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Abstract

Let P be a subset of a Banach space E and P is normal and regular cone on E, we
prove several fixed point theorems on partial cone metric spaces and these theorems
generalize the recent results of varies authors.
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1. Introduction and Preliminaries

In recent years, several authors (see [1,3,4,5,6]) have studied the strong convergence to
a fixed point with contractive constant in cone metric spaces. In this paper we proved
certain fixed point theorems in Partial cone metric spaces. We first recall definitions and
known results that are needed in the sequel. Let E be a Banach space and a subset P of
E is said to be a cone if it satisfies the following conditions,

(i) P # @ and P is closed;
(i) ax + by € P forall x, y € P and a,b are non-negative real numbers;

(iii) PN (—P) = {0}
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The partial ordering < with respect to the cone Pby x < yifand only if y — x € P. If
y — x € interior of P, then it is denoted by x < y.The cone P is said to be a Normal if
anumber K > O such that forall x, y € E, 0 < x < y implies ||x|| < K|/ y||. The cone
P is called regular if every increasing sequence which is bounded above is convergent
and every decreasing sequence which is bounded below is convergent.

Definition 1.1. Let X be a nonempty set, and the mapping d : X x X — FE is said to
be a Cone metric space if it satisfies

(1) 0 <d(x,y)forallx,y € Xandd(x,y) =0if and only if x = y.
(i) d(x,y) =d(y,x) forall x, y € X.
(iii) d(x,y) =d(x,z) +d(z,y) forall x, y,z € X.
Example1.2. LetE = R>, P ={(x,y) € E:x,y>0},X = Randd : XxX — E
defined by
dx,y)=(x—ylalx—=y])

where o > 0 is a constant. Then (X, d) is a cone metric space [1].

Definition 1.3. A partial cone metric on a nonempty set X is a function p : X x X — E
such that for all x, y,z € X

(i) x = yifandonly if p(x, x) = p(x, y) = p(y, y).
(i) 0 =< p(x,x) < p(x, y).
(i) p(x,y) = p(y, x).
iv) p(x,y) = p(x,2) + p(z, y) — p(z, 2).
A partial cone metric space is a pair (X, p) such that X is a nonempty set and p is
a partial cone metric on X. It is clear that, if p(x, y) = 0, then from (i) and (ii) x = y.
Butif x =y, p(x, y) may not be 0.
A cone metric space is a partial cone metric space. But there are partial cone metric

space which are not cone metric spaces. The following two examples illustrate such two
partial cone metric spaces.

Example 1.4. Let E = R%, P = {(x,y)€E:x,y>0},X=Rtandp: X x X —
E defined by

p(x,y) = (max{x, y}, @ max{x, y})
where o > 0 is a constant. Then (X, p) is a partial cone metric space which is not a
cone metric space.
Example 1.5. Let £ = ¢4,

P ={{x,} €ty :x, =20},
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Let X = {{x,} : {x,} € Ry, an < oo} where R, = { set of all infinite sequences
over RT}, and p : X x X —> E defined by

px,y) =@ VyL,xaVyy, ..., xyp VY, ...}

where the symbol Vv denotes the maximum, i.e., x V y = max{x, y}. Then (X, p) is a
partial cone metric space which is not a cone metric space.

Let (X, p) be partial cone metric space, x € X, and A be a non empty subset of X.
we modify the concepts of distance between the set A and the singleton {x}, and the
distance between two subsets A and B of X in the following:

px,A) =inf{p(x,a):a € A}, p(A,B)=inf{p(a,b):aec A,be B}

Definition 1.6. Let (X, p) be a partial cone metric space. Let {x, } be asequence in X and
x € X.Ifforevery c € int P thereis N suchthatforalln > N. p(x,, x) < c+ p(x, x),
then {x,} is said to be convergent and {x, } converges to x, and x is the limit of {x,}. We
denote this by

Iim x, =x or x,—>x (n— 00)

n—oo
Theorem 1.7. Let (X, p) be a partial cone metric space. P be a normal cone with
normal constant K. Let {x, } be a sequence in X. Then {x,} converges to x if and only if
pP(Xp, x) = p(x,x) (n— 00).

