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Abstract 
 

Let X  be a Hausdorff topological space and let ( )B E  be the Banach algebra 
of all bounded linear operators on a Banach space E . Let V  be a system of 
weights on X . In this paper we make a study of dynamical system induced by 
multiplication operator and weighted composition operator on weighted spaces 

of measurable functions like 0( )MV X  (or 0( , )MV X E ) and ( )bMV X (or 
( , )bMV X E ) respectively. 
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Introduction 

pL  spaces are some of the most important spaces studied in mathematics because of 
our abundant usefulness and applications that run across all the branches of 
mathematics. This paper is a generalization of pL  spaces. Multiplication, composition 
operators and weighted composition operators have been appearing in a natural way 
on different spaces of continuous functions, analytic functions and cross-sections. For 
example [2, 3, 4, 6, 7] have shown that those operators on spaces of continuous and 
cross-sections. R.K.Singh and Manhas studied dynamical system induced by 
multiplication and composition operator on continuous and holomorphic function 
spaces [3, 5, 8, 9, 10]. We have organized this paper into four sections. In section 2, 
we characterized functions inducing multiplication operator on weighted locally 
convex spaces of measurable functions. In section 3 we obtained dynamical system 
induced by multiplication operators on weighted locally convex spaces of measurable 
functions. In the last section we wide up with dynamical system induced by weighted 
composition operators on weighted locally convex spaces of measurable functions.  
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Preliminaries 
Let X  be a Hausdorff topological space and ( , )M X E  be the space of all measurable 
functions from X  into E  and ( , )C X E  be the vector subspace of ( , )M X E  
consisting of the continuous functions f from X  into E . Let V  be a set of non-
negative upper-semi continuous functions on X. If V  is a set of weights on X such 
that given any x X∈ , there is some v V∈  for which ( ) 0v x > . We write 0V > . A set 
V  of weights on X  is said to be directed upward provided for every pair 1 2,u u V∈  
and 0α >  there exists v V∈ such that iu vα ≤  (point wise on X ) for 1,2i = . By a 
system of weights, we mean a set V  of weights on X with additionally satisfies 0V >
. Let ( )cs E  be the set of all continuous functions from X into E . If V  is a system of 
weights on X , then the pair ( , )X V  is called the weighted topological system. 
Associated with each weighted topological system ( , )X V , we have the weighted 
spaces of continuous E-valued functions defined as: 
 ( , ) { ( , ) : ( ) , ( )}oMV X E f M X E vq f vanishesat on X for eachv V q cs E= ∈ ∞ ∈ ∈  
 ( , ) { ( , ) : ( ) , ( )}p

pMV X E f M X E v q f in L for all v V q cs E= ∈ ∈ ∈  

 ( , ) { ( , ) : ( ( )) , ( )}bMV X E f M X E vq f X isbounded in E for all v V q cs E= ∈ ∈ ∈  
 

 Let v V∈ , ( )q cs E∈  and ( , )f M X E∈ . If we define 
1

,
( ( ( ) ( ( ))) )p p

v q
X

f v x q f x d for all x Xμ= ∈∫ , then .
v
can be regarded as a seminorm 

on either 0( , )MV X E , ( , )bMV X E and the family { },
. : , ( )

v q
v V q cs E∈ ∈  of 

seminorms defines a Hausdorff locally convex topology on each of these spaces. This 
topology will be denoted by vω  and the vector spaces 0( , )MV X E and ( , )bMV X E

endowed with vω are called the weighted locally convex space of vector-valued 
continuous functions. It has a basis of closed absolutely convex neighborhoods of the 
origin of the form, , ,

{ ( , ) : 1}v q b v q
B f MV X E f= ∈ ≤  

 Also, 0( , )MV X E is a closed subspace of ( , )bMV X E .\\  
 Let G  be a topological group with e  as identity, let X  be a topological space and 

: G X Xπ × →  be a continuous map such that (i) ( , )e x x forevery x Xπ = ∈  
 (ii) ( , ) ( , ( , )) ,st x s t x foreveryt s G x Xπ π π= ∈ ∈ . 
 
 Then the triple ( , , )G X π is called a transformation group, X  is a state space. If 

( , )G R= + the corresponding transformation group is called a dynamical system. The 
transformation group ( , , )X π  is known as continuous dynamical system. If X  is a 
Banach space and ( , ) ( , ) ( , ) , , , ,t x y t x t y for t x y Xπ α β απ βπ α β+ = + ∈ ∈ ∈  
then ( , , )X π+  is called a linear dynamical system. 
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Functions inducing multiplication operators on weighted spaces of 
measurable functions 
Theorem: 2.1 
Let : Xθ →  be a measurable function. Then 0 0: ( ) ( )M MV X MV Xθ →  is a 
multiplication operator iff V Vθ ≤ . 
 
