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Abstract 
 

A new notion of a weak generalized altering distance function is introduced 
and this notion is used to prove a common fixed point theorem which 
improves results of K.P.R. Rao et. al. [4] and Van Luong et. al. [3] 
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Introduction 
In this paper we introduce the notion of a weak altering distance function and use it to 
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prove a common fixed point result which improves results of K.P.R. Rao et. al. [4] 
and Van Luong et. al. [3] 
 
Definition 1.1 (Jungck and Rhoades, [2]): Suppose ܵ and ܶ are self maps on a non 
empty set. ܵ and ܶ are said to be weakly compatible if ܵܶݔ ൌ  when ever ݔܵܶ
ݔܵ ൌ  .That is, they commute at their coincidence point .ݔܶ
 
Definition 1.2: (Generalized altering distance function): Let Φ denote the set of all 
functions [ ) [ )5: 0, 0,φ ∞ → ∞  such that 
 (i) ϕ  is continuous 
 (ii) ϕ  is monotone increasing in each variable  
 (iii) ߮ሺݐଵ, ,ଶݐ ,ଷݐ ,ସݐ ହሻݐ ൌ ଵݐ ݂݅ ݕ݈݊݋ ݀݊ܽ ݂݅ 0 ൌ ଶݐ ൌ ଷݐ ൌ ସݐ ൌ ହݐ ൌ 0 
 
 A function ϕ Φ∈  is said to be a generalized altering distance function. 
 If [ ) R→∞ 5,0:ϕ satisfies only (ii) and (iii) then ϕ  is called a weak generalized 
altering distance function. 
 
Definition 1.3 (Cho et. al. [1]): A pair of self maps ሺܵ, ܶሻ is said to be semi 
compatible if  
ݕܵ ൌ ݕܶܵ implies ݕܶ ൌ   and ,ݕܵܶ

xTxSx n
n

n
n

==
∞→∞→

limlim  for some x  ∈  X implies TxSTxn
n

=
∞→

lim holds. 

 We observe that semi compatibility implies weak compatibility. 
 
 K.P.R. Rao et. al. [4] proved a common fixed point theorem for four self maps on 
a complete metric space using semi compatibility assuming one of the maps to be 
continuous. 
 
Theorem 1.4 (K.P.R. Rao et. al. [4]): Let ሺܺ, ݀ሻ be a complete metric space and 
݂, ݃, ܵ and ܶ be self maps on X such that 

(i) ( )( ) ( ) ( ) ( ) ( ) ( )1 1
1, , , , , , , , ,
2

d fx gy d Sx Ty d Sx fx d Ty gy d Sx gy d Ty fxϕ φ ⎛ ⎞⎡ ⎤≤ +⎜ ⎟⎣ ⎦⎝ ⎠
  

   ( ) ( ) ( ) ( ) ( )[ ]⎟
⎠
⎞

⎜
⎝
⎛ +− fxTydgySxdgyTydfxSxdTySxd ,,

2
1,,,,,,2ϕ  

 
for all x, y ∈  X, where Φ∈21,ϕϕ  and ( ) ( ) [ )∞∈∀= ,0,,,11 xxxxxx ϕϕ  
(ii) One of the maps f, g, ܵ and ܶ is continuous 
(iii) ( )Sf ,  and ( )Tg,  are semi compatible pairs 
(iv) ( ) ( ) ( ) ( )XSXgXTXf ⊂⊂ , .  
 Then f, g, ܵ and ܶ have a unique common fixed point in X. 
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 Van Luong and Xuan Thuan [3] proved a common fixed point theorem for two 
pairs of weakly compatible maps using the notion of generalized altering distance 
function. In this theorem completeness of the space is replaced by the completeness of 
the range space of one of the maps and continuity of the maps is dropped. Further 
they claimed that the continuity of one of the generalized altering distance functions is 
dropped. However, in the proof, continuity of both the generalized altering distance 
functions is tacitly used. Further, one need to put 
( ) ( ) ( ){ }uuuuuuuuuuuu 2,,,,,,2,,,max, 21 ϕϕψ =  to get 1 ,n na a −≤  ݊ ൌ 2, 3, … 

