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Abstract
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and this notion is used to prove a common fixed point theorem which
improves results of K.P.R. Rao et. al. [4] and Van Luong et. a. [3]
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Introduction
In this paper we introduce the notion of aweak atering distance function and use it to
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prove a common fixed point result which improves results of K.P.R. Rao €t. al. [4]
and Van Luong €t. al. [3]

Definition 1.1 (Jungck and Rhoades, [2]): Suppose S and T are self maps on a non
empty set. S and T are said to be weakly compatible if STx = TSx when ever
Sx = Tx. That is, they commute at their coincidence point.

Definition 1.2: (Generalized altering distance function): Let @ denote the set of all
functions ¢:[0,00)° — [0,e0) such that

(i) ¢ iscontinuous

(i1) ¢ ismonotoneincreasing in each variable

(i) @(ty, ty, ts, ty, ts) =0if andonly if ty =t, =t =t, =t =0

A function ¢ € ® issaid to be ageneralized altering distance function.
If p: [0,0)° — Rsatisfies only (ii) and (iii) then ¢ is called awesk generalized
atering distance function.

Definition 1.3 (Cho et. al. [1]): A pair of self maps (S, T) is said to be semi
compatible if
Sy =Ty impliesSTy = TSy, and

limSx, =limTx, = x forsome x € X implies |imSTx, =Tx holds.

We observe that semi compatibility implies weak compatibility.

K.P.R. Rao €t. a. [4] proved a common fixed point theorem for four self maps on
a complete metric space using semi compatibility assuming one of the maps to be
continuous.

Theorem 1.4 (K.P.R. Rao et. al. [4]): Let (X,d) be a complete metric space and
f,g,S and T be self maps on X such that

() ¢ (d( fxgy)) < ¢1(d(9<,Ty),d(S<, fx),d(Ty,gy),%[d(Sggy)+ d(Ty, fx)]}

- (”2(d(3('Ty)’ d(S, fx),d(Ty, gy)%[d (S gy)+ d(Ty, fX)]j

foral x,y € X, where ¢,,¢, e ® and ¢,(x)=,(x,x,%,x)  Vxe[0,:)
(ii) One of the mapsf, g, S and T is continuous

(i) (f,S) and (g, T) are semi compatible pairs

(iv) F(X)=T(X), g(X)=S(X).

Thenf, g, S and T have a unique common fixed point in X.
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Van Luong and Xuan Thuan [3] proved a common fixed point theorem for two
pairs of weakly compatible maps using the notion of generalized atering distance
function. In this theorem completeness of the space is replaced by the completeness of
the range space of one of the maps and continuity of the maps is dropped. Further
they claimed that the continuity of one of the generalized atering distance functionsis
dropped. However, in the proof, continuity of both the generalized altering distance
functions IS tacitly used. Further, one need to put

w(u,u)= max{e, (u,u,u,2u,u),@,(u,u,u,u,2u)} toget a, <a,,, n =23, ..

Theorem 1.5 (Van Luong et. al [3]): Let A, B, S and T be self maps of a metric space
(X, d) such that
(i) w(d(Ax By) max{d(Ty, By), d(S, Ax),d(STy))

< ¢ (d(SxTy),d(Sx, Ax),d(Ty, By),d(Ty, Ax),d(Sx, By)

—,(d(S,Ty), d(, Ax),d(Ty, By),d(Ty, Ax),d(S, By) VX, ye X,

for some ¢,,p, € ®. y: [0,0)° — Risacontinuous function and
w(u,u)={p(uuuu2u)} v ue[0w)

(i) AX < TX and BX — SX

(i) (A,8) and (B, T) are weakly compatible

(iv) Oneof AX,BX,SX or TX isacomplete subspace of X.

Then A,B,S and T have a unique common fixed point. Moreover it is aso the
unique common fixed point of A and S and of B and T.
We overcome these difficulties in Section 2 and obtain our main result.

Main Results
In this section, we prove our main result from which we get the results of [3] and [4]
as Corollaries. We start with

Theorem 2.1: Suppose ¢, €® and ¢, is a weak generalized altering distance
function.
Define f: [0,0)>R by
f (u) = max{e, (u,u,u,0,2u),¢, (u,u,u,u,2u,0),, (U, u,u,u,u)}
sothat f isincreasing. Let A, B, S, T be self maps of ametric space (X, d) such that
() f (min {(d(Ax, By), max{d(Ty, By),d(Sx, Ax), d(Sx,Ty)}})

< ¢, (d(STy),d(Sx, Ax),d(Ty, By),d(Ty, Ax),d (S, By)

-, (d(SXTy),d(, Ax),d(Ty, By),d(Ty, Ax),d(SX,By) V x,ye X
(i) AX < TX and BX — §X
(i) (A4,8) and (B, T) are weakly compatible
(iv) Oneof AX,BX,SX or TX isacomplete subspace of X.
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Then A,B,S and T have a unique common fixed point. Moreover it is aso the
unigue common fixed point of A and S and of B and T.

