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Abstract 
 

In this paper, the authors established the Ulam - Hyers, Ulam - TRassias and 
Ulam - JRassias stabilities of the additive functional equation  

 )()(=)()( zgyxgzygxg   
in Generalized 2- normed spaces using direct and Fixed point method.  

 
 
1 INTRODUCTION 
The stability problem of functional equations originated from a question of S.M. 
Ulam [21] concerning the stability of group homomorphisms. D.H. Hyers [9] gave a 
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ 
theorem was generalized by T. Aoki [2] for additive mappings and by Th.M. Rassias 
[20] for linear mappings by considering an unbounded Cauchy difference.  
 The paper of Th.M. Rassias [20] has provided a lot of influence in the 
development of what we call Ulam - TRassias stability of functional equations. A 
generalization of the Th.M. Rassias theorem was obtained by P. Gavruta [8] by 
replacing the unbounded Cauchy difference by a general control function in the spirit 
of Rassias’ approach.  
 In 1982, J.M. Rassias [16] followed the innovative approach of the Th.M. Rassias 
theorem [20] in which he replaced the factor pp yx ||||||||   by qp yx ||||||||  for 

Rqp ,  with 1.=qp    



132  M. Arunkumar and N. Maheshkumar 
 

 

 In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference 
was obtained by Ravi etal., [19] by considering the summation of both the sum and 
the product of two p  norms in the sprit of Rassias approach. This stability is now 
called Ulam -JRassias stability of functional equations. The stability problems of 
several functional equations have been extensively investigated by a number of 
authors and there are many interesting results concerning this problem (see [1, 3, 7, 
10, 11, 12]).  
 The solution and stability of the following additive functional equations  
 ),()(=)( ygxgyxg   (1.1) 
 ),(3)(3=)2()(2 ygxgyxgyxg   (1.2) 
 ),(3)(3)(3=)2(2)2( zgygxgzyxgzyxg   (1.3) 
 ),()(=)(2 zxgyxgzyxg   (1.4) 
 
were discussed in [1, 13, 18, 3]. Also M. Arunkumar et. al., [5] investigated the 
generalized Ulam-Hyers stability of a functional equation  

 
     

2
= zyfzyfyf   

 
which is originating from arithmetic mean of consecutive terms of an arithmetic 
progression using direct and fixed point methods.  
 Recently, M.Arunkumar, P.Agilan [6] established the solution and stability of the 
following additive functional equation and inequality  
 )(=)()()( zfyxfzyfxf   (1.5) 
 
and  
 .||)(||||)()()(|| zfyxfzyfxf   (1.6) 
 
in Banach space in the sense of Ulam, Hyers, Rassias.  
 In this paper, the authors established the solution and generalized Ulam-Hyers 
stability of the additive functional equation  
 )()(=)()( zgyxgzygxg   (1.7) 
 
in Generalized 2- normed spaces.  
 In Section 2, we present some basic definitions and notations in generalized 2- 
normed spaces. In Section 3, the generalized Ulam-Hyers stability of the functional 
equation (1.7) is investigated using direct method. The generalized Ulam-Hyers 
stability of the functional equation (1.7) using fixed point approach is established in 
Section 4.  
 
 
2 PRELIMINARIES 
In this section, the authors present some basic definitions and notations related to 
Generalized 2-normed spaces.  
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Definition 2.1 [4] Let X  be linear space. A function )[0,:(.,.)  XXN  is called 
a generalized 2-normed space if it satisfies the following  
(G1) 0=),( yxN  if and only if x  and y  are linearly independent vectors.  
(G2) ),(=),( xyNyxN  for all Xyx , ,  
(G3) ),(|=|),( yxNyxN   for all Xyx ,  and ,=X  is a real or complex field,  
(G4) ),(),(),( zyNzxNzyxN   for all Xzyx ,, .  
 
 The generalized 2-normed space is denoted by (.,.)),( NX .  
 