Proof 
First suppose V Vθ ≤ .Then for every v V∈ . Then for all v V∈ , there exists u V∈  
such that v uθ ≤ (point wise on X ). We show that Mθ  is a continuous linear 
operator on 0( )MV X . Clearly Mθ  is linear on 0( )MV X . In order to prove the 
continuity of Mθ on 0( )MV X  it is enough to show that Mθ  is continuous at origin. 
For this, suppose fα  be a net in 0 ( )MV X such that 0vP fα → , for every v V∈ . 
 Now 

 
1

( ) ( ( ( ) ( ( ))) )p p
v

X

P f v x q f x dα αθ θ μ= ∫  for all x X∈  

 
1

( ( ( ) ( ( ))) ) ( ) 0p p
u

X

u x q f x d P fα αθ μ≤ = →∫ . 

 
 This proves the continuity of Mθ  at the origin and hence Mθ is continuous on 

0( )MV X . 
 Conversely suppose Mθ  is a continuous linear operator on 0( )MV X . We shall 
show thatV Vθ ≤ . Let v V∈ . Since Mθ  is continuous origin, there exists u V∈  
such that ( )u vM B Bθ ⊆ . We claim that 2v uθ ≤ . Take 0x X∈  and set ( )0u x ε= . In 
case 0ε > , { }: ( ) 2N x X u x ε= ∈ <  is an open neighborhood of 0x . Then there exists 

0( )f MV X∈ such that 00 1, ( ) 1f f x≤ ≤ = and ( ) 0f X N− = . Let 1(2 )g fε −= . Then 
clearly ug B∈ . Since ( )u vM B Bθ ⊆ , we have vg Bθ ∈  and this yields that 

( ) ( ) ( ) 1,v x x g x x Xθ ≤ ∀ ∈ . From this it follows that ( ) ( ) ( ) 2 ,v x x f x x Xθ ε≤ ∀ ∈ . 
This implies that 0 0 0( ) ( ) 2 ( ),v x x u x x Xθ ≤ ∀ ∈ . Now suppose 0( ) 0u x =  and 

0 0( ) ( ) 0v x xθ > . If we put 0 0( ) ( )v x xε θ=  its not greater than 2 and set 
{ : ( ) }N x X u x ε= ∈ <  then N  would be an open neighbourhood of 0x  and we could 

again find 0( )f MV X∈  such that 00 1, ( ) 1f f x≤ ≤ =  and ( ) 0f X N− = . Now let 
1g fε −= . Then clearly ug B∈  and vg Bθ ∈ . Hence ( ) ( ) ( ) 1,v x x g x x Xθ ≤ ∀ ∈ . This 

implies that ( ) ( ) ( ) ,v x x f x x Xθ ε≤ ∀ ∈ . From this it follows that 
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0 0
0 0

( ) ( )
( ) ( )

2
v x x

v x x
θ

θ ≤  which is impossible. This proves our claim and hence the 

proof is complete. 
 Now we shall characterize multiplication operators on 0( , )MV X E induced by 
scalar-valued and vector-valued functions. 
 
Theorem: 2.2 
Let : Xθ →  be a measurable function. Then 0 0: ( , ) ( , )M MV X E MV X Eθ →  is a 
multiplication operator iff V Vθ ≤ . 
 
Proof 
Similar to proof of therorem:2.1. 
 
Theorem: 2.3 
Let E  be a (locally multiplicatively convex) lmc algebra with unit e  and let 

: X Eψ →  be a bounded measurable function. Then 0 0: ( , ) ( , )M MV X E MV X Eψ →  
is a multiplication operator if ,pV V pψ ≤ ∀ ∈ P. 
 
Proof 
Suppose ,pV V pψ ≤ ∀ ∈  P. Then , ( int )pv V u V v u po wiseon Xψ∀ ∈ ∃ ∈ ∋ ≤ . We 
shall prove that the mapping 0: ( , ) ( , )M MV X E M X Eψ →  defined by M f fψ ψ= , 
where the product is point wise continuous linear operator on 0( , )MV X E , We shall 
establish the continuity of Mψ at the origin. For this, let { }fα  be a net in 0( , )MV X E  
such that ,v V q∀ ∈ ∈P, , ( ) 0v qP fα →   
 Then  

 

1

, ( ) ( ( ( ) ( ( ) ( ))) )p p
v qP f v x q x f x dα αψ ψ μ= ∫  

  
1

( ( ( ) ( ( )) )p pu x q f x dα μ≤ ∫  
  , ( ) 0u qP fα= → . 
 
