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In this paper, first order linear forward difference equation with variable 
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1 Introduction:  
A difference equation of the form ( ) ( ) ( ) ( ) (1)y x P x y x Q xΔ + = L , where 

( ) and ( )P x Q x  are functions of x  and contain step size h  also, is called first order 
linear forward difference equation with variable coefficients. 
 Solution of above equation (1) is given by 

 { }11( ) ( ) ( )
( ) ( )

cy x u x h Q x
u x u x

−= Δ + +  

 where c  is an arbitrary constant and ( )u x  is an integrating factor and is given by 

 
1 1log

1 ( )( ) P xu x e
− ⎧ ⎫Δ ⎨ ⎬−⎩ ⎭= . 

 
Method and Proof:   
From above equation (1) 
 ( ) ( ) ( ) ( )y x P x y x Q xΔ + =  
 Multiplying by ( )u x h+  on both sides, then 
 ( ) ( ) ( ) ( ) ( ) ( ) ( )u x h y x u x h P x y x u x h Q x+ Δ + + = +  
 Take ( ) ( ) ( ) (2)u x h P x u x+ = Δ L , then 
 ( ) ( ) ( ) ( ) ( ) ( )u x h y x y x u x u x h Q x+ Δ + Δ = +  
 We know that 
 { ( ) ( )} ( ) ( ) ( ) ( )x x x h x x xφ ψ φ ψ ψ φΔ = + Δ + Δ  
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or 
 ( ) ( ) ( ) ( )x x x h xφ ψ ψ φΔ + + Δ  
 Then,  { ( ) ( )} ( ) ( )u x y x u x h Q xΔ = +  
 1( ) ( ) { ( ) ( )}u x y x u x h Q x c−= Δ + + , where c  is an arbitrary constant 

 11( ) { ( ) ( )}
( ) ( )

cy x u x h Q x
u x u x

−= Δ + +  

 From (2) ( ) ( ) ( )u x h P x u x+ = Δ  
 ( ) ( ) ( ) ( )u x h P x u x h u x+ = + −  
 ( ) {1 ( )} ( )u x P x u x h= − +  
 log ( ) log{1 ( )} log ( )u x P x u x h= − + +  
 log ( ) log ( ) log{1 ( )}u x h u x P x+ − = − −  

 1log ( ) log
1 ( )

u x
P x

⎧ ⎫
Δ = ⎨ ⎬−⎩ ⎭

 

 1 1log ( ) log
1 ( )

u x
P x

− ⎧ ⎫
= Δ ⎨ ⎬−⎩ ⎭

 

 
1 1log

1 ( )( ) P xu x e
− ⎧ ⎫Δ ⎨ ⎬−⎩ ⎭=  

 Thus,  11( ) { ( ) ( )}
( ) ( )

cy x u x h Q x
u x u x

−= Δ + + , where c  is an arbitrary constant and 

( )u x  is an integrating factor and is given by 

 
1 1log

1 ( )( ) P xu x e
− ⎧ ⎫Δ ⎨ ⎬−⎩ ⎭= . 

 
Example 1. Show that 1 1 1 1{ ( ) ( )} ( ) ( ) { ( ) ( )}f x g x f x h g x f x h g x− − − −Δ = − Δ − Δ Δ − Δ , 
where h  is step size. 
 Solution. We know that 
 { ( ) ( )} ( ) ( ) ( ) ( )x x x x x h xφ ψ φ ψ ψ φΔ = Δ + + Δ  
 ( ) ( ) { ( ) ( )} ( ) ( )x h x x x x xψ φ φ ψ φ ψ+ Δ = Δ − Δ  
 1 1 1{ ( ) ( )} { ( ) ( )} { ( ) ( )}x h x x x x xψ φ φ ψ φ ψ− − −Δ + Δ = Δ Δ − Δ Δ     
 1 1{ ( ) ( )} ( ) ( ) { ( ) ( )}x h x x x x xψ φ φ ψ φ ψ− −Δ + Δ = − Δ Δ  
 Take ( ) ( )x h f xψ + =  and ( ) ( )x g xφΔ = , then 
 1 1 1 1{ ( ) ( )} ( ) ( ) { ( ) ( )}f x g x f x h g x f x h g x− − − −Δ = − Δ − Δ Δ − Δ . 
 

Example 2. Solve ( 3)( ) ( )hy x y x x
x h

−Δ + =
+

, where h  is step size. 