Definition 2.2 [4] A sequence }{ nx  in a generalized 2-normed space (.,.)),( NX  is 
called convergent if there exist Xx  such that 0=),(lim yxxN n

n



 then 

),(=),(lim yxNyxN n
n 

 for all .Xy   

 
Definition 2.3 [4] A sequence }{ nx  in a generalized 2-normed space (.,.)),( NX  is 
called Cauchy sequence is there exist two lineary independent elements y  and z  in 
X  such that )},({ yxN n  and )},({ zxN n  are real Cauchy sequences.  
 
Definition 2.4 [4] A generalized 2-normed space (.,.)),( NX  is called generalized 2-
Banach space is every Cauchy sequence is convergent.  
 
 
3 STABILITY RESULT IN GENERALIZED 2 - NORMED SPACE: 
DIRECT METHOD 
In this section, the authors investigate the generalized Ulam - Hyers stability of the 
functional equation (1.7) in Generalized 2- normed space using direct method.  
 Now let us consider X  be a generalized 2-normed space and Y  be generalized 2-
Banach space, respectively.  
 
Theorem 3.1 Let 1= j . Let YXg :  be a mapping for which there exist a 
function )[0,:, 3 X  with the condition  

   0=),(2),,(2),,(2
2
1

lim szsysx njnjnj
nj

n



 (3.1) 

 
such that the functional inequality  
   )),(),,(),,((),()()()( szsysxszgyxgzygxgN   (3.2) 
 
for all Xzyx ,,  and all Xs . Then there exists a unique additive mapping 

YXA :  satisfying the functional equation (3.7) and  
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   kj

kj

jk

sxsxAxgN
2

),(2 
2
1),()(

2
1=





  (3.3) 

 
where  
 ))(0,),,(2),,((2=),(2 ssxsxsx kjkjkj   (3.4) 
 
for all Xx  and all Xs . The mapping )(xA  is defined by  

  sxANsxgN nj

nj

n
),(=,

2
)(2

lim 









 (3.5) 

 
for all Xx  and all Xs .  
  
Proof. Assume 1=j . Replacing ),,( zyx  by ,0),( xx  in (3.2), we get  

  )(0,),,(),,(
2
1,

2
)(2)( ssxsxsxgxgN 






   (3.6) 

 
for all Xx  and all Xs . It follows from (3.6) that  

 
2

)),((,
2

)(2)( sxsxgxgN 







   (3.7) 

 
where  
  )(0,),,(),,(=)),(( ssxsxsx   
 
for all Xx  and all Xs . Now replacing x  by x2  and dividing by 2  in (3.7), we 
obtain  

 22

2

2
),(2,

2
)(2

2
)(2 sxsxgxgN 









  (3.8) 

 
for all Xx  and all Xs . Using 4)(G , it from (3.7) and (3.8), we have  

 














 








 sxgxgNsxgxgNsxgxgN ,

2
)(2

2
)(2,

2
)(2)(,

2
)(2)( 2

2

2

2

 

1 (2 , )( , )
2 2

x sx s 
   
 

 (3.9) 

 
for all Xx  and all Xs . Proceeding further and using induction on a positive 
integer n  , we get  

 k

kn

k
n

n sxsxgxgN
2

),(2
2
1,

2
)(2)(

1

0=












  (3.10) 
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=0

1 (2 , )
2 2

k

k
k

x s

   

 
for all Xx and all Xs  . In order to prove the convergence of the sequence  

 ,
2

)(2









n

n xg  

 
replace x  by xm2  and dividing by m2  in (3.10), for any 0>, nm  , we deduce  

 






 









 



sxgxgNsxgxgN n

mn
m

mmn

mn

m

m

,
2

)2(2)(2
2
1=,

2
)(2

2
)(2

)(  

 

1

=0

1 (2 , )
2 2

k mn

k m
k

x s 


   