Proof: Let x, € X. Using (i), we construct the sequences{x, }and {y,} in X, such
that, v,, = AX,, = TXon.1 Yonuy = BXony = X5, = 0,1,2..
Let 2 =dWnYna) 1 = 01,2, Put X=X Y = Xenat i (j). We have
FMin{d(Yan, Yania)s MaX{A (Y20, Yania)s A(Vanas Yon) A (Yanas Yon)3)
<@ (Ad(Yanas Yon) A(Yonss Yo ): A(Yans Vo) A(Yons Yon)s A(Yanas Yonia))
=0, (A(Yan15 Y20 ): A(Van 15 Yon ) A(Yans Yonia)s A(Yans Yo ) A(Yan 10 Yonia))
— f(min{a,,,max{a,,,a,, 1,81} })< @,(ay, 1,80 1,85,,0,8,,,, + y,)
_ ©2 (80118501, 850,0,d(Vzn 1, Yonia)
If F2n-1< Bon then
(@2n) < 0y (B0 801 80.02850) _ 0, (80 1,80.1,850.0,0 (Vo012 Vo)

< .
< f (a2n ) , acontradiction.
aZn < a2n—1

Similarly by putting x=X,,,,, and y=X,.., in(i), weget a,,,, < a,,.
Thus a,< a,,; n =1,2.. Hence {a,} converges to some ac[0,») so that
a<a,

NOW! d(yZn—ll y2n+1) < d(yZn—ll yZn) + d(yZn ’ y2n+1) = a2n—1 + a2n - (211)
Let 0<a <d(Yy ) Yony) VN—(21.2)

From (211) and (212) we geta < Za. Now, since ?, isincreas ng
= 0,(8501, 8501 30,0,d (Vo 15 Yonia)) <9, (a, a,a,0, (Z) - (2.1.3)

Si mllarly - ¢2 (aZn ’ a2n+1’ a2n ’ d (y2n—1l y2n+1)70) < _¢2 (a7 a’ a70’ 0,’) - (214)
Put x=X,, and y=X,,., in(i), Then

f (ml n{ a2n ! maX{ a2n ’ a2n—l’ a2n71} }) < (01( a2n—l’ a2n—l' a2n '0’ a2n—1 + aZn)

— 0,301,851 357,0,d (Yo 15 Yonia))
= f(a,) < fla.)-p.(aaa0a) (by(21.3)

Hence ¢,(a,a,a,0,a)< f(a,,,)- f(a,,) —(2.15)
Put x=X,,,and y=X,,, in(i). Then
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F(min{a,,.,, max{@y,.1, 80, 800}1}) < A(8n8on.11 Bons 8o + 82711, 0)

- ¢2 (a2n ’ a'2n+1’ a2n ’ d (yZn ’ y2n+2)10)
= f(@a) < f(ay)-9.(a,.aaa0) (by (214)

Hence ¢,(a,a,a,2,0)< f(a,,)- f(a,,,,) —(216)
From (2.1.5) and (2.1.6), ¢,(a,a,8,0,0)< f(a,,)- f(a,,)
Hence ng,(a,a,a,0,0)< f(a,)- f(a,,,)

<f(a)
sothatgoz(a,a,a,o,o)s@ —»0 as nowo,

Hence ¢,(a,a,a,@,0)= 0, consequently a=a =0 ; Thus
limd(y,,y...) =0— (2.1.7)

Now we prove {yn} is a Cauchy. From (2) it is sufficient to show that the sub
sequence {y,,} isa Cauchy sequence. Suppose {y, } is not a Cauchy sequence then
Je > 0 and sub sequences{ Y.}, {Yom fSUCH that n(k) > m(k) >k and

d(Yomao» Yongo) 2 € @d  d(Yomug s Yongo 2) < € (2-1-8)

By choosing n(k) to be the smallest number exceeding m(k) for which (2.1.8)
holds.