 Solution. ( 3)( ) ( )hy x y x x
x h

−Δ + =
+

 

 Equate with ( ) ( ) ( ) ( )y x P x y x Q xΔ + =  
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 Here ( ) hP x
x h

=
+

 and ( 3)( )Q x x −=  

 
1 1log

1 ( )( ) P xu x e
− ⎧ ⎫Δ ⎨ ⎬−⎩ ⎭=  

          =

1 1log
1 h

x he

−

⎧ ⎫
⎪ ⎪⎪ ⎪Δ ⎨ ⎬
⎪ ⎪−
⎪ ⎪+⎩ ⎭  

          =
1 log x h

xe
− +⎧ ⎫Δ ⎨ ⎬

⎩ ⎭  
          = { }1 log( ) logx h xe

−Δ + −  
          =

1 log xe
−Δ Δ  

          = log xe  
          = x  
 Solution is given by 

 { }11( ) ( ) ( )
( ) ( )

cy x u x h Q x
u x u x

−= Δ + + , where c  is an arbitrary constant 

         = { }1 ( 3)1 ( ) cx h x
x x

− −Δ + +  

         = 11 1( )
( )( 2 )( 3 )

cx h
x x h x h x h x

− ⎧ ⎫
Δ + +⎨ ⎬+ + +⎩ ⎭

 

         = 11 1
( 2 )( 3 )

c
x x h x h x

− ⎧ ⎫
Δ +⎨ ⎬+ +⎩ ⎭

 

         = 1 ( 2)1 ( ) cx h
x x

− −Δ + +  

        =
( 1)1 ( )x h c

x h x

−⎧ ⎫+ +⎨ ⎬−⎩ ⎭
 

        = 1
( 2 )

c
hx x h x

− +
+

 

        = 1
( 2 )

c
x hx x h

−
+

. 

 

Example 3. Solve (2)

1( ) 1 ( )
( )

h x hy x a y x
x h x h

− −⎛ ⎞Δ + − =⎜ ⎟+ +⎝ ⎠
, where h  is step size. 

 Solution. (2)

1( ) 1 ( )
( )

h x hy x a y x
x h x h

− −⎛ ⎞Δ + − =⎜ ⎟+ +⎝ ⎠
 

 Equate with ( ) ( ) ( ) ( )y x P x y x Q xΔ + =  

 Here ( ) 1 h x hP x a
x h

− −⎛ ⎞= −⎜ ⎟+⎝ ⎠
 and (2)

1( )
( )

Q x
x h

=
+

 

 
1 1log

1 ( )( ) P xu x e
− ⎧ ⎫

Δ ⎨ ⎬−⎩ ⎭=  
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         =

1 1log
1 1 h x ha

x he

−

−

⎧ ⎫
⎪ ⎪⎪ ⎪Δ ⎨ ⎬−⎛ ⎞⎪ ⎪− −⎜ ⎟⎪ ⎪+⎝ ⎠⎩ ⎭  

         =

1 1log
1 1 h x ha

x he

−

−

⎧ ⎫
⎪ ⎪⎪ ⎪Δ ⎨ ⎬−⎪ ⎪− +
⎪ ⎪+⎩ ⎭  

         =
1 ( )log

( )

ha x h
x he

− ⎧ ⎫+⎪ ⎪Δ ⎨ ⎬−⎪ ⎪⎩ ⎭  

         = { }1 log ( ) log( )ha x h x he
−Δ + − −  

         = { }1 log log( ) log( )h a x h x he
−Δ + + − −  

         = { }1 log log( ) log log log( )h a x h x x x he
−Δ + + − + − −  

         = { }1 log log log( )h a x x he
−Δ +Δ +Δ −  

         = { }1 log log ( )h a x x he
−Δ +Δ −  

         =
1 1 ( 2){ log } logh a xe

− −Δ +Δ Δ  
         =

(2)log logx a xe +  
         =

( 2)log logxa xe +  
         =

( 2)log xa xe  
         = (2)xa x  
 Solution is given by 

 { }11( ) ( ) ( )
( ) ( )

cy x u x h Q x
u x u x

−= Δ + + , where c  is an arbitrary constant 

         = 1 (2)
(2) (2) (2)

1 1( )
( )

x h
x x

ca x h
a x x h a x

− +⎧ ⎫
Δ + +⎨ ⎬+⎩ ⎭

 

         = { }1
(2) (2)

1 x h
x x

ca
a x a x

− +Δ +  

         = (2) (2)

1
( 1)

x h

x h x

a c
a x a a x

+

+
−

 

         = (2) (2)

1
( 1)

h

h x

a c
x a a x

+
−

. 
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