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Abstract

This paper proposed a new generaization of family of Sarmanov type
Continuous multivariate symmetric probability distributions. More specifically
the authors visualize a new generaization of Sam-Solai’s Multivariate t-
distribution from the univariate student’s t-distribution. Further, we find its
Marginal, Conditiona distributions and also discussed its Bi-variate case.
Moreover, it is found that the conditional variances of Sam-Solai’s
Multivariate and Bi-variate conditional t- distribution are heteroscedastic and
the population Co-variances also extracted for certain degrees of freedom to
the Sam-Solai’ s Bi-variate t- distribution.

Keywords: Sam-Solai’s Multivariate t-distribution, univariate student’s t-
distribution, Cumulative t- distribution

Preliminaries

Thelogical generaization of univariate probability distribution for a Multivariate case
is an interesting task on the part of statisticians. The generalization of univariate
student’s t distribution to its Multivariate case based on the Sarmanov type
distribution is discussed.



82 Dr. A. Solairaju et al

Introduction

Kshiragar(1961) proposed some extensions of multivariate t-distribution and visualize
the distribution of regresson Co-efficient.Similarly,Gupta(1964) discussed the
Multivariate wishart distribution and proposed the multivariate t-distribution with
reference to the Complex random variables.Miller(1968) studied the different kinds of
multivariate t-distribution and Siotani (1976) discussed the conditional and stepwise
multivariate t-distribution.Moreover,Arellano et a(1994) gave a Predictivistic
interpretation of the multivariate t-distribution and its applications.Gupta A.K(2000)
formulated and discussed the Skewed version of the multivariate t-distribution and
Sahu et al.(2000) proposed a new class of multivariate skew distribution and
elucidates its application to the Bayesian regression models. In the same manner,
Jones (2001) discussed the multivariate t-distributions and its relationship with beta
distributions and multivariate F-distribution. Fang et al (2002) gave a detailed account
of the Meta elliptical distributions for given marginal and Azzalini et a (2002)
studied the perturbation of symmetry distributions with special emphasis to the
Multivariate skewed t distribution. Based on the past and present literatures,
statisticians failed to highlight the symmetric family of Multivariate distribution of the
Sarmanov type. So the authors proposed a new symmetric family of multivariate
generadization of univariate Continuous distribution with special reference to the
student’ s t- distribution and it is discussed in the next section.

Sam-Solai’s Multivariate t- distribution
Definition 2.1: Let ti’tZ’tS' . ,tpare the random variables followed Continuous

univariate student’s t-distribution with mean 0, variance V and Vi degrees of

V-2
freedom for al i (i=1 to p), then the Multivariate Sam-Solai’s t-distribution and its
density is defined as

)
a+-) 2
p p _2 _2 p .
f(tvtz,ts.--,m=<1+zzp.,-titjJ(V' )
- W MBG

(1)
where | = | . —o0 < t; < +o00. V>0 —1<p <+1

Result 2.1: Sam-Solai’s Cumulative Multivariate t- distribution

The cumulative distribution function of the Sam’s Multivariate t- distribution can also
be represented in terms of its Multivariate incomplete Beta Integral form and it is
given as
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Theorem 2.2: Sam-Solai’ s Multivariate Conditional t- distribution
The Probability density function of Sam-Solai’s Multivariate Conditional t-

distribution of tlon t2 , t3 oo tP is

N Y (v _2
5 0 S J\/(V. V)\(/vj ),
/et t)= il e 2)i(j 2)
YV
\/_B(l V1)(1-I-Zz it J\/ j )
i=2 j=2 ViVj (4)

Wherel == | — 00 < t; < + 00V, > 0 -1<p <+1

Proof: Let the Multivariate Conditional distribution of tlon t2 : t3 e tP is
given as

f(t,t,,t,...,t
f(t/t,t...t)= (4, 1,1, o)

f(t,,t,....t )

(1+ t|2 )7(v,+1)
P, P —2)(v. -2 .
S s e
i=1 j iV i=1 \/78(
/bt t,) = v.+1

)

to b g — a+ e
Jo S [t
i i=1 \/78(




84 Dr. A. Solairaju et al
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where | = | —o0 <t < 4+ 0. v, > 0

—1<p <+1

Theorem 2.3: Mean and Variance of Sam-Solai’s Multivariate Conditional t-
distribution are

