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Abstract

In this note, we generalize two retarded integral inequalities.one of these
inequalities says:
If

W=+ "] FOw| v @+ (oM () [+, p>1

then

(1)

o= {(h(t) H p‘l)fmq“)ds)[“ (p-2f, "t (9o [{(1()+ 9(0'))dc7jds}}m "

fort [0, )
under suitable conditions on functionsw, & ,h,f,g and p on [0, «) .

AMS Subject Classifications: 26D15.
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Introduction and Preliminaries
In [1] Wong and Y eh obtained a bound on the following inequality:

v (© <R (0-+2 | (WIS + [[9(rIW()do] + AW s
intheform,

W(t) < [h(t) + j:‘”q(s)ds} exp { j:(”[ f(9+([g (;/)d;/)ds}} t20

under suitable conditions on the functions f,g,h,w , & and qon [0, ).
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In [1], the authors tried to obtain the generalizations of the inequalitiesin [2] and
did not succeed because of their incorrect proof for Theorem 2.3 . The aim of this
paper is to correct the explicit bound on the inequality in Theorem 2.3 in [1] and also
obtain an explicit bounds for the genera versions of above inequalities proved by
Wong and Yeh in [1]. To show usefulness of our results an application is also given.

For convenience, we assume throughout this paper that the following conditions
hold :

()  w(f,ghandq eC([0,»),(0,0)) withhincreasingandp > 1,

(i)  aeC*[0,:),(0,0)a(t)<tand & (t) > 0on[0,x)
In order to discuss our main results, we need the following lemmas.

Lemma1.1[1] If

w(t) < h(t) + j:“)f (SW(S)ds,t €[0,00), 3)
then
w(t) <h®exp[ " f (dst [0,0), 4

Lemmal.2[1] If

w(t) <h®) + [ (9)[ g(e)w(o)dods, t20 5)
then
W(t) < h(t)exp j:(”[ £(s) '[Osg(a)da}ds, >0 (6)

Lemmal.3If

w(t) < w, + j:“)f (s)[w(s) + J-;g(a)w(a)da}ds, t>0 @)
where w, is non-negative constant, then
W(t) < w0[1+ [t e ( [[(f(o)+ g(o-))do-)ds)} >0 )

Proof: Define afunction v(t) by the right side of the equation (1.5), then we have
Wt <V(t) such that v(t,) = w,

V(O = fa®Wa®)a @)+ fa)wab)d Of " ge)u(o)do
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. . a(t)
V(O = 1 @) O wa®)+ [ “g(ewe)do ©

Then by our assumption on w(t) we have

VO f ) O via) + [ go)do (10)

Define afunction m(t) given by

m(t) =v(@(®) + [ g(o)v(o)do

Then we have
mo <v)+ [, g(o)v(o)do (asa(t)<y
such that
v(t) <m(t) , m(t,) =v(t,) =w,,and v (t) < f (a(t))e (t)m(t)
m () <V (1) + g(a )V ®)a (1)
m (1) < f (a()e (Om(D) + g(a()er HHmla(t)
m () < (f (a(®)e () + gla(®)e ()m(t)

Solving this further we get

m(t) < w, exp ( [[f @(®)a 9+ g@(e)a (s)]dsj

Making a change of variable on right hand side of the above inequality, we get
m(t) < w, exp U:m[f (s)+ g(s)]ds)

As

V(1) < f(a(t)a (t)m(t)

Using value of m(t), integrating above equation from 0O to t and making change of
variable on right hand side, we have

v(t) < w0[1+ j:“)f (s)( [[(f()+ g(a))da)ds}

As w(t) < v(t), we get the desired result in (1.6).
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Lemmald: If

w(t) <h(t)+ [t (s)(w(s) ; j:g(o)w(a)da)ds, t €[0,00) (11)
then
W(t) < h(t)[1+ [“1 (s)exp( [T+ g(o-)]do-jds} t [0,00) (12)

Proof : since h(t) is positive and nondecreasing, we have

w(t) a(t) u(s) a(t) s u(o)
%gu jo f(s)@om jo f(s)( jog(a)@dast

Applying Lemma 1.3 to above inequality, we have
w(t)

o <1+ j:mf (s)exp(f [f(0)+9(0)|do jds,

which further leads to

w(t) < h(t)[1+ [V (s)exp( [Tt@)+ g(o-)]da)ds}, t [0,0)

and the proof is completed.

