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Abstract

In this paper, an elementary method to find the values of the Riemann Zeta
function at even natural numbers, and to find values of a closely related series
at odd natural numbers is presented. Another method, specifically for the
evaluation of ¢'(2),is also presented.
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Introduction
The zeta function is probably the most challenging and mysterious object of modern
mathematics, in spite of its utter ssimplicity.” ~ M.C Gutzwiller.

The Riemann Zeta function is one of the most important functions in Mathematics
- it is deeply related to the prime number theorem and has wide-ranging applications
in physics, probability theory, analytic number theory and other fields of mathematics.
The Riemann Hypothesis, one of the Millennium Prize problems, is closely related to
the Riemann Zeta function.

In this paper,the only considered cases are where the argument is purely real.
2

Firstly, we suggest an aternate method to evaluate {'(2) i.e % by setting up a

definite integral and evaluating it using methods of calculus. Secondly, we suggest an
elementary method by means of which we generalize the procedure to find the sum(s)
of the following infinite series:

When ¢ isan even natural number,

£9=3
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and,
When s isan odd natural number, let

_v (°
O(s) =
() nZ:;(Zn+1)s
An Alternate Method to Calculate £ (2)

In this section, we use the tools of integral calculus to set up a definite integral for
¢ (2) , and evauate it.

= 1
{@= z—z
n=1 n
Introduce a parameter X and consider the following function f (x):

Xﬂ
f(x)= Z
n=1 n?
Differentiate both sides of this equation with respect to X:

I an—l

f()-—z—

n 1 n
Also, consider the Taylor Series expansion of In(1+ x) :

In(1+x) =3 EUX

n
If wereplace X with —X in this expansion, we have,

In(1-x) = —i"? (1)
Thus, )
£/(x) = -

d(f (X)) _ In(1-x)
dx X

In(1-x
d(f () = -
Integrate both sides of this equation with respect to x from x=0 to x=1:
fO-fO=-[ (=% 4,
X

In(1-x)

dx

Now introduce a parameter * ¢’ and set
_ 2
() = '[ Hn(l-ox+X7) o
0 X
Thus,

1(2) = j 1Md
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@)= J-In(l X 4

1@=2[ '”(1 IN(A=X) 4 @)
And,

1(-2) = j
|(_2):J' de

1(-2) = 2j1'”(1+x)dx 3)

Now, set
_ rtln(1-x)
3= [Ny

1In(1+2x+x )dx

Thus,
1(2)=2J (4)
Let x=ea?. Thus,

J :J.:_ln(lo;a )d(az)
J= Zﬂ—m(l; Xz)dx

[ Changing the variable of integration does not alter the value of a definite integral]
J= 2Illn(l— X)dx+2j1|n(1+ x)dX
0 X

In(1+ x)d

J=2J+ 2j
1in(1+x) , _
2jonx_—J

From (3),
1(-2)=-J 5
Now,
_ 2
(o) = [1AZX)
0 X
Since | (x, a)andaa—l are continous in the interval xe (0,1) and are bounded, we
o

can differentiate under the integral sign. Differentiating under the integral sign with
respect to « we have:

1"(@) = j —X

X (1- ax+x)



254 Dhrushil Badani

;dx
0 (1—ax+ x?)
1

I'() =—j0 —dlx
(=)@

On evauating the integral, we have:

(ex) = \/& (arctan(—a) —arctan, /;;—Zj
di (@) = ( «/4272 (arctan(—a) —arctan, /;:—Z]]da
-

Integrate both sides of the equation with respect to «, from ¢ =-2 to = 2.

|(a)_—j

Since

2 - arctan(—«) isan odd function, itsintegral over thisinterval will be
4—o

arctan 2_—ada

From (4) and (5),
1(2)-1(-2)=3J
Thus,

arctan 2 ada

3J :—2j

ﬂ

2—-«
u=arctan,——
2+ o

Let

Thus,
-1

du=——do
N

When o — -2, ue% andwhen @ — 2, u—0.

3J= 4_[Eoudu
2

2

=-"
2
1=-%
6

But, J =—f(1). Thus,
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2

T
f(1)="—
(1) 5
Since,
oo Xn
f=2—~
n=1 N
it follows that
=1
fM=Y5=¢2
n=1 N
Thus,
2
=—

An Elementary Method To Caculate Values Of ((s) And Other Related
Functions

In this section, an elementary method is used to calculate the aforementioned
values. An appropriate function is chosen and the following values are obtained for
se N:

When s isan even natural number,
=1

{(s) = Z—S
n=1 N

and,
When s isan odd natural number, let

_<v (D°
()= nzzl‘ 2n+1)°

Now, consider ¢ (s) for se N, s>2,
=1

{(s)= z—s
n=1 n

Since, n can be either odd or even,

- - 1
¢(e)= Z Z (2n+1)S

m@2n)° =

I |
g“(s)—z—Z;n— e 2n+1)

£(s)=2°¢(s)+ i
Thus,

_ 2 s 1
(= ooy ©)

The Fourler Series of aperiodic function f (x), integrable on [-z, 7] isgiven:

F(x) = %Jr ian CoS(nX) + ibn sin(nx)

oo

5 (2n +1)
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where,
for n>0
1 cr
a, = —I f (x) cos(nx)dx
T
and, for n>1
b, = ij” f (x)sin(nx)dx
T

