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Abstract
The vertex cover Polynomial of a graph G of order n has been already
v (Gl .
introduced in [3]. It is defined as the polynomial, C (G, i) = Y ¢ (G, i)x!
i=p(G)

where ¢ (G, 1) is the number of vertex covering sets of G of size i and B(G) is
the covering number of G. We obtain some properties of C(G, X) and its
coefficients for some standard graphs. Also, we compute the vertex cover
polynomials for K —{v}, the product graph K., x K,,, the net graph, the

Peterson graph, the cubic graph and K, o K;.

Keywords: Vetex covering set, vertex covering number, vertex cover
polynomial.

Introduction
Let G=(V, E) be a simple graph. For any vertex v € V, the open neighborhood of
vis the set N(v) = {ueV/uv €E} and the closed neighborhood of v isthe set N[v] =

N(v) x{v}. For a set S ¢V, the open neighborhood of S is N(S) = [ ] N(v) and the

ve S

closed neighborhood of S is N[S] =N (S) US. A set S ¢V is a vertex covering of G
if every edge uv E is adjacent to at least one vertex in S. The vertex covering number
B(G) is the minimum cardinality of the vertex covering sets in G. A vertex covering
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set with cardinality B(G) is called a - set. Let C (G, 1) be the family of vertex

covering sets of G with cardinality i and let ¢(G , i) = |C(G, i) The polynomial,
v(G) .

C(G, x) = lz | ¢ (G, i) x!is defined as the vertex cover polynomial of G. In [3],
i=p(G)

many properties of the vertex cover polynomials have been studied and derived the

vertex cover polynomials for some standard graphs. In this paper, we find the

expression for vertex cover polynomial of disjoint union of graphs. Also, we find

vertex cover polynomials for some standard graphs such as the Peterson graph, Net

graph etc.

The number of edges incident to the vertex v of a graph G is called the degree of
the vertex v in G. It is denoted by deg (v). d(G) and A(G) are the minimum and
maximum of the degree of all the vertices in G respectively. The composition Gj

[Gy] ashaving V = V;x Vy andu=(uy,vy) and v = (up, vp) are adjacent if
uj 1s adjacent to up in Gy or uy =up and vy is adjacent to v in Gy. The
product G; x Gy ashaving V = V; x Vp and u =(uy, vy)and v=(uy, vp) are
adjacent if uy =up and vy is adjacentto v in Gy or vi =vp and uj is adjacent
to uy in Gj.

Vertex Cover Polynomials
Definition 2.1: Let C(G, 1) be the family of all vertex covering sets of G with
cardinality 1 and let c¢(G, 1) =|C (G, 1)|. The vertex cover polynomial of G is defiend

as
v (G| .
CG,x= Y c(G,ix.

i=p(G)

In [3] the vertex cover polynomial of K, is obtained as C (Ky, X) = nx* ' + X"

Theorem: 2.2 Let K;, be the complete graph with n vertices.

Then, C(K;—{v},X) = 1 i [C(K;, X)].
n dx

Proof: As K, is complete with n vertices, K,— {v} is complete with n— 1
vertices. We have,

C(Kpx) = X0 [1+ %j ()

and

C (K- {v}, %) = xo-1 (1+ n — lj (i)
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Differentiating (1) we get,

d . d N n
I [C (Ky, X)] = Ix {x E1+;ﬂ

=nxn'1(1+n_ lj
X

1 d n-1
Therefore, — — [C (K., X)] = xa—1 11+
— = [C Ky 0] [ - j

= C (Kg- {v}, %) [by (ii)]

Therefore, C (K- {v},X) = 1 di [C Ky, X)] O
n ax

Remark: 2.3
If Gy and Gy are any two graphs with the same degree sequence, then C(Gy, X)

and C(Gy, X) need not be the same.

(cg)
V3 \41 A\
Vi
V2
\E!
Vs
V,
Vs 4 Ve \z!
Ve
(Figure 1a) G; (3,3,2,2,1,1) (Figure 1b) G5 (3,3,2,2,1, 1)

CGLX) =X+a3+0+6x0+ X0;  C(Gy,x) = 43 + 9+ 6x0 + x0
therefore, C (G, X) # C(Ggp, X)

Definition: 2.4. Let G| and Gy be any two graphs. If C(Gq, X) = C (Gp, X), then
G and Gy aresaid to be C - equivalence graphs.