 
Theorem 1.5 (Van Luong et. al [3]): Let ܣ, ,ܤ ܵ and ܶ be self maps of a metric space 
ሺܺ, ݀ሻ such that  
( ) ( ) ( )( )),(),,(,,max{,, TySxdAxSxdByTydByAxdi ψ  
 ≤ ),(),,(),,(),,(),,((1 BySxdAxTydByTydAxSxdTySxdϕ  

 ),(),,(),,(),,(),,((2 BySxdAxTydByTydAxSxdTySxdϕ−  ,, Xyx ∈∀  
 
for some ., 21 Φ∈ϕϕ  [ ) R→∞ 2,0:ψ is a continuous function and  

 ( ) ( ){ }uuuuuuu 2,,,,, 1ϕψ =  [ )0,u∀ ∈ ∞  
(ii) ܺܣ ⊂  ܶܺ and ܺܤ ⊂  ܵܺ 
(iii) ሺܣ, ܵሻ and ሺܤ, ܶሻ are weakly compatible 
(iv) One of ܺܣ, ,ܺܤ ܵܺ or ܶܺ is a complete subspace of ܺ. 
 
 Then ܣ, ,ܤ ܵ and ܶ have a unique common fixed point. Moreover it is also the 
unique common fixed point of ܣ and ܵ and of ܤ and ܶ. 
 We overcome these difficulties in Section 2 and obtain our main result. 
 
 
Main Results 
In this section, we prove our main result from which we get the results of [3] and [4] 
as Corollaries. We start with 
 
Theorem 2.1: Suppose Φ∈1ϕ  and 2ϕ  is a weak generalized altering distance 
function.  
Define [ ) Rf →∞,0:  by 
( ) ( ){ }),,,,(),0,2,,,,(,2,0,,,max 111 uuuuuuuuuuuuuuuf ϕϕϕ=  

so that f  is increasing. Let ܣ, ,ܤ ܵ, ܶ be self maps of a metric space ሺܺ, ݀ሻ such that 
(i)݂ሺmin ሼሺ݀ሺݔܣ, ,ሻݕܤ maxሼ݀ሺܶݕ, ,ሻݕܤ ݀ሺܵݔ, ,ሻݔܣ ݀ሺܵݔ,  ሻሽሽሻݕܶ
 ≤ ),(),,(),,(),,(),,((1 BySxdAxTydByTydAxSxdTySxdϕ  
 2ϕ− ),(),,(),,(),,(),,(( BySxdAxTydByTydAxSxdTySxd  ,x y X∀ ∈  
(ii) ܺܣ ⊂  ܶܺ and ܺܤ ⊂  ܵܺ 
(iii) ሺܣ, ܵሻ and ሺܤ, ܶሻ are weakly compatible 
(iv) One of ܺܣ, ,ܺܤ   .ܺ is a complete subspace of ܺܶ ݎ݋ ܺܵ
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 Then ܣ, ,ܤ ܵ ܽ݊݀ ܶ have a unique common fixed point. Moreover it is also the 
unique common fixed point of ܣ and ܵ and of ܤ and ܶ. 
 
Proof: Let .0 Xx ∈  Using (ii), we construct the sequences{ }nx and { }ny  in ܺ, such 
that, ;1222 +== nnn TxAxy  121212 +++ == nnn SxBxy , ݊ ൌ  0,1,2.. 

 Let ),( 1+= nnn yyda , ݊ ൌ  0, 1, 2, … Put 122 , +== nn xyxx  in (i). We have 

  

 ⇒ ),0,,,(}}),,max{,(min{ 212212121121222 nnnnnnnnn aaaaaaaaaf +≤ +−−+− ϕ  

  െ )),(,0,,,( 1212212122 +−−− nnnnn yydaaaϕ  

 If 12 −na < na2  then 

 ( ) ≤naf 2 1ϕ ሺ )2,0,,, 2222 nnnn aaaa െ )),(,0,,,( 1212212122 +−−− nnnnn yydaaaϕ  

  ( )naf 2≤ , a contradiction.  