R v,(v. — 2)
E(t,/t,, t,... ,t.)= PO A
1 2143 P JZ;Z 1] J\/Vj(vl 2) (5)

vl(vj —2) 12
j= 2 Vj (Vl o 2)

ks

V(t /tt.. 0t )—

Proof: The Mean and Variance are also conditional and the Conditional expectation
and Conditional variance are given as

+ o0
E(t, /t,,ty... ,t)) = f tf(t /bt ,t,)dt,

0 S ~2W, 2
(1+t1> (1+ZZP.J|J\/( =9
E(tlltz’t3""tp)_ft1 1 i=1 j=1
S el vl)(1+zz At \/

i=2

E( [ty by t,) = 3 pot ]\/V (vj: 2;

j= 2 \Y (V

v —2)(v, — 2))

+o0
V(t1/t2,t3...,tp):f(tl—E(tlltz,tg...,t )2t /t,,t,...,t)dt,
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Theorem 2.4: If there are p=g+k random variables,such that q random variables
tl : ’[2 : ’[3 e tq conditionally depends on the k variables

tq+1’tq+2 1 tq+3 A tq+k
multivariate conditional t-distribution is

t
— (+ )
(1+ZDU1/( G -
i = i \/78(

Fl bt &/t e L) = J ~2v, -2

then the density function of Sam-Solai’s
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Proof: Let the multivariate conditional law for q random variables
t1’t2’t3"" tq conditionally depends on the k variables

tysastasast ty i

F bty /g oty yare o) =

isgiven as

f(t1 Ll q tq+1’tq+2’tq+3’ q+k)
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Theorem 25.1 (Constants of Sam-Solai’s multivariate t- distribution): The

Marginal Co-variance and Population Correlation Co-efficient between the
random variables t, and t,isgiven as
V. V.
COV (t,,t,) = ,012\/ — ®
(V1 o 2) (Vz o 2)

Proof: Let the product moment of the Sam-Solai’ s multivariate t- distribution is given
asin terms of Co-variance

+ 00 + o + 0o p
cov(y,t,)= [ [ .. ftltzf(tl,tz,ts,...tq)n dt,
t2 V+l
+00 400 (1+ )
2)(v, —2 p
covi)= [ [- fmmzzj M2, ~ 2y Vlv e
00 —0 i=1 j=1 \/IVJ i=1 \/VB(* 7)
2 2
v,V
Cov(tl’tz):plz\/ =
(v, —2)(v, — 2)

Note: (1). The result can be generalized to the Co-variance between the | th and J th
random variable are given as

ViV,

©)
CovL.L)= ”’\/(v —2(v —2)
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COV (t,t,)

Pij =
ViVj
\/(vi —2)(v, - 2)

Where | == J ’ _1§10ij§+1

(2). The Moment generating function, Cumulant of Moment Generating function and
Characteristic function of Sam-Solai’s Multivariate t- distribution are also undefined,
due to the non-convergence of the incomplete beta integral.

Some special cases
Result 3.1 If pij = 0, then there is no correlation between the variables and the

Sam-Solai’s multivariate t-distribution is reduced to product of students uni-variate t-
distribution.

Result 3.2 If P=2, then the density of Sam-Solai’s Multivariate t- distribution was
reduced into

tl 7(v1+1 t2 (v2+1
1+21) (14-2) (13)
() =g (1+a2t1t2J(V12)(V22)>
JiBC L 2B 2 W,

where— 00 < '[1,'[2 < —|—OO,Vi > 0 _1 < p, < +1
Thisis called Sam-Solai’ s Bi-variate t- distribution.
Result 3.4: Below the diagram shows the Bi-variate probability surface of the Sam’'s

Bi-variate t- distribution for (v1=5, v»=10) degrees of freedom and various values of
population correlation coefficient ( P =-1,-0.5, 0, +0.5, +1) are given.

p=U.5,V1=5,V2=IU
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Result 3.5: The Sam-Solai’ s Bi-variate Cumulative t- distribution is given as
2 v+ o+
14y o 1 W\ 5 (15)
b b ( +— ) ( +V) (V —2)(V _2)
Ft)= [ [ 2 (L, [ )dud,
1 v 1v V.
e g YBC, 1)( v%BC e

Result 3.6: Margina distributions of t and t, for Sam-Solai’s Bi-variate t-
distribution are