Note: 2.5
Two non isomorphic graphs can be C - equivalance. (eg)
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Vi \p) \2 V2
Vy V3 V4 V3
(Figure 2 a) (Figure 2 b)
C(G.X) = 2x2 + 43 + x4, C(Gy,x) =2x2 + 43 +x* O
Theorem: 2.6

Let K, and K, be the complete graphs with m, n vertices respectively. Then the
vertex cover polynomial of the cross product K, x K, is

C (K x Ky, ¥) = nC [mCpy 1. (m—1) Cpy 2 . . . (n terms)] X'™

+ nCy [MCy_1. (M—1)Cp_2...(n—1) terms)] x*™ V"1

+ nCy [MCpy -1 . (m=-1) Cyy - 5 ... (n - 2) terms] x (m-1) +2

+ et 0Cy_ (MCp_ ) X*™ 1 +nC, X*™

Proof: K, x K is the graph with vertex set V= {v; j= (ui, vj) /u; €Kiy and vj € Ky,
i=l..m, j= 1...ns and [V|=mn. Now the vertices of G = K, x K, can be arranged

in the form of a matrix of order m x n.
Now, each column in the graph given in figure 3 represents the graph K;,. We

need any m - 1 elements to cover all edges of Column-1. In a similar way, we have
to select m — 1 elements in each column to cover all edges of G. Now the vertices of
G in the first column are denoted by v, v21 . V1. The minimum vertex covering

set of G is any (m - 1) elements in the first column among the vertices, Vi1, i= 1. m-
It can be selected in m ways. Suppose the element vi | is not selected in the first
column, then the element vy should be selected in the second column in the

corresponding row, and (m — 2) elements have to be selected from the remaining (m —
1) elements in the second column other than vi». Similary, suppose the element v{

was not selected in the second column, then the element v¢3 should be selected in the
third column.
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Figure3

Thus two elements are fixed in the third column. The m — 3 elements in column
3 have to be selected from m —2 elements and so on.

Therefore, ¢ (G,n(m—1)) = nCy [mCpy _ | + (m—1) Cy o +.... (n terms)]

Similarly, ¢ (G,n(m—-1)+1) = nC; [mCp, .1+ (m-1)Cyy 2 + ... (n - 1)
terms] ¢ (G,n(m—1)+2) = nCy [mCp .1 +(m-1)Cpp +.... (n-2) terms] , . . .,
c(Gmn-1) = nC_1[mMCy,_1] & ¢(G,mn) =1

Therefore,, C (K, x Ky, X) = nCqp [mCpyy.1 . (m—1) Cpy o . (n terms)] X1 (m -

1)
+nCq [mCpy_q . (m—1)Cpy - ... (n— 1) terms)] x0(m -1) + 1
+nCy [MCppy1 . (m—1) Cppr .. (n—2) terms)] x (m-1) +2
+ ...+ nCpy_1 [MCp_(PpAM—1 4+ nC, xnm O
Example: 2.7
Vi \%) Vi

V4 V3iv,

G =Ky Gy =Kj3
(Figure 4 a) (Figure 4 b) (Figure 4 ¢)
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Here m = 4 and n = 3
C (G, X) = 3Cq[4C3.3Cy.2C ] x9+ 3Cy [4C3.3Cy ] x 10 + 3¢, [4C5] x

114305 x12
C(G, %) = 249 + 36x10 + 12x11 + x12

Corollary 2.8 : For the complete graphs, K, and K,

C Ky [Ko] ,X) = xmn {1+ %}

Proof: ~ Composition of K;,, and K, is a complete graph with m n  vertices.

Then C(G,X) = mn xmn-1 4 ymn— ymn [1+ %} , where G=Kj,o0
[K.,], since for a complete graph of order n, the polynomial is nx" "~ Py,

Note: 2.9
If Gy and Gy are complete, then C (G [Gy], X) = C(Gy [G1], X)

Theorem 2.10: If Gy and Gy are any two disjoint graphs, then
C(G1vGy,X) = C(Gy,X). C(Gy, X).