 =0

1 (2 , )
2 2

k m

k m
k

x s 


   

  mas0  
 
for all Xx  and all Xs . Also  

 






 









 



11)( ,
2

)2(2)(2
2
1=,

2
)(2

2
)(2 sxgxgNsxgxgN n

mn
m

mmn

mn

m

m

 

1
1

=0

(2 , )1
2 2

k mn

k m
k

x s 


   

1

=0

(2 , )1
2 2

k m

k m
k

x s 


   

0 as m    
 
for all Xx  and all Xs 1 .  
 Hence there exists two linearly independent elements s  and 1s  in X  such that  

 















sxgN n

n

,
2

)(2  and 
















1,

2
)(2 sxgN n

n

  

 

are real Cauchy sequences. Hence the sequence 








n

n xg
2

)(2  is Cauchy sequence. Since 

Y  is complete, there exists a mapping YXA :  such that  

   XsXxsxANsxgN n

n

n











,),(=,
2

)(2
lim  

 
 Letting n  in (3.10) we see that (3.3) holds for all Xx . To prove that A  
satisfies (1.7), replacing ),,( zyx  by ),2,2(2 zyx nnn  and dividing by n2  in (3.2), we 
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obtain  

 
)),(2))((2))((2)(2(

2
1 szgyxgzygxgN nnnn

n 
 

 )),(2),,(2),,((2
2
1 szsysx nnn

n   

 
for all Xzyx ,,  and all Xs . Letting n  in the above inequality using (3.7) 
and the definition of )(xA  and 1)(M , we see that  

 ).()(=)()( zAyxAzyAxA   
 
 Hence A  satisfies (1.7) for all Xzyx ,,  and all Xs . To prove that )(xA  is 
unique, let )(xB  be another additive mapping satisfying (1.7) and (3.3), then  

 
   sxBxANsxBxAN nn

n ),(2)(2
2
1=),()( 

     1 (2 ) (2 ), (2 ) (2 ),
2

n n n n
n N A x g x s N g x B x s     

( )
=0

(2 , )
2

k n

k n
k

x s 


  

0 as n   
 
for all Xx  and all Xs . Hence A  is unique.  
 For 1= j , we can prove a similar stability result. This completes the proof of the 
theorem.  
 The following Corollary is an immediate consequence of Theorem 3.1 concerning 
the Ulam-Hyers [9], Ulam-TRassias [20] and Ulam-JRassias [19] stabilities of (1.7).  
 
Corollary 3.2 Let YXg :  be a function and there exits real numbers   and t  
such that  
  szgyxgzygxgN ),()()()(   

  
  3 3 3

,
|| , || || , || || , || , <1      >1;

1 1|| , || || , || || , || || , || || , || || , || , <       > ;
3 3

t t t

t t t t t t

x s y s z s t or t

x s y s z s x s y s z s t or t










  

   


 (3.11) 

 
for all Xzyx ,,  and all Xs . Then there exists a unique additive function 

YXA :  such that  



Ulam - Hyers, Ulam - Trassias, Ulam - Jrassias Stabilities 137 
 

 

  




















,
|22|
||,||2

,
|22|
||,||2

,

),()(

3

3

t

t

t

t

sx

sxsxAxgN






 (3.12) 

 
for all Xx     and all Xs .  
 
 
4 STABILITY RESULT IN GENERALIZED 2 - NORMED SPACE: 
FIXED POINT METHOD 
In this section, the authors has proved the generalized Ulam - Hyers stability of 
Additive functional equation (1.7) in Generalized 2-normed spaces with the help of 
fixed point method.  
 Now we will recall the fundamental results in fixed point theory.  
 