  122 −≤∴ nn aa  
 
 Similarly by putting 1222 ++ == nn xyandxx  in (i), we get 12 +na ≤  .2na   
 Thus na ≤  1−na ; ݊ ൌ 1, 2 … Hence { }na  converges to some [ )∞∈ ,0a  so that 

naa ≤   

 ( )1.1.2),(),(),(, 2121222121212 →+=+≤ −+−+− nnnnnnnn aayydyydyydNow  
 Let ( )2.1.2),(0 1212 →∀≤≤ +− nyyd nnα  
 
 From (2.1.1) and (2.1.2) we get a2≤α . Now, since 2ϕ  is increasing 

 )),(,0,,,( 1212212122 +−−−− nnnnn yydaaaϕ ( ) ( )3.1.2,0,,,2 →−≤ αϕ aaa   
 Similarly )0),,(,,,( 121221222 +−+− nnnnn yydaaaϕ ( ) ( )4.1.2,0,,,2 →−≤ αϕ aaa  
 Put 122 +== nn xyandxx  in (i), Then  

 

),0,,,(}}),,max{,(min{ 212212121121222 nnnnnnnnn aaaaaaaaaf +≤ −−−−− ϕ
 

  )),(,0,,,( 1212212122 +−−−− nnnnn yydaaaϕ  

 ( ) ( )αϕ ,0,,,)( 2122 aaaafaf nn −≤⇒ −  (by (2.1.3)) 
 
 Hence ( ) ( ) ( ) ( )5.1.2,0,,, 2122 →−≤ − nn afafaaa αϕ   
 Put 1222 ++ == nn xyandxx  in (i). Then  

)),(),,(),,(),,(),,((
)),(),,(),,(),,(),,((

)}}),(),,(),,(max{),,((min{

1212221222122122

1212221222122121

212212122122

+−+−−

+−+−−

−−++

−
≤

nnnnnnnnnn

nnnnnnnnnn

nnnnnnnn

yydyydyydyydyyd

yydyydyydyydyyd

yydyydyydyydf

ϕ
ϕ
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 2 1 2 1 2 2 1 2 2 1 2 2 2 1(min{ ,max{ , , }}) ( , , , ,0)n n n n n n n n nf a a a a a a a a aφ+ + + +≤ +  

 
)0),,(,,,( 22221222 ++− nnnnn yydaaaϕ  

 ( ) ( )0,,,,)( 2212 αϕ aaaafaf nn −≤⇒ +  (by (2.1.4))  
 
 Hence ( ) ( ) ( ) ( )6.1.20,,,, 1222 →−≤ +nn afafaaa αϕ  
 From (2.1.5) and (2.1.6), ( ) ( ) ( )1222 0,0,,, +−≤ nn afafaaaϕ   
 Hence ( ) ( ) ( )112 0,0,,, +−≤ nafafaaanϕ  

 ( )1af≤  

so that ( ) ( )
∞→→≤ nas

n

af
aaa 00,0,,, 1

2ϕ ,  

 Hence ( )0,,,,2 αϕ aaa = 0, consequently 0==αa  ; Thus  
 )7.1.2(0),(lim 1 →=+∞→ nn

n
yyd  

 
 Now we prove { }ny  is a Cauchy. From (2) it is sufficient to show that the sub 
sequence }{ 2ny  is a Cauchy sequence. Suppose { }ny  is not a Cauchy sequence then 

ε∃  > 0 and sub sequences{ }2 ( ) ,n ky { })(2 kmy such that ݊ሺ݇ሻ > ݉ሺ݇ሻ ≥݇ and 

),(),( 2)(2)(2)(2)(2 −≥ knkmknkm yydandyyd ε < ε  ( )8.1.2→  
 By choosing ݊ሺ݇ሻ to be the smallest number exceeding ݉ሺ݇ሻ for which (2.1.8) 
holds. 

