now show that (x*, y*) is a coupled fixed point
n—oo n—>co
of T.Let € > 0. Continuity of T at (x*, y*) implies that, for a given €/2> 0, there exists
a 0 >0, such that d(x*, u) + d(y*, v) <6 implies d(T (x*, y*), T (u, v)) <e€/2.

Since {x,} — x and {y,} — vy, for { = min (€/2, 6 /2 ) > 0, there exist ny, my, such
that, for n > ny, m > my, we have d(x,, x*) <, and d(xn, x*) <C.

Therefore, for n € IN, n > max{ny, mp},

d(T (x*, y*), x*) =d (T (x*, y%), Xa+1) + d(Xns1, X¥)

=d(T (x*, y*), T (Xn, ¥n)) + d(Xn+1, X*)< €/2 + {<FE,
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from which it follows that T (x*, y*) = x*. In a similar manner, we can show that T
(y*, x*) =y*.

Hence, (x*, y*) is a coupled fixed point of T.

This complete the proof.

Theorem 3.2: In Theorem3.1, Adding the condition that there exists z € X which is
comparable to x and y, V X, y € X. Then, T has a unique coupled fixed point.
Suppose that there exist (x*, y*), (x[’y[1) € X x X are coupled fixed points of T.

Case(l): If x*, x[] are comparable and y*, y[] are also comparable, and x* # x[)’
y* # y["then by the contractive condition, we have
d (x*, x) =d (T(x*, y*), T (xU, y[)) )

<ad(x*’T(x*,y*))+d(x',T(x'y')) s o 9) e Ay
e 0T i)
d(x*,x*)+d(x', x') b o#)t Bt Ve (o
Ed(x*,x')+d(x*,x*)jd(x’ )+ B (x*,x')= fd (x*,x')

which gives d(x*, x[1)<0, B <1 (a contradiction). Thus, x* = x[I'
d (y*, yt) =d (T(y*, x*), T (yLI, x1)) )

< o[ AU TO*x*)+d W TOMXD)) o n s Y e gl
B [ d(y*,»)+d(y*,T(y*,x*) jd(y A
o [0 e s ) By
_ [d@*,yv)m(y*,y*ﬂd(y )+ Bl y)= dly*.)

which gives d(y*, y[1) <0, (a contradiction).
Hence, y* = y[I" Therefore, (x*, y*) is a unique coupled fixed point of T.

Case Il If x* is not comparable to x[] and y* is not comparable to y[ )’ then by the
contractive condition, there exists w comparable to x* and x> and there exists v
comparable to y*and y[ I’

Monotonicity implies that w, is comparable to x: =T (x::_l , y::_l ) =x*, and w, is
comparable to wi. Also, monotonicity implies that y:: is comparable to v and y:: is
also comparable to w,.

On the other hand, if x: =W, x'n # wy , then by the contractive condition, we get
* * *
d(wl,xn )zd(T(wl, Wy ),T (xn_l,yn_l ))

Case IIl: If (x*, y*) is not comparable to (x[J, y[l), then there exists (w, v)
comparable to (x*, y*) and (x[], y[1)[. Monotonicity implies that
(T (w, v), T" (v, w))
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x* x' 3 T"(x*,y%*) T"(x',")
d( (J’*j ’(J"j j_d {{T"(y*,x*)} ’ {T"(y’,x’)}}
Sd{ {T"(x*,y*)} ’{T"(w,v)} }+d { {T"(w,v)} ’ {T"(x’,y’)}}
T"(y*,x*) T"(v,w) T"(v,w) T"(y',x)
+ d(T"(w,v),Tn(X',y'))+ d(Tn(V,W) > Tn()"ax'))

<o d(x*,T”(x*’y*))+d(W,Tn(W,V))J d(x*,T"(x*,y*))+,Bn d(x*,W)
d

d(x*,W)+d(x*,Tn(x*’y*)
[orinalbrice)

d(y* v)+dly*. 7" (y*, x*))
n d(W’Tn(W,V))+d(x',T"(x"y'))
(d(wax')+)d(w,(yT"(w,v)) |
(bt 6o a6 [ .
+o d(v’y')+d(v’Tn(v’W)) Jd(v,T (v,w))+ﬂ d(v,y")

=B"[d (x*,w)+d (y*v)+d (w,x") +d (v,y') | >0as n —oo
Hence, T has a unique coupled fixed point.

(y*,T"(y*,X*))+ Bld(y*,v)

J d(w,T"(w,v))+,B" d(w,x")
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