 This proves that Mψ  is continuous origin and hence a continuous linear operator 
on 0( , )MV X E . 
 
Remark: 2.4 
Note that if : Xθ → (or : X Eψ → ) is bounded measurable complex-valued(or 
vector-valued) function on X , then clearly Mθ  ( or Mψ ) is multiplication operator on 

0( )MV X  (or 0( , )MV X E ) for any system of weights V . 



Operators and Dynamical System in Measurable Function Spaces 137 
 

 

 If V  is system of weights generated by the characteristic functions of compact 
sets, then it turns out that every continuous map induces a multiplication operator on 

0( )MV X  (or 0( , )MV X E ) for any system of weights V .  
 
Theorem: 2.5  
Let X  be a completely regular Haustorff space and 
let { }: 0 ,

K
V and K X K iscompactχλ λ= > ⊂ . 

(i) Every bounded : Xθ → on 0 ( )MV X .  
(ii) Every bounded : X Eψ →  a lmc with jointly continuous multiplication 

induces a multiplication operator on Mψ on 0( , )MV X E . 
 
Proof 
Similar proof of theorem: 2.3. 
 
Corollary: 2.6 
Let X  have the discrete topology and { }: 0 ,

K
V and K X K is a finite setχλ λ= ≥ ⊂ . 

Then every function : Xθ → (or : X Eψ → ) induces a multiplication operator Mθ ( 
or Mψ ) on 0 ( )MV X  (or 0( , )MV X E ). 
 
Example: 2.7 
Let +  be the set of positive real with usual topology and let :v + +→  be defined 

by 1( ) ,v x x
x

+= ∀ ∈ . Let { }: 0V vλ λ= ≥ and let :θ + →  be defined as 

2( )x xθ = . Then θ  does not induce a multiplication operator on 0 ( )MV + . 
 Dynamical system induced by multiplication operators on weighted locally 
convex space of measurable functions  
 
Theorem: 3.1 
Let U and V be arbitrary system of weights onG  and let ( )M Xθ ∈ (or : X Eψ → ). 
Then : ( ) ( )b bM MU X MV Xθ →  is a multiplication operator if V Uθ ≤ . 
 
Proof 
To show that Mθ is a multiplication operator. It is enough to prove that is Mθ  
continuous at origin.Let v V∈ and vB  be a neighbourhood of the origin in ( )bMV X . 
Then by the given condition, there exists u U∈  such that v uθ ≤ . Now we claim that 

( )u vM B Bθ ⊆ , where uB is neighbourhood of the origin in ( )bMU X (or ( , )bMU X E  ). 
Let uf B∈ . Then we have  
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1

( ( ( ) ( ) ( ) ) )p p

v
X

M f v x x f x dθ θ μ= ∫  

 
 This shows that vf Bθ ∈  and hence Mθ  is a multiplication operator. 
 
Corollary: 3.2 
Every bounded measurable function : Xθ →  induces a multiplication operator Mθ  
on ( )bMV X  (or ( , )bMV X E ) for any system of weights V on X . 
 
Proof 
Since θ  is bounded, 0 ( )m x m for all x Xθ∃ > ∋ ≤ ∈ . Let v V∈ . Then we have 

( ) ( ) ( )v x x mv x for all x Xθ ≤ ∈ . That is, ( ) ( ) ( )u V v x x u x for all x Xθ∃ ∈ ∋ ≤ ∈ . 
 Hence by the above theorem Mθ  is a multiplication operator on ( )bMV X  (or

( , )bMV X E ).  
 
Note 3.3  
Let ( )bg F∈ . Define : ( )t B Tψ → as ( ) ( ) ,tg

t e for all tωψ ω ω= ∈ .  
 
Theorem: 3.4 
Let ( )bg F∈ . For each t∈  and let : ( , ) ( , )g bMV T M T∇ × →  be the 
function defined by ( , ) ( , )

tg bt f M f for all t and f MV Tψ∇ = ∈ ∈ . Then g∇  is a 
dynamical system on ( , )bMV T . 
 