)
(1+ V) )
f(t,) = L —

JiB ()

where —oo <t, < 400, V>0
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Proof: The Marginal distribution of t, for the Sam-Solai’s Bi-variate t- distribution
isgiven as
+00

ft)= [ ft.t)d,

—0

t7 -5 2 (25
o (L2 ) 1+ )
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w\Mm9%Wh§;)

v1+1

ViV,

a+m%JM_aM_amu

—(

1+ V)
f(t,) = L
JViB(
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Where —oo < t, < 400 ., v, >0

Similarly, the Marginal distribution of t , for the Sam’s Bi-variate t- distribution is
given as
+00

f (tz) — f f (tl’tz)dtl

—0
t2 -

)
LY v —=2)(v, —2)
f(t,)= 2 (1+ :0_L2t1t2\/ - 2 )dt,
fomlww VB, Wy,
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where —OOStZ < 400, v, >0

Theorem 3.6: Conditional distribution of t, on t20f Sam-Solai’ s Bi-variate normal
distributionis

A+ :1/) N v, -2V, —2) (18)
ft/t)=—7~ (1+a2t1t2\/ )
J4BG ) e

Proof: Let the conditional distribution of t, on tzbased on the conditiona
probability is given as

(t, /t)—f(tl’t)

F(t,)
2 v+l 2 vp+l
(1+t1)( >(1+t2)( )
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Vl
JiB( . 2)

For the conditional density of Bi-variate Sam-Solai’s t- distribution, we can easily

derive the Conditional expectation and Variance. The conditional Variance of t, on

t, isheteroscedastic and it is given as
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Result 3.7: Below the diagram shows the Bi-variate Conditional probability surface
of the Sam’s Bi-variate Conditional t- distribution of t; on t, for (v1=5, v»=10)
degrees of freedom and various values of population correlation coefficient ( P =1,-

0.5, 0, +0.5, +1) are given.
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Theorem 3.7: The Conditiona distribution of t,ont, of Sam-Solai’s Bi-variate t-
distributionis

t2 -2t
1+-2%) 2 (21)
V. Vv, —2)(v, — 2
f (tz /tl) - - 1v 1+ plztltz\/( L ) 2 ))
VY2 B(E ’22) Yz

Proof: Let the conditional distribution of t, on t, based on the conditional
probability is given as

/) == 2
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From the Conditional density, we can easily derive the Conditional expectation and

Variance. The conditional Variance of t,, on t, isheteroscedastic and it is given as

+00
E(t, /1) = [ t,f(t,/t)dt,

e P e

o (142) (1+2)
B, /)= [t,—% X " s plztltzJ U223,
“eo \/_ 1)\/_5( iV,
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E(t,/t)=p,t [=+—=
(t, /1) =t v, (v, — 2)
400
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(23)

V) ==

Theorem 3.8: Some Standard Constants of Sam-Solai’s Bi-variate t- distribution are
obtained.
(1) The Co-variance and Population Correlation Co-efficient between the random

variables  t,and t,isgivenas

+00 +00
COV (t,,t,) = | ftltzf(tl,tz)dtldtz
IR B K

roore (2 ) (1+-2)
cov(tL)= [ [t

e J‘B(1 B)WBC, 2

_ VY, (24
OOJ(HIZ)HZ\/ 20,2

COoV (tl,t )

(v, —2)(v,—2)
(1‘|' pbt, \/ Vv )dt,dt,

172

\/(v — 2)(v —2)

(2) The Moment generating function, Cumulant of Moment Generating function and
Characteristic function of Sam-Solai’s Bi-variate t- distribution are also undefined,
due to the non-convergence of the incomplete beta integral.

Conclusion

The multivariate generalization of student’s t-distribution is a natural density and the
Sam-Solai’s generaization of multivariate t- distribution is similar in certain aspect
with matrix variant of multivariate student’s t-distribution. At first, the margina uni-
variate distributions of the Sam-Solai’s Multivariate t-distribution are uni-variate
student’s t-distribution. Secondly, the Population Co-variance and Correlation co-
efficient of the proposed distribution are similar with Karl Pearson’s Co-variance and
correlation Co-efficient. Finally, the Conditional variance of Sam-Solai’s Multivariate
Conditional t- distribution is heteroscedastic in nature and this feature is a unique for
the proposed distribution. Thus the new generaization of sarmonav type family of
symmetric multivariate distribution open the way for logica extension of the
generdization of symmetric family of al uni-variate continuous probability
distributions.
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