Pr oof
Since G and Gy are any two graphs with G; N Gy = ¢@. The selection of vertex

covering set of G does not affect the terms of G».
Therefore, C (G1v G, X) = C (G X) . C(Gy, X). (eg)

|

Gl G2 G1 ()} G1
(Figure 5 a) (Figure 5 b) (Figure 5 ¢)

C(G,X) = Xx+32+x3;  C(Gy,X) = 2x + X2
C(GIvGyX) =X+ +1xF+6x0+x0= C(Gy,X) . C (Gy, X) O
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Note
If G1 NGy # @then

C (G v Gy, %) #C (G, X) .C (G, X)

Example 2.11
Vi V4
Vi
Va V4
V2 o O
V2
o)
V3 o
V3
(G1) (G2) (G0 G)
(Figure 6a) (Figure 6 b) (Figure 6 ¢)
C(GpX) = X + 32 +X3; C(Gp,X) = 2¢+ X2
C(GlwGy,X) = x+3x2 +4x3 + x4 @)
C(GLXC(Gyx) =2x2 +x3 +5 + X0 (ii)

From (i) & (i) C (G} vGo, X)#C (G, X) . C (Gy, X)

Theorem: 2.12
The vertex cover polynomial of any net graph G with n x n vertices (n>2) is

) C(G,x) = 2XK[1+xKk+axk+111+xKk-2+4m-2)xk+3[1+xk-3
+(-2)2xkF31+xk-4 - x2k- 12 425 +x]

nZ
if n is even, where k = {TJ

i) C(G,x)=>xK[1 +xk+1 + 4p+2)xK*T2[1 + xk-2+ @p+q)xk+3
[14x]K =3+ x k1 1+ xk+ (q+ 1) sk T4 1 +xpk -4 - x2k 8p +2q + 9 + ). for

2 T 2
any odd n, where k = {%J ; T=n-2; p-= [EJ ;o q = {%J Proof:

(1) The net graph with n x n (n is even) can be converted into bipartite graph as
follows. A graph of 4 x 4 vertices and its corresponding bipartite is shown below in
(figure 7 & 8).
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m

>

(?/wwwxmj

Let Sy = {v],vp, ... vk and

Therefore, [S{| = [Sy| = k.
In S; and Sj, two vertices are of degree 2; 2(n-2) vertices are of degree 3 and
(n-2)°

2
Sy or Sy. Therefore, c(G, k) =2. The vertex covering set with cardinality k +1 are

vertices of degree 4. The minimum vertex covering set with cardinality k is

any one of the following form :

Stxfui} 5 Sox {vif s
Si—{vit x N(vi) 5 So—A{ui} x N(w)/d(w)=d(v))=2

Therefore, ¢ (G,k+1)=2(kCy)+4

The sets having cardinality k + 2 are any one of the following form :
Sl hé {ui, Uj } , Sz hé {Vi, Vj}/ui, u} Sz & Vi, VJN' Sl’

Sl — {Vi} hé N (Vi) hé {ui}/ u; € N (Vi) & deg (Vi) = 2,

So—{uit x N(w)y {vi}/vi ¢ N (1) & deg (uj) =2,

Si— {vi} x N (vi) / deg (vi) =3,

Sz — {ui} hé N (ui)/ deg (ui) = 3,

Therefore, ¢ (G, k+2) = 2(kCy) + 4((k-2)C))+4(n-2)

The covering sets with k + 3 elements are any one of the following form
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Sty {u, v, w} , Sox {vi, Vi, vk},

St—{vi) x N(vi) x {ui, ui}/ {ui, v} & N (vi) & deg (vi) =2,
So— {ui} % N (u) x {vi, i}/ {vi, vi} & N (u) & deg (uj) =2,
Si—{vi} x N (vi) x {ui}/u; ¢ N (vi) & deg (vi) =3,