€< d(yZm(k) , y2n(k))
< d(yZm(k) ' Yone-2 )"' d(yZn(k)—Z’ y2n(k)—l)+ d(yZn(k)—l’ y2n(k))
<&+ d(yZn(k)—Z’ y2n(k)—l)+ d(yZn(k)—l’ Yon )
Letk —» oo, using (2.1.7), we get Limd(yZm(k) +Yaoniy) = € —>(2.1.9)

‘d(yZn(k) , y2m(k)—1) - d(yZn(k) 1 Yom(k) )‘ <d (y2m(k), y2m(k)+1)

Letk —» oo, using (2.1.7) and (2.1.9) Ikgg d(Yanwy 1 Yomo-1) = € —(2.1.10)

‘d(yZn(k)+l’ y2m(k)—1) - d(yZn(k) ) y2m(k)—1)‘ < d(yZn(k)+1, y2n(k))

Letk — o0, using (2.1.10) and (2.1.7) limd(Yugg,1 Yan 1) = & —>(2.1.11)

‘d(yZn(k)+l’ Yame) — DY amy » Yanao )‘ < d(Yang, Yangos1)
Letk > oo, using (2.1.11) and (2.1.7) Ikim d(Yansar Yomy) = € —(2.1.12)

Taking X=X,y @Nd Y = X5, IN (i), We get
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FINEYangig » Yorgn) MMEXE(Y oy » Yoriign) A Ym0 Yoo ) AYonig1: Yo )} 1)
< (pl(d(err(k)—l’ Yon ) ’d(err(k)—l’ yZn(k)) ld(yZn(k) ) y2n(k)+1) ’d(yZn(k) , y2rr(k)) ld(yZn(k)—ll y2n(k)+1))
~ @ (A(Yarrgr 29 Yoy ) A Yoy 20 Yoty ) 1Ay » Yoy ) /I Yoy Yorrgig ) AV oy 20 Yorggsa))

By (2.1.7), (2.1.9), (2.1.10) and (2.1.11), there exists N such that for k > N
d (Va1 Yoney) > €/2 5 AVampg-15 Yamy) = 0 5 d(Yangy » Yongeysa) > 0
d(Yanwy s Yoo ) > /2 and d(Yama 15 Yanys) > &/2

Hencefor k > N, we get

£ (M (Yo » Yongi 1)y MYy » Yoy 1) AV -1 Yormei )y AV a1 Yoni )3 1)
<@ (A(Yargg-1: Yono ) AV a1 Yami )s AV aniy s Yoria) s AYangy » Yoy ) A Y1 Yong1))
-9,(£/2,00,6/2,¢/2)

Now letk — o, using (2.1.7), (2.1.9), (2.1.10), (2.1.11), (2.1.12) we get
f (min{e,max{0,0,&}}) < (pl(g,0,0,g,g)— (p2(8/2,0,0, £/2, 8/2)

f(e) < f(e)- 0,(6/2,00,6/2,8/2)

< f(¢), acontradiction. .~. {y, } isa Cauchy sequence.

Suppose TX is a complete subspace of X. Then the sub sequence vy,, =TxX,,,, isa
Cauchy sequenceinT X, hence convergestosome ueTX. 3ve X,>Tv=u
Since {y,,} = u, so{y,} —u,hence{y,, .} >u by the definition of{y,}, we

have
lim Ax,, =1limTx,,., =limBx,,., =lim&,,., =u
nN—oo N—o0 n—oo

nN—oo

putx = X @d Y=V, (i), we have
f (min{d(u, Bv), max{d(u, Bv),d(u,u),d(u,u)} })

<¢,(d(u,u),d(u,u),d(u, Bv),d(u,u),d(u, Bv)) — ¢, (d(u,u),d(u, u),d(u, Bv),d(u,u),d(u, BV))
= f(d(u,Bv)) < f(d(u,Bv)) -9,(0,0,d(u, Bv),0,d(u, Bv))
=¢,(0,0,d(u,Bv),0,d(u,Bv))_ 4

S.u = Bv

SinceBX < SX,s0u = Bv => u eSX.Hence dweX > Sw = u

Similarly setx = wand y = X,,,, in (i), we get u = Aw. Since AX c TX, so
u=Aw =>ueTX.HencedveX >Tv = u.Tv = Bv = Aw = Sw = u

Sinceu = Aw = Sw and (4,S) is weak compatible, ASw = SAw, sOAu =
ASw = SAw = Suhencedu = Su

Sinceu = Tv = Bv and (B, T) is weak compatible, BTv = TBv, SO Bu =
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BTv = TBv = TuhenceBu = Tu
Putx = u,y = vin(i), we have
f (min{d(Au, Bv), max{d(Tv, Bv),d(Su, Au),d(Su,Tu)}})