Theorem 4.1 [14](The alternative of fixed point) Suppose that for a complete 
generalized metric space ),( dX  and a strictly contractive mapping XXT :  with 
Lipschitz constant L . Then, for each given element ,Xx  either 

 0,  =),()( 1
1  nxTxTdB nn  

 
or  

 )( 2B  there exists a natural number 0n  such that: 
 

)(i   <),( 1xTxTd nn  for all 0nn   ; 
)(ii The sequence )( xT n  is convergent to a fixed point y  of T  

)(iii  y  is the unique fixed point of T  in the set };<),(:{= 0  yxTdXyY n  

)(iv  ),(  
1

1),( Tyyd
L

yyd


  for all .Yy   

 
 Hereafter through out this section, let us assume V  be a vector space and B  
Banach space respectively.  
 
Theorem 4.2 Let BVg :  be a mapping for which there exist a function 

)[0,:,, 3 V  with the condition  

   0=),(),,(),,(1
lim szsysx k

i
k
i

k
ik

ik



 (4.1) 

 
where  
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1=,
2
1

,0=2,
= i

i
i  

 
satisfying the functional inequality  
   )),(),,(),,((),()()()( szsysxszgyxgzygxgN   (4.2) 
 
for all Vzyx ,,  and all Vs . If there exists 1<)(= iLL  such that the function  

 ,,
2

=),( 





 sxsxx   

 
has the property  

 







sxLsx

i
i ,  =),(


  (4.3) 

 
for all Vx  and all Vs . Then there exists unique additive function BVA :  
satisfying the functional equation (1.7) and  

   ),(
1

),()(
1

sx
L

LsxAxgN
i







 (4.4) 

 
holds for all Vx  and all Vs .  
Proof. Consider the set 0}=(0) ,:/{= pBVppX   and introduce the generalized 
metric on X ,  
   }.),,(),()(:)(0,{inf=),( VxsxKsxqxpNKqpd    
 
 It is easy to see that ),( dX  is complete.  
 Define XXT :  by  

 .     ),(1=)( VxxpxTp i
i




 

 
 Now Xqp , ,  

   .),,(),()(),( VxsxKsxqxpNKqpd    

 ,),,(1),(1)(1 VxsxKsxqxpN i
i

i
i

i
i









 








 

 ,),,(),(1)(1 VxsxLKsxqxpN i
i

i
i









 





 

   ,),,(),()( VxsxLKsxTqxTpN    
 .),( LKTqTpd   
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 This implies  
 ),,(),( qpLdTqTpd   
 
for all Xqp ,  . i.e., T  is a strictly contractive mapping on X  with Lipschitz 
constant L .  
 From (3.7), we have  

 
2

)),((,
2

)(2)( sxsxgxgN 







   (4.5) 

 
where  
  )(0,),,(),,(=)),(( ssxsxsx   
 
for all Vx  and all Vs . Using (4.3) for the case 0=i , it reduces to  

 ),(
2
1),(2

2
1)( sxsxgxgN 






   

 
for all Vx  and all Vs .  

 .<===
2
1),(.,. 101   iLLLTggdei  

 

 Again replacing 
2

= xx  in (4.5), we get  

 .,
2

),(
2

2 





















 sxsxgxgN   

 
for all Vx  and all Vs . Using (4.3) for the case 1=i , it reduces to  

 ),(),(
2

2 sxsxgxgN 













  

 
for all Vx  and all Vs .  
 .<===1),(.,. 1110   iLLLgTgdei  
 
 In above cases, we arrive  
 iLTggd  1),(  
 
 Therefore ))(( 2 iB  holds.  
 By ))(( 2 iiB , it follows that there exists a fixed point A  of T  in X  such that  

 
  .      ,  ,)(

lim=),( VsandallVxsxgNsxAN k
i

k
i

k









 

  (4.6) 

 In order to prove BVA :  is Additive. Replacing ),,( zyx  by  zyx k
i

k
i

k
i  ,,  in 
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(4.2) and dividing by ,k
i  it follows from (4.1) and (4.6), A  satisfies (4.7) for all 

Vzyx ,,  and all Vs . i.e., A  satisfies the functional equation (4.7).  
 By ))(( 2 iiiB , A  is the unique fixed point of T  in the set 