Sy — {ui} ¥ N (W) x {vi}/ vi ¢ N (1) & deg (u;) =3,

Sl — {Vi} hé N (Vi)/ deg (Vi) = 4,

Sz — {ui} hé N (ui)/deg {ui} =4

Therefore, ¢ (G,k+3) = 2(kC3)+4((k-2)Cy)+4(n-2)((k-3)Cy) +(n-
2)2

In a similar way,

c(G, k+4)=2(kCy)+4(k-2)C3)+4(n-2)+ ((k-3) C2)+(n-2)2 (k—4)
Cv

1 c(G, k+5) = 2(kCs5) +4 (k-2)Cy) +4@m-2)((k-3)Cs)+n—2) (k-4

Ca;

c(G, 2k-3)=2(kCg _3) +4((k-2)Cx_9)+4(n-2) (k-3) Cv_s+(n-2)2(k
—4) Cx_¢)

c(G, 2k-2) =2 (kCk_2)+4((k—2)Cxk_3)+4(n-2)(k-3) Ck74)+(l’1-2)2

(k—4) Cx-5)
oG, 2k-1) = 2(kCg . 1) and ¢ (G,2k) = 1

Therefore, C(G,x) = 2xK+2 [kC; XK+ 1 +kCyxK T2 + kCyxk+3+  +
kCy -9 X2k =2 + kCy -1 2K -1+ kCy x2K] - 52k + 4k 1 4 (k) Xkt 2 +
(k-2) Cy XK +3 4+ +

(k-2)C_ax?k-3 + k-2)Cp _3x2K-27 +4@m-2) [xKT2 + (k-3)Cyxk
+3 +(k-3)C2xk+4

+ot(k-3)Cx_5x2K-3 +(k-3)Cp 4 x¥K-27+m-22 K3 + (k-4
Cpxk+4

+(k-4)CrxKTS + 4+ (k-4)Cp _gx2K-3+(k-4)C _5x2k-2]

= 2XK[1+kCy x + kCyx2 + ...+ kCy - 1 XK~ 1 + kK] - x2k

+ HE T+ k2 Cx+(k-2)Crx2+ ..+ (k-2)Cp .4 X4 +(k-2)Cy
3xk-3)

+4(m-2) XK T2 1+ (k-3) Cyx+(k-3)Cyx2 +..+ (k- 3) Cp _ 5K =5 + (k -5)
Ci - X4 + (n-2)2xXKF3 [1+ (k-4) Cyx+(k-4) Cy x2 + ... + (k-4) C) _ gxK - ©
+ (k- 4) Cy - 53K~ 3]
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= K1 +xK- 2K 4k + 11 4k - 2452k - T g -2) Xk + 271 + xjk -3
-4(n-2)x2k'1

+ (m-22 XK+ 211 +xk-4 _(n-2)2x2k-1

= XK1+ xK+ 4kt [T+ xK T2 14 m-2)xk+2[1 +xk-3+@n-2)2xk+
311+ xk-4 —x2k- 12 4 2n+x].

Figure9

(i1) The net graph with n x n vertices (n is odd) can be converted as a bipartite graph
as follows
For example, a graph of 5 x 5 vertices and its corresponding bigraph is shown
below in figure 9 & 10
LetS; = {(v],v2, V3

Figure 10
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2
Sy = {(ug, uy ....... u)  where k = {%J

T 2
Let T= n-2; p = L?J & q-= {TTJ

In Sy; 4 vertices are of degree 2, 4p vertices are of degree 3 and q +1 vertices

are of degree 4.
In S, no vertices are of degree 2. 4 (p +1) vertices are of degree 3 and q vertices

are of degree 4. Also, [S1| = k +1;[Sy| = k.
Clearly, the only minimum covering set is Sy;
Therefore, ¢(G, k) = 1. Covering sets with k + 1 elements are of the form
Sy x{vi}ri=1.2,..k+1.  or Sy

Therefore, ¢(G, k+1) = (k+1)Cy +1

The vertex covering sets with k +2 elements are of the form :
Sz hé {Vi, Vj}, Sz — {ui} hé N (ui)/ deg (ui) =3