Proof 
Since 

t
Mψ  is a multiplication operator on ( , )bMV T  for all t∈ . We can conclude 

that ( , ) ( , )g bt f MV T∇ ∈  whenever t∈  and ( , )bf MV T∈ . Thus g∇  is a 
function from ( , ) ( , )bMV T M T× → . It can be easily seen that (0, )g f f∇ =  and 

( , ) ( , ( , ))g g gt s f t s f∇ + = ∇ ∇ . In order to show that g∇ is a dynamical system on 
( , )bMV T .It is enough to show that g∇ separately continuous map. Let us first prove 

the continuity of g∇  in the first argument. Let { }nt t→ . Then 0nt t as n− → →∞ . 
We shall show that ( , ) ( , )g n gt f t f∇ →∇  in ( , )bMV T . Let v V∈ .Then 

 ( ( , ) ( , )) ( )
ng n g v t t vP t f t f P f fψ ψ∇ −∇ = −  

 

1

( ( ( ) ( ( ) ( ) ( ) ( ))) )
n

p p
t tv q f f d for allω ψ ω ω ψ ω ω μ ω= − ∈∫  
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1 1

( ( ( ) ( ( )) ( ( ))) ) ( ( ( ) ( ( ) ( ( ))) )
p

n

p p p
t tv q q f d v q q f d for allω ψ ω ω μ ω ψ ω ω μ ω≤ − ∈∫ ∫

 

 

1 1

( ( )) ( ( ))( (( ( ( ) ( ( ))) ) ( )( ( ( ) ( ( ))) )
p p

nt q g t q gp pe v q f d e v q f dω ωω ω μ ω ω μ≤ −∫ ∫  

 
1

( ( ))( ( ))( )( )( ( ( ) ( ( ))) ) 0 0.
p

nt t q gt q g p
ne e I v q f d as t tωω ω ω μ−≤ − → − →∫  

 Let fα be a net in ( , )bMV T such that f fα →  in ( , )bMV T . Then
( ) 0vq f f for all v Vα → → ∈ . We shall show that ( , ) ( , )g gt f t fα∇ →∇  in 

( , )bMV T .  
 For this, let v V∈ . Then 

 ( ( , ) ( , )) ( ( ) ( ) ( ) ( ) : )g g v t t vP t f t f P f fα αψ ω ω ψ ω ω ω∇ −∇ = − ∈  

 
1

( ( ))( ) ( ( ) ( ( ) ( ))) )t q g p pe v q f f dω
αω ω ω μ≤ −∫  

 ( ( ))( ) ( ) 0 .t q g
ve P f f as f fω

α α≤ − → →  
 
 This proves the continuity of g∇  is a (linear) dynamical system on the weighted 
space ( , )bMV T . 
  
 
Dynamical system and weighted composition operator 
Theorem: 4.1 [2] 
Let E  be a locally convex Hausdorff space such that each convergent net in E  is 
bounded. Let ( , ( ))M X B Eψ ∈  and ( , )T M X X∈ . Then ,TWψ  is a weighted 
composition operator on ( , )bMV X E  iff for every v V∈ and ( )p cs E∈ , u V∃ ∈  and 

( )q cs E∈ such that ( ) ( ( )) ( ( )) ( )xv x p y u T x q y x X and y Eψ ≤ ∀ ∈ ∈ . 
 
Remark: 4.2 
Let ( )B E be the Banach algebra of all bounded linear operators on E . Then an 
operator-valued map : ( )t X B Eψ → defined by ( )( ) tg x

t x e for all t and x Xψ = ∈ ∈ , 
where ( , ( ))bg M X B E∈ and sup{ ( ) : }g g x x X

∞
= ∈ . Also :tT X X→  is defined 

by ( )tT x t x= +  the self-map. Then the weighted composition operator induced by tψ
and tT on the spaces of 0( , )MV X E  and ( , )bMV X E . 
 
Theorem: 4.3 
Let V  be an arbitrary system of weights on X . Let : ( , ) ( , )bMV X E M X E∇ × →  be 
the function defined by ,( , ) ( , )

t tT bt f W f for all t and f MV X Eψ∇ = ∈ ∈ . Then ∇  is 
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a linear dynamical system if for every v V∈  and ( )p cs E∈ u V∃ ∈  and ( )q cs E∈
such that ( ) ( ( )) ( ( )) ( )xv x p y u T x q y x X and y Eψ ≤ ∀ ∈ ∈ . 
Proof 
For every ,,

t tTt Wψ∈  is a weighted composition operator on ( , )bMV X E . Thus it 
follows that, ( , ) ( , )bt f MV X E∇ ∈  for all ( , )bt and f MV X E∈ ∈  Clearly, ∇ is 
linear and  
 

0 0,(0, )( ) ( )Tf x W f x for all x Xψ∇ = ∈  
 0( ) (0 )x f xψ= +  ( )f x for all x X= ∈ . 
 
 Therefore (0, )f f∇ = . 
 Also ( , ) ( , ( , ))t s f t s f∇ + = ∇ ∇ . 
 Next, to show that ∇ is linear dynamical system, it sufficient to show that ∇ is 
jointly continuous map[1]. Let nt t→ ∈ . Then 0nt t− → as n →∞ . The remaining 
proof is similar to theorem:3.4. 
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