Proof. Suppose that {x,} converges to x. For every real ¢ > 0, choose ¢ € int P with
K|c|| < €. Thenthereis N, foralln > N, p(x,,x) < c+p(x,x).Sothatwhenn > N.
| p(xn, x) — p(x, x)|| < K]||c|| < €. This means p(x,, x) — p(x,x) (n— 00).
Conversely, suppose that p(x,, x) = p(x,x) (n — 00). Forc € intP, there id
6 > 0, such that ||x|| < § implies ¢ — x € int P. For this § there is N, such that for all
n >N, ||[p(xy,x) — px,x)|| <3§.Soc—|plx,,x)— p(x,x)| € int P. This means
p(xn, x) — p(x, x) < c. Therefore {x,} converges to x. |

We note thatlet (X, p) be a partial cone metric space, P be a normal cone with normal
constant K, if p(x,, x) = p(x,x) (n — oo) then p(x,, x,) = p(x,x) (n — 00).

Lemma 1.8. Let {x,} be a sequence in partial cone metric space (X, p). If a point x is
the limit of {x,} and p(y, y) = p(y, x) then y is the limit point of {x,}.

Proof. Suppose that x,, — x and p(y, y) = p(y, x). Since for all ¢ € int P there is N
such that for alln > N

P(Xn, y) < p(xn, x) + plx,y) — plx,x) L c+ py,y).

We have that xy — y. |
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Definition 1.9. Let (X, d) be a partial cone metric space {x,} be a sequence in X. {x,}
is Cauchy sequence if there is a € P such that for every € > 0 there is N such that for
alln,m > N

”p(xm Xm) —all < e.

Theorem 1.10. Let (X, p) be a partial cone metric space. If {x,} is a Cauchy sequence
in (X, p), then it is a Cauchy sequence in the cone metric space (X, d).

Proof. Let {x,} be a Cauchy sequence in (X, p). There is a € P for every real € > 0
€
there is N, foralln,m > N ||p(x,, xm) —all < ", Hence

d(xp, xm) = 2(p(Xn, Xm) —a) — (p(xn, xp) —a) — (p(Xm, Xm) — @)

So that when n,m > N ||d(x,, x;»)|| < €. This mean d(x,, x,,) —> 0 (n,m — 00). 1A

Definition 1.11. Let (X, p) is said to be a complete partial cone metric space if every
Cauchy sequence is convergent.

In this paper we proved the theorems which are the generalization of the theorems
of Huang Gaung,Zhang Xian [1].

2. Main results

Theorem 2.1. Let (X, d) be a complete partial cone metric space, P be a normal cone
with normal constant K. Suppose that the mapping 7 : X — X satisfy the contractive
condition

p(Tx,Ty) <ap(x,Tx)+bp(y,Ty)

forallx,y € X,anda+b < 1, a,b € [0, 1). Then T has a unique fixed point in X. For
each x € X the iterative sequence {7"x},> converges to the fixed point.

Proof. Forevery xo € X andn > 1, Txo = x; and Tx,, = xp41 = T" ' xg

P(Xn+1, Xp) = p(Txn» Txp—1)
<ap(x,, Txy) + bp(xy—1, Tx,—1)
< ap(xp, Xp+1) + bp(xp—1, Xp)
b

<1
(1—a)

P (Xnt1, Xn) < Lp(xXp, Xp—1) where L =

P(Xnt1, Xn) < L" p(x1, x0)
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For n > m we have

Py Xm) < p(Xp, Xp—1) + p(Xpn—1, Xp—2) + - -~
n—m—1
+ pXms1, Xm) — Z P (Xn—k, Xn—k)
k=1
<LV L 4 4 L™ p (a1, x0)