Sl hé {ui}, Sl — {Vi} hé N (Vi) /deg (Vi) =2

Therefore, ¢ (G, k+2) = (k+1)Cr+4(p+1)+kCy +4

The covering sets with k + 3 elements are of the forms :

Sox { Vi, vis vicd 5So—{w) x N(u) x {vi}/ vi ¢ N (1) & deg (u)) =3
Sz —{uif x N (u)(/ deg (i) =4 ; Sy {w;, uj}

N {Vi} x N (Vi) X {ui} /u; ¢ N (Vi) & deg Vi) =2

Sl — {Vi} hé N (Vi)/ deg (Vi) =3

Therefore, ¢(G, k+3)=(k+1)C3+4 (p+1)((k-2)C))+q+kCy+4(k-2)
Cl) + 4 p

The vertex covering set with (k + 4) elements are of the form :

Sa % Vi, Vis Vis Vst 5 So— {uif o N(wi) 1 {vi, vi}/ Vi, vi} € N (w) deg (u) = 3,

So—{ui} x N (u) ¢ {vi}/vi ¢ N(u) &deg (w)=4 ; Sy {u,uj, uwt,

St—{vi} X N (vi) x {ui, uj}/ (i, uj) & N (vi) & deg (vi) =2,

Sl — {Vi} hé N (Vi) hé {ui}/ui & N(Vi) & deg (Vi) =3 ,

Sl — {Vi} hé N (Vi)/ deg {Vi} =4

Therefore, o(G,k+4) = (k+1)Cq+4 (p+1) ((k—2) C2) +q((k—3) C)
+kC3 +4 ((k=2)Cy) +4p ((k—3)C)+(q+ 1)

Similarly, ¢(G, k+5) = (k+1)Cs+4 (p+1) (k—2) Cs) +q ((k—3) Cy) +
kCy
t4(k-2)C) +4p ((k-3)C) +(q+ 1) ((k—4) Cy).
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oG, 2k-1) = k+DCr_1+4 @+ ((k-2)Cc-3)+q((k-3)Cr_4))+
kCx 2

T4 ((k=2)Cx 1) T4p ((k—3) Cx o)+ (q+1) (k—4) Ck _5).

oG, 2k) = 2k+1; ¢(G,2k+1) =1

0 C(GX)=xXK+{(k+1)Cy+1}xKT 1 +[(k+1)Cy+4(p+1)+kCy +4] XK
+2

+[(k+1)C3+4(p+1) ((k-2)Cq) +q + kCy+4 ((k-2)Cq) +4p]xK+3

+ [(k+1)Cq+4(p+1)((k-2)Cp) +q((k-3)Cy) + kC3+4((k-2) Cp)

+4p ((k-3)Cy) +(q+1)]><k+4+[(k+1)C5+4(p+1)((k-2)C3)+Q(k-3)
C

+ kCq+4(k-2)C3+4p ((k-3)Cy) +(q+1) (k-4 CPIxXKTS +. .+

[(k+1) Cx_ 1+ 4 (+1) ((k-2)Ci_3) +q ((k-3) Cy - 4) T kCy _ o+ 4 ((k-2) Cy
-3)

+4p ((k-3)C ~ 4)+ @+ D (k- 4 C - 5)x2K = T[(k+1) C +kC

= XK[1+K+1)Cyx+(k+1)Cyx2 + ..+ (k+1) Cp XK+ xk4

+ 4P+ XKF2[1+(Kk-2)Cy x +(k-2)Cyx2+ +(k-2)C 3xK -3 +xk
_2]

—4(p+ 1) x2Kk+ik + K31+ (Kk-3)Cyx+(k-3)Cr X2+ ...+ (k—3)

Ci 4 xK-4+xk-3]