Consider the following definition of f (x) whichisperiodicin 27 :

| X]| —T<X<rm
f(x)=
f (x+2kr) X> T, X<-—71

where ke N.
Thus,

_1
ao—;Lr|x|dx

a, = i( I:xdx + J‘Oﬂ - xdx)

Q=7
And,

=£r | x| cos(nx)dx
T

a = 1oncos(nx)dx+ I_” - xcos(nx)dx)
T \7 0

o2
N’z

Since ne N,
sin(nz) =0
cos(nz) = (-1)".
Thus,
= n
Also,

bnzij” | X |sin(nx)dx
7[ -T

[nzsin(nz) + cos(nz) —1]

2 -1 -1
T

Since | x|sin(nx) isan odd function, itsintegral over [-z,z] = 0. Thus,
b,=0
Therefore, the Fourier Series expansion for f (x) defined aboveis:

| x|= % + ian cos(nx) + ibn sin(nx)
n=1 n=1

T N 2 [
X5+ [(<1)" ~1]cos(nx)
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When n iseven,

2 1 o
- [y"-1]=0

When n isodd,

2 S R
E[(_l) —1]——2
Thus, Vxe [-7, 7],

T 4 coqd(2n+1)X]

Xp=——) —————
] 2 75; (2n+1)?

In what follows, we shall consider x>0 only.
Vx>0, x| x

Thus, Vxe [0, 7],

7 A cod(2n+1)x]

2 ;nzz(; (2n+1)?

Rearranging the terms of the equation, we have,

X=

i cod(@n+1)x] _7° 7x @)
~  (2n+1)? 8 4
Integrate both sides of this equation, with respect to X, from x=0to x=a.
al 2

j Z:cos[(2n+1)x] =j LA dx

= (2n+1)? N8 4
= J'O coq(2n+1)x]dx _ 7r2a_ 73>
~ (2n+1)? 8 8
isin[(2n+1)a] _ra m’ @®
~  (2n+1)° 8 8
Integrate both sides of this equation, with respect to a, from a= X to a=%.
J- Zsm[(2n+1)a] _J- za a 7za da

~ (2n+1)° '8
- [2sin[en+Dalda 74 22 p

X - _ +_
prd (2n+1)° % 16 24
) 4 2,2 3
Zcos[(2n+1)x] X )

~  (2n+1)* % 16 24
Integrate both sides of this equation, with respect to X, from x=0to x=a.

a 4 2,2 3
J- Zcos[(2n+1)x] ZJ- 7" X +ﬁ dx
=  (2n+1)* ol 16 24
- J'O cog (2n+1)x]dx _ *a B 283 N =
= (@n+D)° 9% 48 9%
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© o 4 2,3 4
Zsm[(2n+15)a] _ra_ ra m (10)
= (2n+1) 9% 48 96
Integrate both sides of this equation, with respect to a, from a=X to a= % .
4
J- Z:sm[(2n+1)a] J- V4 a r’a’ 7za da
= (2n+1)° 96
o Esm[(Zn +1)a]da _ 8 e . PN
= (2n+1)° 960 480 192 192
5 4.,2
z cos{(2n+1)x] X e 2! _ X (11)
~  (2n+1)° 960 480 192 192
Integrate both sides of this equatl on, with r%pect to X, from x=0to x=a.
J- Zcos[(2n+1)x] ,[ x° L7 xt mtx &
~  (2n+1)° 960 480 192 192
- J'Oacos[(2n+1)x]dx r'a m* ﬂ.zas '
=0 (2n+1)° 960 2880 960 576
isin[(2n+1)a] _r’a m’ LT ‘a®  r'a’ (12)
= (2n+1)’ 960 2880 960 576

In the calculations performed above, the integral and summation sign have been
interchanged which can be justfied by using a corollary of the monotone and
dominated convergence theorem. The dominated convergence theorem implies that
we may integrate the sequence of partial sums term-by-term, which is tantamount to
saying that we may switch integration and summeation.

In equation (7), put x=0.

s 1.7

(2n+1)> 8

n=0

From (6),
4 n*
‘@386

In equation (9), put x=0.

4

oL
~@2n+1)* 96

From (6),
16 »* _ r*
AH="—— " ="
@ 15 96 90

In equation (11), put x=0.

6

i 1 _r
~(2n+1)° 960




On Elementary Methods to Evaluate Values of the Riemann Zeta Function 259

From (6),
64 7° 7x°
6)=—. =
¢ (6 63 960 945

In equation (8),(10) and (12), put x = % Since,

S n{(Zn +1) %} =(-1)",

We have,

e () 2
cI)(‘rs)_;(zmlf 32
And,

T D
*0O)= ZO (2n+1)° 1536
And,

q’(7):i (-1)" _ 6lr

~ (2n+1)’ 184320
Thus, the values of {(2) , {(4) and {'(6) adong with ®(s) for s=35,7 have
been derived.

Conclusion

Thus, elementary methods have been used to arrive at vaues of the Riemann Zeta
function at even natural numbers and a closely related infinite sum for odd natural
numbers. The first method involved the technique of ‘Differentiation Under The
Integral Sign” while the second used a Fourier Series expansion to arrive at the needed
values. The second method can be used to attain the needed values for other integers
as well by continuing the same process, in the same pattern i.e. by integrating over an
interval and substituting the required values. The second method is efficient in a way
that you get the sum of two series using one procedure, and can be continued
endlessly to attain values that one needs. It may even be programmed to obtain results
for large integers.
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