_gn—m
m 1

R L —
B (1-1L)

m

(1-1L)

p(x1, xp)

=

p(x1, x0)

1
We get || p(xp, xm) |l < LmKﬁHp(xl, x0)|l. Thus {T"x} is a Cauchy sequence in
(X, p) such that lim p(T"xg, T"xo9) = 0. As (X, p) is complete there exists xg € X
n— oo

such that {T"x(} converges to x and
p(x,x) = lim p(x,,x)= lim p(x,,x,) =0
n—oo n—oo
Now for any n € N, we have that,

p(Tx,x) < p(Tx, T"'xp) + p(T" ' x0, x) — p(T" ' xo, T" ' x0)
<ap(x, Tx) + bp(T"xo, T" ' x0) + p(T" ' x0, x)

A

1
T 1bp(T"x0, T" x0) + p(T" " xo, )]
K n n+1 n+1
Ilp(Tx, x)|l < m[bllp(T xo, T° " x0) || + [1p(T™ x0, x)||] = O.
Hence p(Tx, x) = 0. But since
p(Tx,Tx) <ap(x,Tx)+bp(x, Tx)=(@+b)p(x, Tx)=0

we have that p(Tx, Tx) = p(Tx,x) = p(x,x) = 0 which implies that Tx = x. So x
is fixed point of 7.
Now if y is another fixed point of 7', then

px,y)=p(Tx,Ty) <ap(x,Tx)+bp(y,Ty) =0

Hence p(x,y) = p(x,x) = p(y,y) = 0. We get x = y, thus the fixed point of T is
unique. |

Corollary 2.2. Let (X, d) be a complete partial cone metric space, P be a normal cone
with normal constant K. Suppose that the mapping 7 : X — X satisfy the contractive
condition

p(Tx,Ty) <k[p(x,Tx)+ p(y, Ty)]
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forall x,y € X, and k € (0, 1/2). Then T has a unique fixed point in X. For each
x € X,the iterative sequence {T"x},>1 converges to the fixed point.

Proof. The proof of the corollary immediate by taking @ = b = k in the above
theorem. |

We note that if we take p as a cone metric in the above theorem, then we obtain
Theorem-3 of Huang Gaung,Zhang Xian [1] as a special case.

Theorem 2.3. Let (X, d) be a complete partial cone metric space, P be a normal cone
on X. Suppose a mapping 7 : X — X satisfy the contractive condition

p(Tx,Ty) < rmax{p(x,y), p(x,Tx), p(y, Ty)}
forall x,y € X and r € [0, 1). Then T has a unique fixed point in X.
Proof. Forevery xo € X andn > 1, Txg = x; and Tx,, = x,41 = 7"y,
p(xl’l-f—lv Xp) = p(Txn, Txn—1)

<r maX[p(xn’ Xn—1), p(xn’ Txy), P(xn—l, Tx,-1)]

< rmax[p(xy, Xp—1), P(Xn, Xn41)s P(Xn—1, Xn)]

=< VP(Xn—l, Xn)

< r" p(x1, x0)
For n > m we have

P (Xn, X)) < p(Xn, Xp—1) + p(Xp—1, Xp—2) + -+

n—m—1
k=1
< [rn—l e T r"™p(x1, x0)
m
<
< qC r)p(m,xo)
m

We get || p(xn, x|l < K | p(x1, x0)||. Thus {T"x} is a Cauchy sequence in

(I—=r)
(X, p) such that nll)ngo p(T"xo, T"xp) = 0. As (X, p) is complete there exists xg € X
such that {T"x(} converges to x and