— 2k 4k Fl [1+kC1x+kC2x2+ +ka_2xk'2 + koK - 15k - 2k
2k + 1

+ HET2Z[14+(Kk-2)Cyx +(k=2)Cyrx2+ +(k—2)Cy .3 xKk-3 +xk-27 .
4x2k

+ 4pxK T3 [14 (k-3)Cy x+(k-3)Cyx2 +. .+ (k-3)Cp _ g XK -4 +xk-3].
4pX2k

+ (q+ D)X T A1+ (k-4) Cp x+ (k-4) Cy X2 +.4 (k- 4) Cp_5 XK= 3 + 5K - 4]
-(q+ 1)k

= XK[1+xKt 1 rap+ 1)K +2 1+ xgK-2 4 qxk+3[1+x3k-3 + xk+1
[1+x1K

+4Xk+3[1+X]k'2+4pxk+3[1+x]k'3 + (q+1)Xk+4 [1+X]k'4 _x2k
[8P +2q+ 9+X]

CG,x) = xK[1+xkt1l +4p+2)xkKT2[1 + xk-2 + @p+q)xkt3
[1+xk-3
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+xKF 1 1+ Kk +q+1]xK T4 [1+xk-4-x2k[8P+2q+9+X] O

Proposition 2.13
The vertex cover polynomial of the peterson graph P is

C((P,x) = 5x0 + 20x” + 30x8 + 107 + 10

Pr oof
Let v; be any be vertex of P.
Then N (v;) contains three vertices.

Let N (vj) = {Vj, Vi, v|}. Choose one element say Vi~ N (vj) and also the
neighbouring vertices of v and v|. Then these constitute a set of six elements which

is covering set of G.
Thus, the minimum vertex covering set of P contains exactly six elements. The
family of covering sets of cordinality 6 is of the form.

(Figure 11)

{vi) X{Vj} AN (vi) xN (v])/ v;, v and V|TN (vi)-

There are five such covering sets of cardinality 6. Therefore, ¢ (P, 6) = 5.

In addition to the six elements in the minimum vertex covering sets, one each of
the remaining four vertices is a cover for P of cardinality seven.

Therefore, the number of covering sets with cardinality seven is 5(4C,)

Thatis, c(P,7) = 5(4Cy)

4C
Similarly, ¢ (G,8) = 5(4Cy) ; ¢(G,9) =5 (Tﬂ

Therefore, C (G, X) = 5x0 + 5(4C) X7 + 5(4Co)x8 + 5 (%} XX + x10,

= 5%0 + 20x’ + 30x8 + 10x° + x10. O
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Proposition 2.14
Let G be a cubic graph with 10 vertices. Then, its vertex cover polynomial is

C(G,x) = 2% [1 +x]5— x10,

Let S1 = {v],V3,V5,V7,vg }
Sy = {v2, V4, V6, V8 V10 }

(Figure 12)

Then, S; and S are minimum vertex covering sets .

Also, V—-S1 and V —S; are disjoint sets.

Therefore, C (G,X) = 2[x°+5C] X0 + 5C x7 +5C3x8 +5C4x%] +x10,
= 23 +10x0 +20x7 +20x8 + 10x + x10

253 [1+5C] x+ 5Cox2 +5C3 %3 + 5C4 x4 + x] — x10.

2 [1+x]° = x"° O

Theorem 2.15
Let K, be any complete graph with n vertices and G = K;, o Ky (one corona).

Then the vertex cover polynomial of G is C (G, x) = (n+ 1) ¥ +n (nCy)x2 " 1y
(n—1)(nCy) x0T 2 + +2mC,_ X~ 1+x2" n1

vl v,l
vl

Vi Vo

Figure 13
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Pr oof
If n = 1, the resultis trivial.
Let n = 2.

Then the covering sets of cardinality two are
C(G,2) = {viN, va}, {vi, N}, {vi, va}}.

Similarly, C (G, 3) = {{viN,v{,v2 }, {viN, v}, voN}, {viN, vy, voN}, {vq,

V2, VoN}}
C(G,4) = {viN, v, vp, voN}

Therefore, C (G,2) =3 ; C(G,3) =4 ; C(G,4) =1
C(G,X) = 3% + 43 + x4 (1)
=2+ +20Ccp ¢ Tlr-1n@Ccyx2x2

Therefore, the result is true for n=2.
When n =3, the graph and its corresponding polynomial are given below :

C(G,3) = {{v], v, 3N}, {vp,v3, viN}, {vy,v3, vaN}; {v], vp, v3}}
C(G,4) = {vy],v2,v3,V3N}.{v], v, VIN, vaN) . {vy, vp, vpNv3N}