Main Results
We now prove our main results. First we give corrected proof of Theorem 2.3 in[1]

Theorem 2.1: If

W =r0+2[ "] fOwef we)+ [a0me)dr | rawe jds @3
then

wo) <[ h + [ “a(ds | 1+ [ 190 [(10)+ 90 Jos| (14)
for t [0, ).

Proof : Forany ¢ > Oand any fixed T > 0, it follows from (2.1) that for O<t<T .

WA (t) <h?(T) +&+2 j:‘”[ f (s)w(s)[w(s) +[g (;/)W(;/)d;/} n q(s)w(s)}ds
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=K(t) (say), 0 <t<T.

Clearly K(t) isincreasing, K(t) > 0 and w(t) <,/K(t) on [0,T]. Differentiating
K(t) with respect tot and using «(t) <t, we obtain

K (0= 20 O f@OMmla®) wa®)+ [} 30wt | + o))
<2JK®)a O @) wa®)+ [ 0w | +a(etv)]

which implies

JK® <z + 02 + [ a(e)ds+ [ 1 (s)[w(s) n josg(y)w(y)dy}ds
VKO =(Vernem + [ “ads )+ [ (s)[q/K(s v .[Osg(;/)w/K(;/)dy}ds

By applying Lemma(1.4) to above inequality, we havefor 0 <t< T

VRO <(Ve+n°m) + [ “aeys | 1+ [t 9o [ 0) + gt Jos

Takingt =T and w(t) <,/K(t), we get

wt) < (,/g FRA(T)+ j:(t)q(s)ds)[h [“1 (s)exp( [0+ g(y))d;/)ds}

Letting ¢ — 0" and noting T > 0 arbitrary, we obtain the desired result in 2.2
Now, we generalize the inequalities establish in [1] in the next theorems.

Theorem 2.2: If

w®<h* @+ p[] OO [IIW ()dy +alow(e ds p>1 (19
then

wt)={(h)+ [ “a9dsef (p-1 'f 9 jjg(y)dyds]}pll (19)
for t e[0, ).

Proof : for any £ >0 and any fixed T > 0, it followsfrom (2.3) that for 0<t<T
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W <h M)+ p ) FOUO AW ()dy + Al Jds= Z(1) (say)

Clearly wP(t) < Z(t) and hencew(t) <(Z(t))" on[0,T]. Further Z(t) isincreasing
and positive.Differentiating Z(t) with respect to t we get

Z(0)= B faOme®)] 90w () +gaman) |« 0

Z({t)<p f(a(t))(z(a(t)))pJ-:(t)g()/)(Z(;/))pd7/+q(a(t))(Z(a(t)))”p}a' (®

From this we further get

Z (1)< p(Z(t))”"{ fa®)] Yoz + q(a(t))}a' (t)

pé((tt)))up < { O 920 drs q(a(t»}a‘ ®

Thisimplies

By taking t = sand integrating it with respect to s from O to t and making a change
of variable, we have

p-1

2 <[ (ery+ef s o] s} (p-0] 10 a2 s

Applying Lemma 1.2 in [3] to above inequality we have

@) * < ((hp(r) ve)> +(p-D)[° “)q(s)dsjexp(( p-f;" 19 o dres|
Hence

Z(t) S{((hp(T)JrE)TJF(IO—l) jj‘”q(s)ds]exp((p-l) [Vt jjg(y)dydsj}
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As w(t) <(Z(1))™ , We have

1

w(t)s{((hpa)w)‘?lﬂp—l) jj‘”q(s)dsjexp((;a—l) [t jjgmdyds)}

Letting ¢ — 0" and nothing T > 0 arbitrary, we obtain the desired result in 2.4

Remark 1: If we put p =2 in Theorem 2.2 we get Theorem 2.1in [1].