},<),(:{=  ATgdXgY  using the fixed point alternative result A  is the unique 
function such that  
   ),(),()( sxKsxAxgN   
 
for all Vx  and all Vs  and 0.>K  Finally by ))(( 2 ivB , we obtain  

 ),(
1

1),( Tggd
L

Agd


  

 
this implies  

 .
1

),(
1

L
LAgd

i






 

 
 Hence we conclude that  

   ).,(
1

),()(
1

sx
L

LsxAxgN
i







 

 
for all Vx  and all Vs . This completes the proof of the theorem.  
 
 From Theorem 4.2, we obtain the following corollary concerning the Ulam-Hyers 
[9], Ulam-TRassias [20] and Ulam-JRassias [19] stabilities of (1.7).  
 
Corollary 4.3 Let BVg :  be a mapping and there exits real numbers   and s  
such that  
  szgyxgzygxgN ),()()()( 

 
  














;
3
1>      

3
1<,||,||||,||||,||||,||||,||||,||)(

1;>      1<,||,||||,||||,||)(
,)(

333 tortszsysxszsysxiii

tortszsysxii
i

tttttt

ttt






 (4.7) 

 
for all Vzyx ,,  and all Vs , then there exists a additive function BVA :  such 
that  
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|22|
||,||2)(
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|22|
||,||2)(

,)(

),()(

3

3

t

t

t

t

sxiii

sxii

i

sxAxgN






 (4.8) 

 
for all Vx  and all Vs .  
 
Proof. Setting  

  
 











)||,||||,||||,(||||,||||,||||,||
,||,||||,||||,||

,
=),,(

333 tttttt

ttt

szsysxszsysx
szsysxzyx





  

 
for all Vzyx ,,  and all Vs . Now  
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,   0
,   0

=
kas
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i.e., (4.1) is holds. But we have  
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 Hence the inequality (4.3) holds either, 12= L  for 0=t  if 0=i  and 2=L  for 
0=t  if 1=i . Now from (4.4), we prove the following cases for condition )(i . 

 
Case:1 12= L  for 0=t  if 0=i   

 
    .=

(2)1
2=),(

1
),()( 1

0111

 




 sx

L
LsxAxgN

i

 

 
Case:2 2=L  for 0=t  if 1=i   

 
    .=

21
2=)(

1
),()(

111

 





x
L

LsxAxgN
i

 

 

 Also, (4.3) holds either, 12= tL  for 1<t  if 0=i  and 12
1= tL  for 1>t  if 1=i . 

Now from (4.4), we prove the following cases for condition )(ii . 
 
Case:1 12= tL  for 1<t  if 0=i   

 
    .

22
||,||2=||,||

2
2

22
2=||,||

2
2

21
2=),(

1
),()( 1

0111

t

t
t

tt

t
t

tt

ti sxsxsxsx
L

LsxAxgN


 

 
  

 

Case:2 12
1= tL  for 1>t  if 1=i   

 

  .
22

||,||2=||,||
2
2

22
2=||,||

2
2

2
11

2
1

=),(
1

),()(
1

11

11




















t

t
t

tt

t
t

t

t

ti sxsxsxsx
L

LsxAxgN 
  

 

 Finally, (4.3) holds either, 132= tL  for 1<3t  if 0=i  and 132
1= tL  for 1>3t  if 

1=i . Now from (4.4), we prove the following cases for condition )(iii . 
 
Case:1 132= tL  for 1<3t  if 0=i   

 
    .

22
||,||2=||,||

2
2

22
2=||,||

2
2

21
2=),(

1
),()( 3

3
3

33

3
3
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01131

t

t
t

tt

t
t

tt

ti sxsxsxsx
L

LsxAxgN


 

 
  

 

Case:2 132
1= tL  for 1>3t  if 1=i   
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 Hence the proof of the corollary is complete.  
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