{v1, v2, v3, voN} {vy, v3, viN, voN}, {v{, v3, voN, v3N}

{v1, v2,v3, VIN} {vp, v3, vIN, voN}, {vp, v3, viN, v3N} }

vl

V2

V3

vsll

(Figure 14)

Therefore, C(G,4) = 9

C(G,5) = {{v1, v2, v3, voN, v3N}. {v], vp, v3, VIN, vaN} . {vq, vp, v3, N,
v3N}

v, v3, VIN, voN, v3N} 5 {v(, v3, viN, vaN, vaN} . {v], vp, vIN, voN, v3N} |

Therefore, ¢ (G,4) = 6 and
C(G,6) = {vy,v2,v3, ViN, N, v3N} Therefore, ¢ (G, 6) = 1.
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Therefore, the vertex cover polynomial is

CG,x) =43+ + 60+
= GB+DX+3CBCHXTT+B-1)BC) X2+

Therefore, the result is true for n = 3

We assume that the result is true for all values less than or equal to 'n'. We prove
for n+ 1.

Since the result is true for 'n', we have

C(G,x)=@+1)x+n (mC) X2 I+ (n— 1) nCy) X T2+, 2 (nC,_ ) x20 ~
Lt x2n —(A)

Now, we are adding the new vertices vj; + 1 and vy + |N with the existing
vertices of Ky, 0 Ky in such a way that the vertex vy, 1 1 is adjacent with all v j—1
_p and also adjacent with v;; + |N. Now the graph Gis G= K, + oK. In K, 0
K7 ;B(G) = nand its corresponding n + 1 covering sets are

{VI,V%~---Vi— 15Vi+ 1oV, ViNJi=12,...n @0d {V1,V2,....Vs}
The n” vertex covering sets for K, o K, with cardinality (n+ 1) are
Vi, Voo Vic, Vit 1, .. Vi, ViIN VNG and {vi, Vo oovi, oV, Ving =1

(Figure 15)

For Ky+10Ky, [InK, 0K, theedges vp+1Vi ;i =1.n and vy1| Vh+ N are
added]
The minimum vertex covering sets with cardinality n+ 1 are

{Vi, Ve o Vict, Vidd, oo Vi, ViNG Vit 1 5= 1
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{Vi, Va....Vn+ 1} and {vi,va.... vy, VN
Therefore, ¢(G,n+1) = n+2.

The vertex covering sets with cardinality n+2 for K, +; o K; are the sets given
in (1) by inserting v, + 1 with each of the sets.

That is, {vi, V2....Vi_1, Vi+ 1,.. Vn, ViN,VjN, Vn+ 1}, {V1, V2....Vi. Vn, ViN, Vn+1}5ij=
l...n; 1 #j

AISO, {Vl, Voeeoonnn , Vn+1,ViN } si=1..n and {V1, Vo..., Vn, Vn+1N,VjN } 5 j=1.n+
1

Thus, the n’ covering sets of K, o K; [including the vertex vy ] and the
additional 2n +1 vertex covering sets from the family of covering sets of K, ;; o K;
with cardinality n+2 form the covering sets of cardinality, n+ 2, for K, 0 K.

Therefore, ¢ (G,n+2) = n(nCy) +2n+ 1.

Proceeding this way, 2n + 1 elements can be taken from 2 (n +1) elements in 2(n
+ 1) C; ways, Therefore, ¢(G, 2n+1)=2(n+1), Also ¢(G,2n+2) = 1.

Therefore, the vertex cover polynomial is

CGXY=m+2X"+@mmCp+2n +1) @F24++2@m+ )20+ 1 420

+2
=(n+1+ DX L+ @2 + 2n+ 1)@+ 2 4 42 m+ x0Tl 4 2n+2
= (n__|_1+1)xn+1 + (n+1)(n+1)xn+2 +...+2(n+1)x2n+1 + x2n+2
= (n+1+ DX T L@+ D[+ D Cx T2+ +2((m+1)Cp). x2@+ 1) -1
+@O+1)Cy i 20D
Hence the theorem. O
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