px,x)= lim p(x,,x)= lim p(x,,x,) =0
n—>oo n—oo
Now for any n € N, we have that,
p(Tx,x) < p(Tx, T" 'x0) + p(T"*'x0,x) — p(T"*'x0, T"* ' x0)
< rmax[p(x, T"xo), p(x, Tx), p(T"xo, T"*'x0)] + p(T"*'x0, x)
Ip(Tx,x)| -0
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Hence p(Tx, x) = 0. But since
p(Tx, Tx) <rmax[p(x,x), p(x,Tx), p(x,Tx)] =0

we have that p(Tx, Tx) = p(Tx,x) = p(x,x) = 0 which implies that Tx = x. So x
is fixed point of 7.
Now if y is another fixed point of 7', then

p(x,y) = p(Tx, Ty)rmax[p(x, y), p(x, Tx), p(y, Ty)] =0

Hence p(x,y) = p(x,x) = p(y,y) = 0. We get x = y, thus the fixed point of 7 is
unique. |

Corollary 2.4. Let (X, p) be a complete partial cone metric space, P be a normal cone
with normal constant K. Suppose that the a mapping 7 : X — X satisfy the contractive
condition

p(Tx, Ty) <cp(x,y),

for all x, y € X, where ¢ € (0, 1) is a constant. Then T has a unique fixed point in X,
and for any x € X iterative sequence {7T" x} converges to the fixed point.

Proof. The proof of the corollary immediately follows by taking p(x, y) as maximum
value and r = ¢ in the previous theorem. |

Theorem 2.5. Let (X, d) be a complete partial cone metric space, P be a normal cone
on X. Suppose a mapping 7', § : X — X satisfy the contractive condition

p(Tx, Sy) <a[p(x,Tx)+ p(y, Sy)]

forallx,y € X anda € (0,1/2). Then T and S have a unique common fixed point in
X.

Proof. Forevery xo € X andn > 1, Txo = x1 and Sx; = x3

p(-xh x2) = p(Tan le)
< a[p(xo, Txo) + p(x1, Sx1)]
< alp(xo, x1) + p(x1, x2)]

a
< (1 )P(xo,)ﬂ)
—da

p(x1, x2) < kp(xo, x1),

which implies that

where 0 < k = < 1. Now for x» = Sx there exists x3 = T x» such that

—a
p(x2, x3) < kp(x1, x2). Continuing this process we obtain a sequence {x,} in X with
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Xon—1 = Tx2—2, Xon, = Sx2,—1 such that p(x,, x,+1) < kp(x,—1, x,) which further
implies that p(x,, x,41) < k" p(xo, x1) for all n > 1. Then, for n > m we have

P(Xn, Xm) < p(Xn, Xp—1) + p(Xpn—1, Xp—2) + - -
n—m—1

+ p(xm—l—l’ xm) - Z P(xn—k, xn—k)
k=1

<K VK" 4+ KM p(xa, x0)

< km
< (1 — k) p(x1, x0)

m

11—k
Hence {x,} is a Cauchy sequence in (X, p). By the completeness of X, there x € X such
that x,, — x, n — oo.

We get || p(xn, xm) || < K | p(x1, x0)||. This implies p(x,, x,) — 0n — oo.

px,x) = lim p(x,,x)= lim p(x,,x,) =0
n—>oo n—oo
Now for any n € N, we have that,

p(Tx,x) < p(Tx, x20) + p(X2n, X) — p(X2n, X20)
< p(Tx, Sx2p—1) + p(x24, X)
<alp(x, Tx) + p(xon—1, x20)] + p(x2n, X)
< klap(xan—1, X2n) + p(x2n, X)]
Ilp(Tx, )] -0
Hence p(Tx, x) = 0. Similarly, p(Sx, x) = 0. p(Tx, Sx) < al[p(x, Tx)+p(x, Sx)] =
0, and also p(Tx, Tx) = p(Sx, Sx) = 0. This implies that p(Tx, Tx) = p(Tx, x) =

p(x,x) =0and p(Sx, Sx) = p(Sx,x) = p(x,x) = 0. Hence Tx = Sx = x. So x is
the common fixed point of S, 7. |
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