Remark 2: If weput p=2, h’(t) = ¢®,c > 0, f(t) =0and «(t) =tin Theorem 2.2
then we get Theorem 3.4.1in [4].

Remark 3: If we put p =2 and f(s) = 0in Theorem 2.2 we get Corollary 2.2 in [1].

Remark 4 : If If we put p =2, h*(t) =¢*, ¢>0 , f(t) = 0, g(t)=0, in Theorem 2.2,
we get corollary 1in[3].

Theorem 2.3 : If

w =)+ pf, "] W] w9+ [90 I () |+ aw9s), p>1(17

then
1

W) < {(h(t) +(p-1) j:“’q(s)dsj[n (p-D)f "t (s)exp( [+ g(a))da)ds}}p_l (18)
fort €[0,).
Proof : for any ¢ > Oand any fixed T > O, it follows from (2.5) that for 0<t<T .

WO <h*(T)+e+pf “)[ w9+ jjg(y)wp-l(y)d7j+q(s)w(s)}ds= 2() (s2y)

Clearly Z(t) is increasing and positive and w” < Z(t) implies w(t) <(Z(t))** on
[0,T].
Differentiating Z(t) with respect to t we get

Z (1)< { pf (a(t»a(a(t)))p[(za)w +[an@m) dy} o) @(e(®))? }z (t
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p(i(it)))l/p < ! f (a(t))[(z(t))p + j:g (7)(2(;/))7’; d]/J + q(a(s))}a (t)

p-1

%{&} < [ f (a(t»((za»" +f Sg(y)(Z(y»deJ + q(a(s»}; ®
p-1 °

Setting t = s and integrating from O to t and making change of variables in the
above inequality, we have

p-1

Z(@) ° < {(h”(T) ve)r +(p-1) J‘:(t)q(s)ds}
+(p-1)["t (s){(Z(s»P v jjg(y)(Z(y»de}ds

By applying Lemma 1.4 to the above inequality we get
p-1

Z(@) ° < {(h”(T) ve)o +(p-1) J‘:(t)q(s)ds}

‘ [1+ (p-[ 19 exp( [t~ g(a))da)ds}

This further implies
P

Z(t) < {(h”(T) + g)pfl +(p-1) j:(t)q(s)ds}p_l

X [1+ (p —l)j:“) f(s) eXpUOS( f(o+ 9(0))dajds]”

1

As w(t) < (Z(1))"

p-1

wt) < {(hP(T) +e)v +(p-1) J':(t)q(s)ds])l

1

X [1+ (p —l)j:“) f(s) eXpUOS( f(o+ 9(0))dajds]”

Letting ¢ — 0" and noting T > 0 arbitrary, we obtain the desired result in (2.6)
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Remark 1 :If we put p = 2in Theorem 2.3 we get Theorem 2.3in [1].
Remark 2 :If we put p =2 and g(t) = 0 in Theorem 2.3 we get corollary 2.4in[1].

Remark 3 :1f we put p =2 and h(t) =c in Theorems 2.2 and 2.3 we obtained results
in[2].

An Application
Consider the delay integral equation

WP (t) = hP(t) + p Ioa(t)[w(s)M (s, X9, [N(s.p. X(p)dpj + q(s)w(s)}ds (19)

Assume that
|(M (t,u,v)|s f(t)|v|,|(N(t,s,u)|s gt)Jul”? (20)

where f,g,h, a are defined as in Theorem (2.2).From equation (3.1) and (3.2) we
obtain

Wl h*(0+ pf;"] £l "y +alshw(s) |ds

Now applying theorem (2.2) to the above inequality, we get an explicit bound on
the unknown function w(t) as

o= h0” +(p-0[ “a(siis) ] (p-1)[ 15 jjg(y)dy)ds}}"ll 2
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