 

( )
( ) ( ) ( )

( ) ( ))(21)(21)(22)(2

)(21)(21)(22)(22)(2)(2

)(2)(2

,,

,,,

,

knknknkn

knknknknknkm

knkm

yydyyd

yydyydyyd

yyd

−−−

−−−−

++<

++≤

≤

ε

ε

 

 
 Let ∞→k , using (2.1.7), we get ε=

∞→
),(lim )(2)(2 knkm

k
yyd →(2.1.9) 

 
)(),(),( 1)(2),(2)(2)(21)(2)(2 +− ≤− kmkmkmknkmkn yydyydyyd  

 
 Let ∞→k , using (2.1.7) and (2.1.9) ε=−∞→

),(lim 1)(2)(2 kmkn
k

yyd →(2.1.10) 

 
)(),(),( )(2,1)(21)(2)(21)(21)(2 knknkmknkmkn yydyydyyd +−−+ ≤−  

 
 Let ∞→k , using (2.1.10) and (2.1.7) ε=−+∞→

),(lim 1)(21)(2 kmkn
k

yyd →(2.1.11) 

 
)(),(),( 1)(2),(2)(2)(2)(21)(2 ++ ≤− knknknkmkmkn yydyydyyd  

 Let ∞→k , using (2.1.11) and (2.1.7) ε=+∞→
),(lim )(21)(2 kmkn

k
yyd →(2.1.12) 

 Taking 1)(2)(2 +== knkm xyandxx in (i), we get 
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 )),(),,(),,(),,(),,((

)),(),,(),,(),,(),,((

)}}),(),,(),,(max{),,((min{

1)(21)(2)(2)(21)(2)(2)(21)(2)(21)(22

1)(21)(2)(2)(21)(2)(2)(21)(2)(21)(21

)(21)(2)(21)(21)(2)(21)(2)(2

+−+−−

+−+−−

−−++

−

≤

knkmkmknknknkmkmknkm

knkmkmknknknkmkmknkm

knkmkmkmknknknkm

yydyydyydyydyyd

yydyydyydyydyyd

yydyydyydyydf

ϕ

ϕ  

 
 By (2.1.7), (2.1.9), (2.1.10) and (2.1.11), there exists ܰ such that for ݇ ≥  ܰ 

 2),( )(21)(2 ε>− knkm yyd  ; 0),( )(21)(2 ≥− kmkm yyd  ; 0),( 1)(2)(2 >+knkn yyd ;  
 2),( )(2)(2 ε>kmkn yyd  and 2),( 1)(21)(2 ε>+− knkm yyd   
 
 Hence for ݇ ≥  ܰ, we get 

 )2,2,0,0,2(

)),(),,(),,(),,(),,((

)}}),(),,(),,(max{),,((min{

2

1)(21)(2)(2)(21)(2)(2)(21)(2)(21)(21

)(21)(2)(21)(21)(2)(21)(2)(2

εεεϕ

ϕ

−

≤ +−+−−

−−++

knkmkmknknknkmkmknkm

knkmkmkmknknknkm

yydyydyydyydyyd

yydyydyydyydf

 

 

 

Now let ∞→k , using (2.1.7), (2.1.9), (2.1.10), (2.1.11), (2.1.12) we get 

 ( ) ( )2,2,0,0,2,,0,0,}}),0,0max{,(min{ 21 εεεϕεεεϕεε −≤f  

 −≤ )()( εε ff ( )2,2,0,0,22 εεεϕ  
  < )(εf , a contradiction. { }ny∴  is a Cauchy sequence. 
 
 Suppose ܶܺ is a complete subspace of ܺ. Then the sub sequence 122 += nn Txy  is a 
Cauchy sequence inܶܺ, hence converges to some ∈u ܶܺ. ∃ ∋ ݒ   ܺ, ∋ ݒܶ  ൌ  ݑ
 Since { } { } { }2 2 1, ,n n ny u so y u hence y u+→ → →  by the definition of{ }ny , we 
have 

 
uSxBxTxAx n

n
n

n
n

n
n

n
==== +∞→+∞→+∞→∞→ 2212122 limlimlimlim  

 