< ¢ (d(Su,Tv),d(Su, Au),d(Tv, Bv),d(Tv, Av),d(Su, Bv))

—@,(d(Su,Tv),d(Su, Au), d(Tv, Bv),d(Tv, Av),d(Su, Bv))
f (min{d(Au, Bv), max{0,0,d(Au,u)}})

< @, (d(Au,u),0,0,d(Au,u),d(Au,u)) — @, (d(Au,u),0,0,d(Au,u),d(Au,u))
f (d(Au,u)) < f (d(Au,u)) — @, (d(Au,u),0,0,d(Au,u),d(Au,u))
@,(d(Au,u),0,0,d(Au,u),d(Au,u)) =0, so Au = u.

Similarly by using (i), we show that Bu = u by puttingx = w,andy = u

Thus Au = Bu = Tu = Su = u. Hence u is a common fixed point of
A B,S,T

If we assume SX is complete, then the argument is similar.

If AX iscomplete,3 u € AX cTX suchthaty,, — u andif BX is complete then

Ju e BX < SX suchthaty,, — u. Inall the above cases the argument is similar.

Uniqueness of common fixed point
Let z be another common fixed point, put x = u,y = zin(i), we get
f (min{d(u, ), max{0,0,d(u, 2)}})

<¢,(d(u,2),0,0,d(u, 2),d(u, 2)) - ¢,(d(u, 2),0,0,d(u, 2),d(u, 2))
= f(d(u,2) < f(d(u,2)) - ¢,(d(u, 2),0,0,d(u, 2),d(u, 2))
¢,(d(u,2),00,d(u,2),d(u,2)) =0 sothatu = z

Let x befixedpointof AandS. Putu = yin (i).
f (min{d(x, u),max{d(x, x),d(x,u),d(u,u)}})

<, (d(x,u),d(x,X),d(u,u),d(u, x),d(x,u)) — @, (d(x,u),d(x, x),d(u,u),d(u, x),d(x,u))
= f(d(xu)) < f(d(x,u))—e,(d(x,u),0,0,d(u,x),d(u, X))
< f(d(x,u)), acontradictionif x #usox = u.

Hence A and S have a unique common fixed point.
Similarly we prove B, T have a unigue common fixed point.
Now we use Theorem 2.1 to prove a common fixed point theorem for six maps.

Theorem 2.2: Suppose ¢, € ® and ¢, is a weak generalized altering distance
function.

Define f: [0,00)— R by

f (u) = max{g,(u,u,u,0,2u),¢,(U,u,u,u,2u,0), ¢ (U,u,u,u,u)} so tha f is
increasing.

Let A, B,S, T, P,Q beself maps of ametric space (X, d) such that
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(i) f (min{ (d(Ax, By), max{d(TPy, By),d(SQx, Ax),d(SQx Ty)}})
< ¢ (d(SQx TPy), d(SQx, Ax), d(TPy, By),d(TPy, Ax),d(SQx, By)
— 9,(d(SQx, TPy), d(SQx, Ax), d(TPy, By), d(TPy, Ax),d(SQx, By) VXx,ye X
(i) AX < TPX and BX — SQX
(i) (A,SQ) and (B, TP) are weakly compatible
(iv) SQ = QS, TP = PT,AQ = QA,BP = PB
(v) Oneof AX,BX,SQX or TX isacomplete subspace of X.

Then A, B, S, T, P, Q have aunique common fixed point.

Proof: By using Theorem 2.1, A, B, TP and SQ have a unique common fixed point u,
and u is aso the unigue common fixed point of A and SQ and of B and TP.

Since Au = SQu = u then QAu = QSQu = Qu. ThusAQu = SQQu = Qu.
Qu isacommon fixed point of 4, SQ. By uniqueness of common fixed point of A and
SQ,weget Qu = u.HenceSQu = Su = u.

Since Bu = TPu = uthen PBu = PTPu = Pu, thus BPu = TPPu = Pu.
Hence Pu is a common fixed point of B, TP. By uniqueness of common fixed point
of Band TP,weget Pu = u.HenceTu = TPu = u.

Au = Bu = Tu = Su = Qu = Pu = u.

i.e.A,B,S,T,P,Q have aunique common fixed point.

Note: Clearly, Theorem 1.4 and Theorem 1.5 are corollaries of Theorem 2.1, since
semi-compatibility implies weak compatibility.
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