 Put x = vyandx n =2  in (i), we have 

 )),(),,(),,(),,(),,(()),(),,(),,(),,(),,((
)}}),(),,(),,(max{),,((min{

21 BvuduudBvuduuduudBvuduudBvuduuduud

uuduudBvudBvudf

ϕϕ −≤  

 ( )),(,0),,(,0,0)),(()),(( 2 BvudBvudBvudfBvudf ϕ−≤⇒

 ( )),(,0),,(,0,02 BvudBvudϕ⇒ = 0  
ݑ∴   ൌ  ݒܤ
 
 Since ܺܤ ⊂  ܵܺ, so ݑ ൌ ⇒ ݒܤ  ∃Hence w .ܺܵ∋ ݑ  ∈ܺ ∋ ൌ ݓܵ   ݑ 
 Similarly set ݔ ൌ 12 = ݕ and ݓ  +nx  in (i), we get ݑ ൌ ⊃ ܺܣ Since .ݓܣ   ܶܺ, so 
ൌ ݑ ⇒ ݓܣ  ∃Hence v .ܺܶ∋ ݑ  ∈ܺ ∋ ൌ ݒܶ  ൌ ݒܶ .ݑ  ൌ ݒܤ  ൌ ݓܣ  ൌ ݓܵ   ݑ 
 Since ݑ ൌ ൌ ݓܣ  ,ܣand ሺ ݓܵ  ܵሻ is weak compatible, ݓܵܣ ൌ ൌ ݑܣ so ,ݓܣܵ 
ൌ ݓܵܣ  ൌ ݓܣܵ  ൌ ݑܣ hence ݑܵ   ݑܵ 
 Since ݑ ൌ ൌ ݒܶ  ,ܤand ሺ ݒܤ  ܶሻ is weak compatible, ݒܶܤ ൌ ൌ ݑܤ so ,ݒܤܶ 
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ൌ ݒܶܤ  ൌ ݒܤܶ  ൌ ݑܤ hence ݑܶ   ݑܶ 
 Put ݔ ൌ ,ݑ  ൌ ݕ  in (i), we have ݒ 

)),(),,(),,(),,(),,((
)),(),,(),,(),,(),,((

)}}),(),,(),,(max{),,((min{

2

1

BvSudAvTvdBvTvdAuSudTvSud

BvSudAvTvdBvTvdAuSudTvSud

TuSudAuSudBvTvdBvAudf

ϕ
ϕ

−
≤  

)),(),,(,0,0),,(()),(),,(,0,0),,((
)}}),(,0,0max{),,((min{

21 uAuduAuduAuduAuduAuduAud

uAudBvAudf

ϕϕ −≤
 

)),(),,(,0,0),,(()),(()),(( 2 uAuduAuduAuduAudfuAudf ϕ−≤  
 ,0)),(),,(,0,0),,((2 =uAuduAuduAudϕ  so ݑܣ ൌ  .ݑ 
 
 Similarly by using (i), we show that ݑܤ ൌ ൌ ݔ by putting ݑ  ൌ ݕ and ,ݓ   ݑ 
 Thus ݑܣ ൌ ൌ ݑܤ  ൌ ݑܶ  ൌ ݑܵ   is a common fixed point of ݑ Hence .ݑ 
,ܣ ,ܤ ܵ, ܶ  
 If we assume ܵܺ is complete, then the argument is similar.  
 If ܺܣ is complete,∃ ∋ ݑ  such that ܺܶ⊃ ܺܣ  uy n →2  and if ܺܤ is complete then 
∃u ∈ ⊃ ܺܤ   ܵܺ such that uy n →2 . In all the above cases the argument is similar. 
 
Uniqueness of common fixed point 
Let ݖ be another common fixed point, put ݔ ൌ ,ݑ  ൌ ݕ  in (i), we get ݖ 

 )),(),,(,0,0),,(()),(),,(,0,0),,((
)}}),(,0,0max{),,((min{

21 zudzudzudzudzudzud

zudzudf

ϕϕ −≤
 

 ⇒ )),(),,(,0,0),,(()),(()),(( 2 zudzudzudzudfzudf ϕ−≤  
  0)),(),,(,0,0),,((2 =zudzudzudϕ , so that ݑ ൌ  ݖ 
 
 Let x  be fixed point of ܣ and ܵ. Put ݑ ൌ  .in (i) ݕ 

 )),(),,(),,(),,(),,(()),(),,(),,(),,(),,((
)}}),(),,(),,(max{),,((min{

21 uxdxuduudxxduxduxdxuduudxxduxd

uuduxdxxduxdf

ϕϕ −≤
 

 ⇒ )),(),,(,0,0),,(()),(()),(( 2 xudxuduxduxdfuxdf ϕ−≤  
  < )),(( uxdf , a contradiction if ݔ ≠ ൌ ݔ so ݑ   .ݑ 
 
 Hence ܣ and ܵ have a unique common fixed point.  
 Similarly we prove ܤ, ܶ have a unique common fixed point. 
 Now we use Theorem 2.1 to prove a common fixed point theorem for six maps. 
 
Theorem 2.2: Suppose Φ∈1ϕ  and 2ϕ  is a weak generalized altering distance 
function. 
 Define [ ) Rf →∞,0:  by  

 ( ) ( ){ }),,,,(),0,2,,,,(,2,0,,,max 111 uuuuuuuuuuuuuuuf ϕϕϕ=  so that ݂ is 
increasing. 
 Let ܣ, ,ܤ ܵ, ܶ, ܲ, ܳ be self maps of a metric space ሺܺ, ݀ሻ such that 
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( ) ( ) ( )( ))}},(),,(,,max{,,(min{ TySQxdAxSQxdByTPydByAxdfi  
 ≤ ),(),,(),,(),,(),,((1 BySQxdAxTPydByTPydAxSQxdTPySQxdϕ  
 ),(),,(),,(),,(),,((2 BySQxdAxTPydByTPydAxSQxdTPySQxdϕ−  Xyx ∈∀ ,  
(ii) ܺܣ ⊂  ܶܲܺ and ܺܤ ⊂  ܵܳܺ 
(iii) ሺܣ, ܵܳሻ and ሺܤ, ܶܲሻ are weakly compatible 
(iv) ܵܳ ൌ  ܳܵ, ܶܲ ൌ  ܲܶ, ൌ ܳܣ ,ܣܳ  ൌ ܲܤ  ܤܲ 
(v) One of ܺܣ, ,ܺܤ   .ܺ is a complete subspace of ܺܶ ݎ݋ ܺܳܵ
 
 Then ܣ, ,ܤ ܵ, ܶ, ܲ, ܳ have a unique common fixed point. 
 
Proof: By using Theorem 2.1, ܣ, ,ܤ ܶܲ and ܵܳ have a unique common fixed point ݑ, 
and ݑ is also the unique common fixed point of ܣ and ܵܳ and of ܤ and ܶܲ. 
 Since ݑܣ ൌ ൌ ݑܳܵ  ൌ ݑܣܳ then ݑ  ൌ ݑܳܵܳ  ൌ ݑܳܣThus .ݑܳ  ൌ ݑܳܳܵ   .ݑܳ 
Qu is a common fixed point of ܣ, ܵܳ. By uniqueness of common fixed point of ܣ and 
ܵܳ, we get ܳݑ ൌ ൌ ݑܳܵ Hence .ݑ  ൌ ݑܵ   .ݑ 
 Since ݑܤ ൌ ൌ ݑܲܶ  ൌ ݑܤܲ then ݑ  ൌ ݑܲܶܲ  ൌ ݑܲܤ thus ,ݑܲ  ൌ ݑܲܲܶ   .ݑܲ 
Hence ܲݑ is a common fixed point of ܤ, ܶܲ. By uniqueness of common fixed point 
of ܤ and ܶܲ, we get ܲݑ ൌ ൌ ݑܶ Hence .ݑ  ൌ ݑܲܶ   .ݑ 
ൌ ݑܣ   ൌ ݑܤ  ൌ ݑܶ  ൌ ݑܵ  ൌ ݑܳ  ൌ ݑܲ    .ݑ 
 
݅. ,ܣ .݁ ,ܤ ܵ, ܶ, ܲ, ܳ have a unique common fixed point. 
 
Note: Clearly, Theorem 1.4 and Theorem 1.5 are corollaries of Theorem 2.1, since 
semi-compatibility implies weak compatibility. 
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